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Abstract: Entangled (i.e., not separable) quantum states play fundamental roles in quantum information theory; therefore, it isimportant to know the
"size" of entanglement (and hence separability) for various measures, such as, Hilbert-Schmidt measure, Bures measure, induced measure, and
$aphas-measure. In this talk, | will present new comparison results of $\alpha$-measure with Bures measure and Hilbert-Schmidt measure.
Employing these comparison results to the subsets of separable states and of states with positive partial transpose, we show that the probability of
separability is very small, and the well-known Peres-Horodecki PPT Criterion as atool to detect separability isimprecise for (even moderate) large
dimension of Hilbert space. Thistalk is based on my papers: J. Math. Phys. 50 (2009) 083502, and J. Phys. A: Math. Theor. in press.
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Quantum states describe quantum systems.
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Quantum states describe quantum systems.

Modern quantum algorithms, such as Shor’s algorithm for integer

factorization, have entangled quantum states as their key
ingredients.

To determine the separability and entanglement is a hard problem!
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Quantum states describe quantum systems.

Modern quantum algorithms, such as Shor’s algorithm for integer
factorization, have entangled quantum states as their key
ingredients.

To determine the separability and entanglement is a hard problem!

What is the relative size of the set of separable and entangled
quantum states within the set of quantum states in terms of some
measure’
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Density Matrix

Complex Hilbert space H = CP @ CP2 ... @ CP» with complex

dimension N = Dy --- D,. Each factor of 'H system corresponds to
a subsystem of H.
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Density Matrix

Complex Hilbert space H = CP% @ CP2 ... @ CP with complex
dimension N = Dy --- D,. Each factor of 'H system corresponds to

a subsystem of H.

Density Matrix

The set of quantum states may be identified as the set of density
matrices D:

D = {p: N x N positive definite matrix with trace 1, i.e., trp =1}
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Separable and Entangled Quantum states

Separable quantum states and Entangled quantum states

The set of separable quantum states is

S = conv{p; @ --- ® pn. p;i € D(CP)}.

Pirsa: 10070010 Page 12/61



Separable and Entangled Quantum states

Separable quantum states and Entangled quantum states

The set of separable quantum states is

S = conv{py @ - - @ pn. p; € D(CP)}.

A quantum state is called entangled if it is not separable. That is,
the set of entangled quantum statesis & =D \ S
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Peres-Horodecki Positive Partial Transpose Criterion
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Peres-Horodecki Positive Partial Transpose Criterion

Llet H = CPr o CP2.

Partial Transpose T1: Ti(p1 @ p2) :pir 2 P2

Peres-Horodecki PPT Criterion
Let PPT = {p<D(H): s.t. Ti(p) = 0}. Then

SCPPT cCcD.

That is, a separable state must satisfy positive partial transpose
criterion. Equivalently, a non-PPT state must be entangled.
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Peres-Horodecki Positive Partial Transpose Criterion

let H = CPr o P2,

Partial Transpose T1: T1(p1 @ p2) = f,rlT 2 P9

Peres-Horodecki PPT Criterion
Let PPT = {p< D(H): s.t. Ti(p) > 0}. Then

SCPPI CD.

That is, a separable state must satisfy positive partial transpose
criterion. Equivalently, a non-PPT state must be entangled.

FH=C?®2C3 or H=C?32C? then S = PPT.

How precise is the Peres-Horodecki PP | criterion (as a tool to
detect the separability)?
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Measures on D

Measures dV on D in literature have common features, such as,
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Measures on D

Measures dV on D in literature have common features, such as,
dV = dv x dv,

where dv is some measure on Aj: the chamber of the simplex (of
eigenvalues) {(A1.--- . Ay) 1 D A = 1. \; > 0} with order

A1 2 A2 > --- 2> ApN,
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Measures on D

Measures dV on D in literature have common features, such as,
dV = dv x d~,

where di is some measure on Aj: the chamber of the simplex (of
eigenvalues) {(A1.--- . Ay) 1 D A = 1. A; > 0} with order

A > A2>---> An, and d7 is the measure on the flag manifold
(of eigenvectors) FN = U(N)/[U(1)]V:

1-.-N
dv = [] 2Re(U~*dU);Im(U~*dU);
i<j

where dU is the variation of unitary matrix U such that U + dU is
also an unitary matrix.

irsa: 10070010 Page 19/61



@ | he Hilbert-Schmidt measure:

1---N N
dVis = VN T (N = 2)?0(> " Xi — ) ] dridv;
;'-L:':j ] i=1
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@ | he Hilbert-Schmidt measure:

1---N N
dVis = VN [T (N — X)%0(> " Xi — 1) [ dNidv;
i<j ]

—3
e Bures measure:
:—MW—NE 1---N

N — 2 2 H (\; —:\j)zf‘; (Z X 1)]:[ d\: d~-
e 5 \r_._\j 0 . \j | Ajdy,

VAL - AN
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@ | he Hilbert-Schmidt measure:

1---N N
dVis = VN TT (N — )25~ N — 1) T di dv;
i<j i i=1

o BLI res measure:
J—M—Nl 1---N

) =i . = N
dVg = 2 — R (’\’_ +’\;\’J)jfiﬂ(z N —1) ] dridy:
== i i=1

v ;\1 - x\N f_{:_j_ ’

@ Induced measure by partial trace on Hy @ Hk (K > N):

N 1.--N N
dVnr = [T T] (i = 2)%0(D_ 2 — 1) [ ] drid;
T i<j ; —3
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@ | he Hilbert-Schmidt measure:

dVHg—xNH (N — ) “UZ‘_I Hd\d*'

—1

- ] BUFES measure.
2_N—N2 1---N

o 5 H B :\}')2_;; (Z \. l)ﬁ d\: d~-
= k-"'.’\l""\‘N . \f+\j = { = o s e

J_.::'

@ Induced measure by partial trace on Hy @ Hk (K > N):

N 1.--N N
oV = H’\i{_N H (’\f =5 '\j)zfiﬂ(z g— 1) H d\; d~;
i=1 i<j ; i—1

e the a-volume (a > 0}:

dvﬂ:H\* 1H(\ A "”O(Z\ = Hd\d*

: 10070010 .,— 1 i ___1 Page 23/61




Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp —oll2 = \,-"'::f"'(!-’ —a)i(p — o).
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp—ol2 = \ tr(p — o) (p — o).

dVpg is induced by Bures distance

2\ 3
dg(p.o) = sup (Z [»lff(EHJ) = \/fffE;*T)J )

{Ef JL i

where the supremum runs over all the POVM (positive operator
valued measurement) {E;}, that is, forsome 1 < kK < N,

-
Y E;=ldy. and E;=E!. E; >0, i=1.--- .k
=
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Measure induced by Metricon D

dVys is induced by Hilbert-Schmidt distance

dus(p.0) = |lp —oll2 = \r"lﬁff'(;* —o)i(p— o).
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp —oll2 = \ tr(p —o)'(p — o).

dVpg is induced by Bures distance

dg(p.0) = sup (Z [\Jrr(]E”;) = ,v,rr(E_,-rr)] ") 2

{Ef} i

where the supremum runs over all the POVM (positive operator
valued measurement) {E;}, that is, forsome 1 < kK < N,

K
Y E;=ldy. and E;=E!, E; >0, i=1.--- .k
—1
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp —oll2 = \ tr(p — o)1 (p — o).
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

st(;_L f_'T) — Hf-" — fTH2 = \ ff"(;_l o :‘T)-T(‘;_.# - r’T')+

dVpg is induced by Bures distance

dg(p.c) = sup (Z [v'ff(Em) = \x'f"(E;J)T) :

{E; } i

where the supremum runs over all the POVM (positive operator
valued measurement) {E;}, that is, for some 1 < k < N,

k
Y E;=ldy. and E; =E!. E; >0, i=1.--- .k
=1
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Induced measure by partial trace

Let K > N, and p be a density matrix on Hy @ Hg, then

Define the partial trace over Hy as

ot = Trg(p). where (;;A);j = tr{Ag) for i,j =1,--- N.
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Induced measure by partial trace

Let K > N, and p be a density matrix on Hy @ Hg, then

Define the partial trace over Hy as

;;’4 — Trg(p). where (;;A)I}- =tr{Ag) for i,j=1,--- ,N.

The partial trace process allows us to view states on Hy as a

(pure) state on (much higher) dimensional space Hy @ Hyk. Then

the measures induced by partial trace may be considered as a

projection of the (NK — 1) dimensional simplex of eigenvalues into
e iomplex of (N — 1) dimension. Page 3161



Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hp), and d = N? — 1.
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Induced measure by partial trace

Let K > N, and p be a density matrix on Hy @ Hg, then

;J:

Define the partial trace over Hy as

,-;A = Trg(p). where (;:A),:,- =t{As)boxrij=1L1--- N
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Measure indL_Jc:ed by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp —oll2 = \,.-""':ff’(;-* —a)i(p— o).
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@ | he Hilbert-Schmidt measure:

dVHS—\NH ) = hUZ\—l Hd\d~-

—3
2 BUFES measure.
:—M—*‘JE l...N 2 N
2 2 (\, = \) =
e = L i—1 d\; d~;
B ,\ s x\N X 3 '\-; _!_ r\ : U( Z ; ) H :

@ Induced measure by partial trace on Hy @ Hkx (K > N):

N 1-.-N N
dVnk = H’\i{_m H (Ai — f\j)zf‘;{}(z A —1) H d\; d~:
=1 i<j ,— =

e the a-volume (a > 0):

N
dV,, = H | i H(\ \i)2o(Y N —1) ] dridr.
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.c) = |lp—olla = \ tr(p — o) (p — o).
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Measure induced by Metric on D

dVys is induced by Hilbert-Schmidt distance

dus(p.o) = |lp—oll2 = \ tr(p —a)T(p— o).

dVp is induced by Bures distance

up (Z [w(w - \,-'fr(Ef"" )

i

where the supremum runs over all the POVM (positive operator
valued measurement) {E;}, that is, forsome 1 < kK < N,

k
Y E;=ldy. and E; =E!. E; >0, i=1.--- .k
—3
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Induced measure by partial trace

Let K > N, and p be a density matrix on Hy @ Hg, then

Jf}:

Define the partial trace over Hi as

!‘JA — TFB(;J)_ where (;JA)&: — f."(A_,;,') for I_,f — U
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Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hy), and d = N — 1.
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Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hy), and d = N* — 1.
The a-volume radii ratio of K to D is

VR.(K.D) = ( 5%)

1/d

and the Hilbert-Schmidt volume radii ratio of K to D is
£ = VRys(K.D) = VRi(K.D).
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Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hy), and d = N? — 1.
The a-volume radii ratio of K to D is

VR.(K.D) = (5&;)

1/d

and the Hilbert-Schmidt volume radii ratio of K to D is
£ =VRys(K.D) = VRi(K. D).

D. Ye, (J. Phys. A: Math. Theor. 2010)

Let & > O be a (fixed) constant, anx=max{1l.a}, and
Gmin=min{ 1. }. There exist universal constants ¢;. (; >0, s.t.,

(1 — amax) Inin(e/&)

< b R D
. )_\R_,(k.p)

ca1VRys (K. D) ™= exp (

irsa: 10070010

| e _ (1—r‘+min)|nln(ef))
< G VRys( K., D) min .
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Comparison of a-volume with Bures volume

Let ( = VRL(K.D), and the Bures volume radii ratio of K to D be

VB(R-))1d+

VRg(K.D) = ( by

-\
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Comparison of a-volume with Bures volume

Let { = VRL(K.D), and the Bures volume radii ratio of K to D be

Vg(K)\Y*
VRB(J\'_'D):(Vip;) |

D. Ye, (J. Phys. A: Math. Theor. 2010)

There exist universal constants ¢;. (5 > 0, such that

1—max{1, L })inl
ey (max{L —}exp(( o 3 _}1) s i, “‘)) < VRg(K, D)

Inin(e/(
<G Hm:n{ ﬁ} exp( n [12(; H)) ‘

|u| [ =

@ o = 1: D. Ye, (Journal of Mathematical Physics (JMP),

2009).



Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hy), and d = N2 —1.
The a-volume radii ratio of K to D is

VR, (K.D) = (HB)I d

and the Hilbert-Schmidt volume radii ratio of K to D is
£ = VRys(K.D) = VRi(K. D).

D. Ye, (J. Phys. A: Math. Theor. 2010)

Let & > O be a (fixed) constant, vy =max{1l.a}, and
Gmin=min{ 1.« }. There exist universal constants ¢;. (; >0, s.t.,

1 — ag.) Inl /€&
c1VRys (K, D)= exp(( = NZ)_"I“(E' -)) < VRo(K.D)

, e = (lnmin)lnln(eE))
| < G VRys( K., D)% min ex .
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Induced measure by partial trace

Let K > N, and p be a density matrix on Hy @ Hg, then

Define the partial trace over Hy as

p* = Trg(p), where (p*); = tr(A;) fori.j=1.--- .N.
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@ | he Hilbert-Schmidt measure:
LN N
dVis = VN TT (v — 4)%0(> " Xi — 1) [ dridv;
I<J ] — i

e Bures measure:

.N

e (- XP -
dg————11 = so() Ni—1) ]| dnidy;
i = - i =1

/A
VAl i<

® Induced measure by partial trace on Hy @ Hk (K > N):

N 1.--N N
dWnk = [N T1 (v = 2020 N —1) [ drxid
=3 i<j : =
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@ | he Hilbert-Schmidt measure:

dVHs—xNH A— X K?UZ\—I Hd\ ay;

I<J =1
o Bures measure:
J—M—Nl 1---N

2 (2 — X .-
dVpg = —— 1T T _f_ag(z %—1) H d\; d~;
i = |

‘V .-r\ 1 f\ N f{-j

® Induced measure by partial trace on Hy @ Hx (K > N):

N 1.--N N
dVni = [IAE TT i — 20203 Xi — D) ] drid:
=1 i<j i =3

e the a-volume (a > 0):

N
du_ﬁt:H\* 1H(\ A\ r.‘?g(z,\;-l)Hd,\;d*..
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Comparison of a-volume with Hilbert-Schmidt volume

Let K be a measurable subset of D (on Hy), and d = N* — 1.
The a-volume radii ratio of K to D is

VR, (K.D) = ( &E;;)

1/d

and the Hilbert-Schmidt volume radii ratio of K to D is
£ =VRys(K.D) = VR1(K.D).
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Large number of small subsystems

. ~EING . E B (D
Let H=(CP)®" with (small) D, and ap=-222"0)_lep{OH)
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Large number of small subsystems

| — = logp (142 |
Let H=(CP)" with (small) D, and ap=52Dp) _losp(D)

/(Dnln n)l .-

Ni7zras <V RB(S DISG \| e

1 : max{_l.n} 12 mln{lq} |
( ;c3 ) <VR,(S.D)<C] ((Dnln n) ) |

N1/2+ap

G. Aubrun and S. J. Szarek proved:

- 1/2
& VRS

N1/24+ap — = N1/2+ap
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Small number of large subsystems

Let H = (CP)®” with (small) n.

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)

There exist universal constants c1.¢;. C4. G4 > 0, s.t., for a > 0,

s | (nlnn)l/2

N1/2—1/(2n) < VRg(S.D) = G \ N1/2—1/(2n)

fn !TI:EIX{ 1.{__!} 1.-" 2 min{l.a} _'
4 = ot | (SR
(Nl--*z-l-* (Eﬂ)) e (le_l.(zn})

G. Aubrun and S. J. Szarek proved:

= ~  (nlnn)Y/?

N1/2—1/(2n) < \‘TRHS(S‘.D) C4 N1/2—1/(2n)"

o«
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Peres-Horodecki PP T becoming imprecise as a tool to
detect separability for large N

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)
There exist absolute constants ¢p. ¢ > 0 such that for any
bipartite system H = CP & CP,

G. Aubrun and S. J. Szarek proved: & < VRys(PPT.D) < 1.
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Peres-Horodecki PP T becoming imprecise as a tool to
detect separability for large N

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)

There exist absolute constants ¢, ¢ > 0 such that for any

bipartite system H = CP 2 CP,
o < VRg(PPT.D) <1
0 < VR.(PPT.D)<1

G. Aubrun and S. J. Szarek proved: & < VRys(PPT.D) < 1.

Conclusion: VRg(S.PP7T) and VR,L(S.PPT) go to 0, hence,
the Peres-Horodecki PPT criterion is not precise as a tool to
detect separability for large N.
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Numerical examples

Let H = (CP)®”. The a-probability of S in D is defined as

P2(S.8.2) < 2.1 x 107159, P»(S,5.3) < 1.52 x 1073301,
Pos(S.8.2) <88 x 10749, Pys(S.5.3) < 9.5 x 107351
The conditional a-probability of S given PPT is

Va(S)
Va(PPT)

P.(S|PPT.n.D) =

P1.1(S|PPT,12.2) < 2.5 x 1072721940
P :{SIPPT.8.3) < 1.82 x 10 2%
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References

@ D. Ye, On the Bures volume of separable quantum states. J.
Math. Phys. 50 (2009) 083502:

© D. Ye, On the comparison of volumes of quantum states. J.
Phys. A: Math. Theor., 43 (2010) 315301 (17pp).

Thank you!
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Numerical examples

Let H = (CP)®”. The a-probability of S in D is defined as

Va (S )
Va(D)

P.(5. D) =

PlS.82) <21 x10 55 PSS 53) <15 x 16 %
Po5(S.8.2) <88 x 107%9, Pys(S.5.3) < 9.5 x 107351
The conditional a-probability of S given PPT is

Via(S)
Vo(PPT)

P (S|PPT.n.D) =

Py 1(S|PPT,12.2) < 2.5 x 1072721940
P (SIPPT.8.3) < 1.82 x 1y *2%0
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Small number of large subsystems

Let H = (CP)®” with (small) n.

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)

There exist universal constants c1.¢;. C4. G > 0, s.t., for a > 0,

e | (ninn)/2

N1/2—1/(2n) < VRg(S,D) < G \ N1/2—1/(2n)°

n \ max{l.a} | 1/2 min{l.c} -
(Nl,;iz ,.-(zn)) <VR.(S.D)< C‘i ( (”!.r‘l n) )

G. Aubrun and S. J. Szarek proved:

Cs - VR s - (nln ﬂ)
/\‘:'1_.-2-41.-{2!];l <\ I\HS(t5-D) <G
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Peres-Horodecki PP T becoming imprecise as a tool to
detect separability for large N

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)

There exist absolute constants ¢, ¢ > 0 such that for any
bipartite system H = CP 2 CP,

c < VRg(PPT.D) < I;
) < VR.(PPT.D) < 1.

G. Aubrun and S. J. Szarek proved: & < VRys(PPT.D) < 1.
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Peres-Horodecki PP T becoming imprecise as a tool to
detect separability for large N

D. Ye, (JMP 2009 and J. Phys. A: Math. Theor. 2010)

There exist absolute constants . ¢ > 0 such that for any
bipartite system H = CP & CP,

0 < VRg(PPT.D) < I;
b < VRo(PPT.D) < 1.

G. Aubrun and S. J. Szarek proved: & < VRys(PPT.D) < 1.

Conclusion: VRg(S.PPT) and VR,(S.PPT) go to 0, hence,
the Peres-Horodecki PPT criterion is not precise as a tool to
detect separability for large N.
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Numerical examples

Pi

IIIII

Let H = (CP)®”. The a-probability of S in D is defined as

_ Vr‘.“a(":;)
- Vu(D)

PaAS.8.2) <21 x 10 % Py{S 53)< 152 x 16 2%
Pos(S.8.2) <88 x 107%9, Pys(S.5.3) < 9.5 x 107351
The conditional a-probability of S given PPT is

V(S
= Vo(PPT)

P.(S|PPT.n.D)

P11(S|PPT,12.2) < 2.5 x 1072721940
P (SIPPT .8, 3) < 1.80x 10 1290
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References

@ D. Ye, On the Bures volume of separable quantum states. J.
Math. Phys. 50 (2009) 083502:

© D. Ye, On the comparison of volumes of quantum states. J.
Phys. A: Math. Theor., 43 (2010) 315301 (17pp).

Thank you!
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