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Abstract: With several ground-based gravitational wave interferometers operating at design sensitivity the need for high-order post-Newtonia
calculations of potentials waveforms etc. especially including spin effects has grown significantly over the last several years. Not only are
calculations necessary for precisely estimating the parameters of detected gravitational wave sources but they are also useful for providil
accurate models of binary evolutions in for example the effective one-body program and for computing the PN contributions to self-force efft
the extreme mass ratio limit. Since these calculations become more demanding to carry out at higher PN orders it is necessary to utilize s
computer algebra programs (such as Mathematica). Our aim is to automate PN calculations (of potentials power loss etc.) on the computer L
effective field theory (EFT) approach of Goldberger and Rothstein which is itself a systematic and algorithmic method for computing in th
approximation. The EFT approach lends itself to automation through definite power counting rules that identify precisely those intera
appearing at a given PN order through Feynman rules and diagrams that provide an elegant way to side-step the need to explicitly solve t
equation for metric perturbations (unlike in traditional methods) through working at the level of the action (a scalar) instead of equations of r
etc. We discuss our progress in automating these calculations on a computer using the EFT approach.
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Introduction
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Equations of Power loss Restricted Ampiitude
motion waveforms corrections
Nonspinning 3 5 pN = 3 3PN
Blanchet et al. 2002) (Blanchet Blanchet &t 2 Blanchet et al. 2008
Spinning Soin-ortit: 2.5 PN Soin-orbit- 2. Soin Soin-orbit 1.5 PN
. ﬂccc"i et al. 2001_ (Blanchet et al 2006) (Blanchetetal / (Kidder 1585

—

aye et al. ZUUb)

S;}m-ss.fr?' 1PN
FPorto an d othstain
2008 Steinhoff et al
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Still quite a bit of work remaining left to do.
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Mikoca et al. 2005

-

i =YY VA
Soin-spin- 2 PN (Wil

and Wiseman 1966)

(Courtesy M.Vallisner1 & |. Rothstein)

It's believed that 3.5PN is sufficiently good for the purposes of
detection and possibly parameter estimation for binaries with
comparable masses.

Results are not complete through 3.5PN for all the relevant GW
observables, especially for spinning compact objects.
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Motivating automation

Higher order post-Newtonian (PN) corrections are useful for:
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Motivating automation

Higher order post-Newtonian (PN) corrections are useful for:

Building more accurate semi-analytical models (e.g., Effective One Body
Comparing NR, PN and self-force results (talks by Favata, Le Tiec
Practical computation of self-force effects for e.g., kludge waveform
Binaries with intermediate mass ratios
timation of detected GW sources

Ay R — - .
More accuracy in pbarameter estim
-_".*--H‘s“*-{-‘”" hehavior of PN eauations of motion. flu Yiunec Rer
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From a more pragmatic viewpoint:
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Higher order PN calcul

Page 5/127

Pirsa: 10060062



Motivating automation

Higher order post-Newtonian (PN) corrections are useful for:
Building more accurate semi-analytical models (e.g., Effective One Body)

Comparing NR, PN and self-force results (talks by Favata, Le Tiec,...)

—+

-

Practical computation of self-force effects for e.g., kludge waveforms

Binaries with intermediate mass ratios
More accuracy in parameter estimation of detected GW sources

Asymptotic behavior of PN equations of motion, flux,... (Yunes,Bert....
From a more pragmatic viewpoint:

e
-

- i ] [ [ f i | I
Higher order PN calculations are not feasible/possible by hand
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- Cool" — long & tedious PN calculations at the "touch of a button
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Motivating automation

Higher order post-Newtonian (PN) corrections are useful for:
Building more accurate semi-analytical models (e.g., Effective One Body)
Comparing NR, PN and self-force results (talks by Favata, Le Tiec,...)

Practical computation of self-force effects for e.g., kludge waveforms

Binaries with intermediate mass ratios

More accuracy in parameter estimation of detected GW source

r T
= T IITL

Asymptotic behavior of PN equations of motion, f]

From a more pragmatic viewpoint:

% a - &
= For efficient automation, choose a theoretical

framework that itself is rule-based and algorithmic --
Effective Field Theory approach (EFT/NRGR)



Work in EFT for classical dynamics

» Potentials through 2PN -- Goldberger, Rothstein, Ross, Gilmore, Chu

Spin-orbit through 2.5PN -- Porto, Rothstein, Perrodin, Levi
Spinl-spin2 potential through 3PN -- Porto, Rothstein
Spinl-spinl potential through 3PN -- Porto, Rothstein, Perrodin
Leading order radiation reaction (Burke-Thorne) -- CRG, Tiglio
Leading order waveform (quadrupole) -- CRG, Tiglio

e EMRIs -- CRG, Hu

e Alternative theories -- Maggiore, Sturani, Sanctuary, Cannella
* Thermodynamics of caged black holes -- Kal, Smolkin

e Higher dimensional black holes, membranes -- 7?7

Pirsa:
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Picosecond overview of EFT

F e
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Soldberger & Rothstein. PRD 73. 104029 (2006
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Post-Newtonian treatment

EFT: Muliple scales -- "tower” of EFTs
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How to calculate with EFT
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Goal: Calculate a potential that yields PN eom when extremized.

Start with the action:  Sg.r1.02) = Seuly + Y Spulr

Expand in metric perturbation H and 3-velocities to get many
Interaction terms.

|
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How to calculate with EFT

Goal: Calculate a potential that yields PN eom when extremized

Start with the action:

Expand in metric perturbation H and 3-velocities to get many

Interaction terms.
5 2| = S0y H] 4 %E / 2 V= YS|[H. xy.r>
Integrating out H from the action:
Extremize S to get wave equation for H
Solve for H (near-zone metric)
Plug solution back into S to get the effective action S.¢
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A more efficient way is to use Feynman diagrams
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Each interaction term has a definite
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Each interaction term has a definite power counting in v and L = mvr

synman rules: Take Fourier transform (in X) of interaction terms and
compute the variational derivative to remove all H's
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Each interaction term has a definite power counting in v and L = mvr
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es: Take Fourier transform (in X) of interaction terms and
compute the variational derivative to remove all H's
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At OPN the diagrams for the Newtonian potential are
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At OPN the diagrams for the Newtonian potential are

i i __"L
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Divergent integrals: In dimensional regularization only log divergences are
physical (screening effects from gravitational perturbations) but power

divergences vanish
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Choice of metric variables
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Kol & Smolkin (2007) showed that a change of variables can
dramatically simplify the calculation Df pctentlals in the harmonic gauge.
H,, —l(o.A.0o
Covariant variables: P
Kol-Smolkin (Kaluza-Klein) variables:
-{_% 4
A 20 4, 29(8;; + 0ij) + €24, A
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At OPN the diagrams for the Newtonian potential are
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Choice of metric variables
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Kol & Smolkin (2007) showed that a change of variables can
dramatically simplify the calculation of potentials in the harmonic gauge.

B s (5 At

Covariant variables:

Bogpr—— F ‘l 20 g v 14 f"l"_l A J
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Corrections to instantaneity

Even though sources move slowly, gravitational perturbations do not
propagate infinitely fast.

This implies that the Green's function for the Laplacian is corrected by
terms higher order in v.

F—1 -kix—x

D.5-s(ttx.x)=a(t =t / k> erewiliandd / f' k!

Pirsa: 10060062 Page 21/127



Choice of metric variables

Kol & Smolkin (2007) showed that a change of variables can
dramatically simplify the calculation of potentials in the harmonic gauge.

H,, — (o0.4,.0,;)

Covariant variables:

Kol-Smolkin (Kaluza-Klein) variables:

I = ( _:j__-_l 2005 __-lw-ll
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Corrections to instantaneity

Even though sources move slowly, gravitational perturbations do not
propagate infinitely fast.

This implies that the Green's function for the Laplacian is corrected by
terms higher order in v.

-1kix—x
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Corrections to instantaneity

Even though sources move slowly, gravitational perturbations do not
propagate infinitely fast.

This implies that the Green's function for the Laplacian is corrected by
terms higher order in v.
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Calculations to be automated

Radiation reaction

Potentials = —a
potentials
Goldberger. Rothstein. Ross. Gilmere. Porto CRG
Power loss/Flux
Goldberger. Rothstein. Porto
Restricted Amplitude
waveforms corrections

Full automation is probably impractical but our goal is to at least
Prea: 10060062 nrovide a set of robust tools for calculating intensive parts of PN

e
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Calculating potentials in EFT

Interaction terms
(3+1)

—— Power counting ™ Feynman rules



Calculating potentials in EFT

Interaction terms
(3+1)

—— Power counting ™ Feynman rules

Find combos of interactions Feynman diagrams

——

("vertices") at given PN order (Wick contractions)
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Each interaction term has a definite power counting in v and L = mvr

_ ; rlr"__i ii"_j' Al E. X, f =3 .I.'L- 2
Feynman rules: Take Fourier transform (in X) of interaction terms and
compute the variational derivative to remove all H's

—‘_ — _—] / (LT / E LL = 1 .'I;', 3

e Tk

Feynman diagrams: At nPN order form all tree-level (no loops of

dashed lines) and connected diagrams that scale as v4L

G

- - -

Lines connecting vertices are Green's functions (or "propagators”)
——— ——~a = ——(27) 0" (K +plo(t — ' )(320G) Pra:5 = Dsgslt-t: kg
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At OPN the diagrams for the Newtonian potential are
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Choice of metric variables

Kol & Smolkin (2007) showed that a change of variables can
dramatically simplify the calculation of potentials in the harmonic gauge.

Hy — (0. A::08)

Covariant variables:

Kol-Smolkin (Kaluza-Klein) variables:

. 2¢ ;:__1 \
Ty = ( r-j"'_l. .—20 S J -“_ f.j"'_l_l J
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Corrections to instantaneity

Even though sources move slowly, gravitational perturbations do not
propagate infinitely fast.

This implies that the Green's function for the Laplacian is corrected by
terms higher order in v.

kix—x

Pirsa: 10060062 Page 31/127



Corrections to instantaneity

Even though sources move slowly, gravitational perturbations do not
propagate infinitely fast.

This implies that the Green's function for the Laplacian is corrected by
terms higher order in v.
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Calculations to be automated

Radiation reaction

Potentials = S
potentials

Goldberger.

Power loss/Flux

Goidberger. Rothstein. Porto

Restricted Amplitude
waveforms corrections
CRG

Full automation is probably impractical but our goal is to at least
Prea: 10060062 rovide a set of robust tools for calculating intensive parts of PN

g T p———
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Calculating potentials in EFT

Interaction terms

(3+1) —— Power counting ™ Feynman rules
Find combos of interactions Feynman diagrams
("vertices") at given PN order (Wick contractions)
Regularize/

Evaluate integrals ,
Renormalize
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Architecture for automation

Mathemartica -- widely used and easily accessible

For tensor calculations we use the xAct suite of packages (Jose Maria Martin-
Garcia, David Brizuela,...)

http://www.Xact.es/

- -
1}

ARCOr ot sTale il o Telasalalalla- Y T el ==

X lensor, xFert, xCobag, marmonics, Spinors

b et
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Architecture for automation

Mathematica -- widely used and easily accessible

For tensor calculations we use the xAct suite of packages (Jose Maria Martin-
Garcia, David Brizuela....)

ttp://www.XxXact.es/

_—- - D - -~ | - - C - -
x Tensor. xPert. xCoba. Harmonics. Spinors

Reasons to choose xAct/xTensor:
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Benchmarking

2

K"'"‘:.‘""‘.;"'—\-‘:.— o |

Timing

L]
a
ST L ]
-_l
-
- [
= [ ]
. ‘-'
' _—
_ ~ k]
del » i
E 1
>
», " oo"®
s l:*‘"
L e ."1
' ]
s
Number

10060062



Automation -- "xPN"

Full automation is lofty and probably not practical.

R

(D

alistic goal -- to provide a set of symbolic computational tools to do many
(intensive) parts of the calculations automatically.
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Automation -- 'xPN"

Full automation is lofty and probably not practical.

- - o o i
e | :l'--c oAl

R
intensive) parts of the calculations automatically.

D

Interaction terms
(3+1)

Pirsa: 10060062

-- to provide a set of symbolic computational tools to do many
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E Automation -- "xPN"

Full automauon is lofty and probably not pracucal.

Realisuc goal — to provide a set of symbolic computatuonal toals to do many
] (intensive) parts of the calculatons automaucally.
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‘ Mathematica File Edit Insert Farmat Cell Craphics Bealuaoon Paletres Windaw Heip 4 (RGN Wed 3:53PM Q

XPN demo for Capra/NRDA 2010 --
Perimeter Institute

MemoryInUse|[]

6579832

« Load xPert and define geometry
= Initialization functions
= Functions for 3+1 decompositions
= Functions for perturbation theory
= Functions for power counting

e unctions for Feynman rules

irsa: Page 45/127

» Functions for databasing interaction terms




‘ Mathematica File Edit Insert Format Cell CGCraphics Bealuatdeon Paletres W;’ndnﬂ Heip 4 ER30% Wed3:S3IPM Q

XPN demo for Capra/NRDA 2010 --
Perimeter Institute

Load xTensor, xPert and xPN functions

MemoryInUse|[]

6579832

» Load xPert and define geometry
= Initialization functions
= Functions for 3+1 decompositions
= Functions for perturbation theory
= Functions for power counting

e Functions for Feynman rules

irsa: Page 46/127

» Functions for databasing interaction terms




i Mathematica File Edit Insert Farmat Cell Graphics Bealuaoaon ;'5.::1!_'[&5 W;ndﬂ'ﬁ Help 4 k305 Wed3S3IPM Q

&0

pirea: 1006006080 @ package to print the run-times

=

SetOptions |[CanonicalPerm, MathLink —» True]

Package xAct xPerm version 1.0.3, {2009, 9, 9}
CopyRight (C) 2003-2008, Jose M. Martin Garcia, under the General Public License.
Connecting to external mac executable...

Connection established.

Package xAct xTensor  version 0.9.9, {2009, 9, 14}

CopyRight (C) 2002-2008, Jose M. Martin Garcia, under the General Public License.

Package xAct xPert version 1.0.0, {2008, 6, 30}

CopyRight (C) 2005-2008, David Brizuela, Jose M. Martin-Garcia
and Guillermo A. Mena Marugan, under the General Public License.

These packages come with ABSOLUTELY NO WABRANTY; for details type Disclaimer|].
This is free software, and you are welcome to redistribute it under
certain conditions. See the General Public License for details.

Mathlink - True, TimeVerbose :False, XxPermVerbose - False, OrderedBase - True)
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J Mathematica  File Edit Insert Format Cell Graphics Bvaluation Paletres Window Help <4 GEG05 Wed 3:53IPM Q
&0 Z

= Functions for power counting

= Functions for Feynman rules

= Functions for databasing interaction terms

» Functions to assembie vertices to make diagrams
= Connecting the vertices — Wick contraction

» Functions for automating the PN expansion

Exampiles with xPN

= 3+1 decomposition & notation
= Perturbation theory
= Kinetic term for gravitational perturbations
pirsa: 10060063 ransforming to Kol-Smolkin variables N
s Power countina




‘ Mathematica File Edit Insert Farmat Cell Craphics Bealuatnon Palettes Window Heip 4 (ERG30% WNed 3:53PM Q

= Connecting the vertices - Wick contraction
» Functions for automating the PN expansion

-+ 2= MemoryInllse|]

Dutf 114 46593 360

-++= - DefxPNObjects[g]
Metric signature is mostly minus.
== DefCovD: Defining covariant derivative SCovD2[-a$1071].
»» DefTensor: Defining wanishing torsion tensor Torsion$CovDZ[ax, -5, -7l

== DefTensor: Defining
symmetric Christoffel tensor Christoffel$CovD2|[a, -5, -¥]-

== DefTensor: Defining Riemann tensor

Riemann$CovD2 [ -2, -8, -v, 8] - Antisymmetric only in the first pair.

=~ DefTensor: Defining non-symmetric Riccli tensor RiccisSCovD2[-ao, -5].
birea: 1006005 DefCovD: Contractions of Riemann automatically replaced by Ricei.

== DefVBundle: Defining vbundle SR3.
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ﬁ Mathematica File Edit Insert Format Cell Graphics Bealuaoon f‘:ue”ﬁ "ﬁrrncnﬂ Heip 4 C=P 305 Wed 3:53 PM
&0 mmmmlum

== DefTensor: Defining tensor SVELI[LI[1] .

»= DefTensor: Defining tensor SVEL2[LI[1], i]

»= DefTensor: Defining tensor $Unit[AnyIndices|TangentM4]].
«= DefConstantSymbol: Defining constant symbol Massl.

»» DefConstantSymbol: Defining constant symbol Mass2.

«~= DefConstantSymbol: Defining constant symbol PlanckMass.
0.116964

-= - DefxPNRules | MakeRKolSmolkinRules —» True]

Rules {1, 2, 3, 4} have been declared as UpValues for FourVel.

Rules {1, 2, 3, 4]} have been declared as UpValues for ThreeVel.

Rules {1, 2} have been declared as UpValues for UnitNormal.

Rules 2,3, 4,5, 6, 7, B} have been declared as UpValues for SFlat.
Rules 3} have been declared as DownValues for Delta.

I,

E;
Rules {1} have been declared as UpValues for Delta.
Rules {1} have been declared as UpValues for S$Unit.

Generating rules that transform from covariant to Kol-Smolkin variasbles...

Plrsa 10060062
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‘ Mathematica File Edit Inset Format Cell Graphics Bwvaluation Palettes Window Heip 4 (GRG0 Wed 3:53 PM

-, O Demo_CapraNRDA _2010.nb

»» DefConstantSymbol: Defining constant symbol PlanckMass.
0.116964

DefxPNRules MakeKolSmolkinRules - True]

2, 3, 4} have been declared as UpValues for FourVel.
2, 3, 4} have been declared as UpValues for ThreeVel.

, 2} have been declared as UpValues for UnitNormal.
2,3,4,5,6, 7, 8] have been declared as UpValues for SFlat.
3} have been declared as DownValues for Delta.

} have been declared as UpValues for Delta.

have been declared as UpValues for SUnit.

Generating rules that transform from covariant to Kol-Smolkin wvariables...done.
Exporting rules to /Users/crgalley/Physics/Research/Projects/EFT/NRGR/Automation/k

3.21617

MemoryIaUse|[]

wuiftisl 47873896
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ﬂ-_" Mathematica File Edit Insert Format Cell Graphics Bvaluation Palettes Window Help 4 GEG0 Wed 3:53PM Q

“

Examples with xPN

= 3+1 decomposition & notation

= Perturbation theory

= Kinetic term for gravitational perturbations

= Transforming to Kol-Smolkin variables

= Power counting

= Storing interactions in data structure

= Generating interactions for computing the 1PN potential
= Automating the perturbation calculations

« Feynman rules

= Assemble the Feynman diagrams

Pi

Fully partial automation at 1PN



‘ Mathematica File Edit Insert Format Cell Craphics Bealuatoon Paleres Wsnch Help 4 Gk305 Wed3:S4PM Q
;0

<2 - MemoryInlUse|[]

ufii9l= 47873896

Einstein-Hilbert Lagrangian

= LEHE-=-2SSignSqrt[-Detg[]] RicciScalarCD[]

Gauge-fixing Lagrangian for potential gravitons

--+=- DefTensor[GPotHarmonic([a], M4]
=~ DefTensor: Defining tensor GPotHarmonica].

Harmonic gauge condition: (We need to be sure to not contract the metrics so that Perfurd will expand all of
the inverse metrics appearing in the expression.)

-1z00= IndexSet[GPotHarmonic[a ], ChristoffelCD[a, -8, -¥] g[8, vl]
LgfPot[Harmonic] "= $SignSqrt[-Detg[]] g[-a, -8] GPotHarmonic|[a]

Pirsa: 10060062 : Page 53/127
GPotHarmonic[A]
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Einstein-Hilbert Lagrangian

-~ _. LEH= -2 $SignSgrt[-Detg[]] RicciScalarcD[]

Gauge-fixing Lagrangian for potential gravitons

-+ - DefTensor[GPotHarmonic[a], M4]
~~ DefTensor: Defining tensor GPotHarmonic|al].

Harmonic gauge condition: (We need to be sure to not contract the metrics so that Perfurb will expand all of
the inverse metrics appearing in the expression.)

-1z0i= IndexSet [GPotHarmonic[a ], ChristoffelCD[a, -8, -¥v] g[8, ¥1]
LgfPot[Harmonic] "= $SignSqrt[-Detg[]] g[-a, -2] GPotHarmonic|[a]
GPotHarmonic[A]

Pirsa: 10060062 Page 54/127
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Gauge-fixing Lagrangian for potential gravitons

DefTensor|[GPotHarmonic|a], M4]
= DefTensor: Defining tensor GPotHarmonic|al.

Harmonic gauge condition: (We need to be sure to not cantract the metrics so that Perfurd will expand all of
the inverse metrics appearing in the expression. )

IndexSet [GPotHarmonic[a ], ChristoffelCD[a, -8, -r] g[8, ¥]]
LgfPot[Harmonic] "= $SignSgrt[-Detg[]] g[-«, -2] GPotHarmonic[a]
GPotHarmonic[A]

Lorenz gauge condition:

DefTensor[GPotLorenz [a], SManifold]

Pirsa: 10060062 Page 55/127
DefTensor[P[a, 8, ¥, 5], M&]
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IndexSet [GPotHarmonic[a ], ChristoffelCD[a, -8, -y] g[8, ¥1]
LgfPot[Harmonic] "= $Sign Sqgrt[-Detg[]] g[-a, -3] GPotHarmonic[a]
GPotHarmonic[A&]

Lorenz gauge condition:

DefTensor[GPotLorenz (o], SManifold]

DefTensor[P(a, B, v, &§], M4]
IndexSet[P[a , B8 , v , 5 1,
1/2 (gla, ¥1 g[8, &] +gla, 8] g[8, ¥] -gla, Bl gl¥, 61)]
== DefTensor: Defining tensor GPotLorenzia].

+»» DefTensor: Defining tensor Pla;, 8, v, &] -

1 - - 2 - 1K = -
g 9 9 9 -9 g

Pir§a::E0:_06(3062 Ind S t[EP T tﬂ_lr P[E, ﬂ, %, 51 m[‘ﬂl [3 vit E[LI[].I -] -EIII Page 56/127

LcfPotlLorenz] “"=5SSign Sart-Detalliagl-o, -1 GPotLorenz(al GPotLorenz! 81 //
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<127 = IndexSet[GPotLorenz|[a ], P[a, B, v, §] CD[-A] [GravitomB[LI[1], -¥, -6111
LgfPct[Lorenz] "= $Sign Sgrt[-Detg[]] g[-a, -58] GPotLorenz [a] GPotLorenz[3] //
ToCanonical

1 ry i S 1

7= 2 9 9 =9 9 -9 9 g

0.123687

E = su s®: & - =t 7 Bl

28}= 2 g ¢ g9 g = =8,

g q- g':‘"; g (v, E_‘_-.__ Vs E;:-;_ q g;‘: g“: g- (v, El__: Vi E_‘_-&

Point particle Lagrangians (with no finite size effect terms).

-1z~ Lppl = -Massl Scalar[$Signg[-a, -8] FourVel [a] FourVel[8]] ~ (1/ 2)
Lpp2 - -Mass2 Scalar[$SSigng[-a, -58] FourVel [a] FourVel[A]] " (1/ 2)

Pirsa: 10060062 Page 57/127
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= 3+1 decomposition & notation

= Perturbation theory

= Kinetic term for gravitational perturbations

» Transforming to Kol-Smolkin variables

= Power counting

= Storing interactions in data structure

= Generating interactions for computing the 1PN potential
= Automating the perturbation calculations

= Feynman rules

« Assembie the Feynman diagrams

Fully partial automation at 1PN
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= 3+1 decomposition & notation

Pirsa: 10060062

FourVel [a]
UnitNormal [a] - ThreeVel [a]

o 4

GravitonH[LI[l], -a, -8] FourVel[a] FourVel[A8]
% // To3plusl

u® u” B

H vivi s 2B via B o

—ic

CD[-a]@CD[-8] @GravitonB[LI[1], a, B8]
% // To3plusl

—_— — Fa._-_
v - -
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Automation -- "xPN"

Full automation is lofty and probably not practical.

tic goal -- to provide a set of symbolic computational tools to do many

(intensive) parts of the calculations automatically.

Page 60/127
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* Perturbative expansion of total action accomplished with Perturb

e 3+| decompaosition (implemented in To3plusl):

AN -Talwalal asla datima i iecaa matriee e P Y = = At i
R 1CTIaU Ul UC) - HiUuuCCu a8 | I1)CA 0 LU YUl , CLL ., DAUL
-
irallal o FalV T, ) I.-"-|r-\"-|-—|_r-:[::-_-l|,—_ T LA ] -v—-v—l-l,.o‘- e tRhoa hart ryatin g L
Wl FY e [ e N rrild S ol ] o ol ] Nt B 0 e bt | Ml ] B
AA AL ] AA 2 -
r - - = - J f = e - - e e T o & g - el e e i el
Make own scheme: Vi A ; Trore n etric o AT i
el N - = e § b L A T = et o o - — N - = - =
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» Perturbative expansion of total action accomplished with Perturb

e 3+| decomposition (implemented in To3plusl):

— -

- o b e el Fir e T imas P atri e M lavErimere ~ T - = = ST -~
X 1€NsSOr cdn ac & auced -riIcs cX SIC cUrvawure, €ic., DUt IS
A P e e e e 1 el il A o T el s

& q { ] I J Firmi —-

.I. £ g r .[:'-.J'\-.-' A e e et e Bt | e B -l —_ \-Hr.l-r"rﬂlr - =
‘Iip.n - - - - --\.-J'1 fo-— b 'F-.a— o~ - £ e e - - el = e - - -

] A - W 1EIMTIEe" f¥ll v ( r< O MmeTtric 1roace i SWITC T 1IN s

i N - - o E A TLILAY = e L R wt | i ] e Rad el N - - - - o N o

— — 1 1} — — |}
Example: #H - H
- ¥ £ i 1 y
/ 0
Y — _
\ 0 9
Lr
r iy
Fr <y rr rr
I | } i
— 17 Ly { Bl i i1 Page 62/127
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Power counting

Pirsa: 10060062 Page 63/127
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Power counting ——
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= 3+1 decomposition & notation

Pirsa: 10060062

FourVel [a]
UnitNormal[a] - ThreeVel [a]

GravitonH[LI[1l], -a, -8] FourVel[a] FourVel[A]
% // To3plusl

CD[-a]@CD[-8] @eGravitonH[LI[1], a, B8]
% // To3plusl

— . glzsl
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Sampleswinzen

= 3+1 decomposition & notation

~179=- FourVel[a]
UnitNormal [a] - ThreeVel [a]

~+21= GravitonH[LI[l], -a, -8] FourVel [a] FourVel [A]
% // To3plusl

e | 0 H L

. By viv 2B vio B oo

_i

<25 - CD[-a]@CD[-B]e@GravitonH[LI[1], a, 8]
% // To3plusl

Pirsa: 10060062 Page 67/127
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= 3+1 decomposition & notation

Pirsa: 10060062

FourVel [ﬂ.Ii T
UnitNormal[a] - ThreeVel [a]

u_"

GravitonH[LI[l], -a, -8] FourVel[a] FourVel[A]
% // To3plusl

g -

CD[-a]@CD[-5] @GravitonHB[LI[1], a, 8]
% // To3plusl

- . glzs
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ampleswitnzen

= 3+1 decomposition & notation

~1311= FourVel[a]
UnitNormal[a] + ThreeVel [a]

~+23= GravitonmH[LI[l], -a, -A] FourVel[a] FourVel[A]
% // To3plusl

e | I w B

3 B v v 2B vie B oo

_ic

<25 - CD[-a]eCD[-B8]eGravitonH[LI[1], a, 8]
% // To3plusl

Pirsa: 10060062 Page 69/127
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% // To3plusl

s —_— — LTl
- V- ¥a H

Ry (Vi VELY) VB Y onfo (Ve BELY T (VYo H .

2=~ GravitomH[LI[1], a, -a]
% // To3plusl

» Perturbation theory
» Kinetic term for gravitational perturbations
« Transforming to Kol-Smolkin variables
« Power counting
» Storing interactions in data structure
 Generating interactions for computing the 1PN potential
Prs 100509 utomating the perturbation caiculations Page T0R27
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ompleswinzen

= 3+1 decomposition & notation

= Perturbation theory

= Kinetic term for gravitational perturbations

» Transforming to Kol-Smolkin variables

= Power counting

= Storing interactions in data structure

= Generating interactions for computing the 1PN potential
= Automating the perturbation calculations

» Feynman rules

= Assembie the Feynman diagrams

Fully partial automation at 1PN

—— |
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= 3+1 decomposition & notation
Perturbation theory

[

=- Perturb[Lppl, 1, 0, 2]

: i 5 s
mB _ v v - g BE'-,v.vnon’

N |

2w - % // To3plusl

1 . o= L . S .
13G}= mBE .. v v m; B .. v. v o n
2 EE 4 s

~+2 - Perturb[Lppl, 0, 0, 8] / Massl // To3plusl
SeriesCoefficient[Series[- Sgrt[1-="2v"2], {=, 0, 8}], 8]

Pirsa: 1006002?l -.3228 Page 72/127
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« 3+1 decompeosition & notation
= Perturbation theory

Lppl

Perturb[Lppl, 1, 0, 2]

1 - o - o
a8 mB vy - mB . v.v n
2 . 4 T
2= % // Todplusl
1 1 N 4 E
mEBE..v v mE .. v.- v o
2 = 4 s

n

‘20 - Perturb[Lppl, 0, 0, 8] / Massl // To3plusl

SeriesCoefficient[Series[- Sgrt(l1-="2v"2], {=, 0, 8}], 8]

Pirsa: 10060082% « 3 22 8

o
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== Perturh[Lppl, 1, 0, 2]

- i : 1 1 : 3 ¥
136} mEBE :vv --mB-.v,von
2 -

% // To3plusl

- - Perturb[Lppl, 0, O, 8] / Massl // To3plusl
SeriesCoefficient[Series[- Sgrt[1-="2v"2], {=, 0, 8}], 8]

24 .3228

ViV VW VOV, VT

SR

128

[E ]

v
2

= N

o

This interaction term appears as the first contribution 1o the 1PN potential due to non-linear features of
general relativisty.

Pirsa: 10060062 Page 74/127
LEEEH - Perturb[LEH, 3, 0, 0]
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~+uv- Perturb[Lppl, 0, 0, 8] / Massl // To3plusl
SeriesCoefficient[Series[- Sgrt{1-="2v"2], {=, 0, 8}], 8]

24 .3228

V.VOVs VT v v .
128 L :

Ln
[+ 9]

v
28

[

This interaction term appears as the first coniribution 10 the 1PN potential due 1o non-linear features of
general relativisty.

LHEEHE - Perturb[LEH, 3, 0, 0]

4.80842

o EE gt 2 - B (eiBs v: B 28 (v=B %) (wB
2 H:.. LS T_ E__..-:'.- T-_. E:. _': . 2 E-___._.: El_'._. T T_ E:. _: E.-.. _‘- E__ =F T__ T_ E;. =

Pirsa: 10060062 2 Elﬁ.f ~ el - 3 Vs E-‘:‘: B - B (v, v E-‘_-‘: 5= (v, B < v E-‘_:_-_ - Page 75/127
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This interaction term appears as the first confribution o the 1PN potential due o non-linear features of
general relativisty.

s LEEH - Perturb[LEH, 3, 0, 0]

4.548405

B (wWHE ) (VE ) -2 v, B} (vzB:") 4B (v:E H
B2 (v B (veEB.®) - 28 (VB (v B BZ (VTHE =) [VaBL"
2EFETRNE R 2N G B ) 2T B (e

. 1 " :
B2 B (v v, B B B (vav, BT B LB (vav, B
2EE® (Ve HEs) -BL B (9 E B ;B (v; v B,

B'L B (vevVE 28 (vaB ;) (v E B (v,B) (VE

:..-. a 1 1 e by ____ oz 1
IE* (VB ) (VE “EE (B (v H B Y (v: B “E -

¥

pirsa: 1006005 TIEGrA1E Dy parts on those terms with second derivatives so that the resulting expressions involves ...,
products of fields with first derivatives oniy.
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2 Sl
2 5% (vi B vy B %) s 28 7B (v, e B ) -8R BV (v VBN
28 B (v, va B B2 B (v, =B B (v, B %) (v B
£y — )
—EL(wES) (VES) 18 (M EY) (wES) -4E *F (B8 Vs B
B'3 (v=EB VaEBLD) « B (VR (v B (VE ) (B

1
1 e, — gt 1 s i ) B 2L ek S &
2B B (Vv H H =, H - H - g 7 H
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Integrate by parts on those terms with second derivatives so that the resulting expressions involves
products of fields with first denvatives onily.

LHEH - MapAt [IntByParts|[ -, GravitonH] &, LHHH,
Position[LHHH, expr S$CovD[a , b ]eGravitonB|[ ]]]

Pirsa: 10060032_ 245483 Page 77/127
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Integrate by parts on those terms with second derivatives so that the resulting expressions involves
products of fields with first derivatives onily.

LEEH - MapAt [IntByParts|[ -, GravitonH] &, LHHH,
Position|{LHHH, expr S$CovD[a , b ]eGravitomB[ ]]]

0.245483

pirsa: 10060062 Z H 7 [VaH ,z) (VE ) «E = (V.HE ) (¥ H, H- (gl 5. ] VTR Page 78/127




i Mathematica File Edit Insert Farmat Cell Craphics Bealuaoon Palettes W!ﬁdﬂ'ﬁ Heip 4 C=ki3i2% Wed 3-56 PM
-, O Demo_CapraNRDA_2010.nb

- -_ . 1
2B B vV B B X B (v-vV"H B B ™ (vsV" H
2z
:E‘ B - (VaV B 2H-" (vaH, Tl : - it v M - VR,

Integrate by parts on those terms with second derivatives so that the resulting expressions invaives
procducts of fields with first denvatives only.

-+2e - LHHH - MapAt [IntByParts[=-, GravitonH] &, LHHH,
Position[LHHH, expr $CovD[a , b ] @GravitonE[_ ]]]

0.24304

- E:__'._' T_,. E-_=_- T: E:. - A E:. _x'.i T_: E:. :._. T_‘ E_-.. _:._
2 £ 2 =
=l

v: B ) (wBELS -8B (w87 (v, B4 ) B2 (v BYE) (VTEL

b

i i £ gL T i v 1 i & 1 {8 s i &
B'% (v, B'%) (VE ) -B% (VB (B -BZ (VE 3 (v=8BY
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BT . W A
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pirsa: 100600670 & 3+1 decompasition of the derivatives on the potential fields to make more explicit the dependenge g,
the spatial and time derivatives.
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Do a 3+1 decomposiiion of the derivatives on the potential fields to make more expiicit the dependence on
the spatial and time derivatives.

~+227- LHHBto3plusl - LEHEE // To3plusl

4.59483

2 =
el o3 2 13 i el L i : - :
— - —_ ¥ - — S — - - - — 4 - — - — ———
- H ..o oo H - 7 H, B .: oo o (V H £ -

b

13 + S ik =1 gl L 3.3 3 =l X b 1
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Integrate by paris on those terms with second derivatives so that the resulling expressions invoives
products of fields with first derivatives only.

LEEH - MapAt [IntByParts|{ -, GravitonH] &, LHHH,
Position[LEHH, expr S$CovD[a , b ] eGravitomB[ 1]

0.24304
1 - Ly
s | == BR® (BN Vel i B Vi B
2 ) 2
B (V2B %) (v H, B ™ (v:B Ve B % ) « BV (W B%) (VB
— g2 (el (VRS -8 (W) (el BEZ (VE 3} (vaH
Pl - : 2 - E
2 8% (vaE' ;) (VEL) - B (v,8'%) (VEY) -8B (veB:,) (VPE,
1 - 1 -
B (v ) (VESS B (veB':) (VB

Do a 3+1 decomposition of the denvatives on the potential fields to make more explicit the dependence on
the spatial and time derivatives.

LESHto3plusl = LHEH // Todplusl
Page 81/127
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Dc a 3+1 decompaosition of the derivatives on the potential fieids 1o make more explicit the dependence on
the spatial and time derivaiives.

~+427- LHHBto3plusl - LHEHE // To3plusl

4.59463

1 i 3 2 ’ z 15 + i L

Vo H ez = Page 82/127

.

= l1 Tl e ik —I =l I - S SR S S i1k
Pirsa: 10060062 ZE ; R [V By T i - 2H I o (ViE-




i Mathematica Fle Edit Insert Format Cell Graphics Bealuaoon Palettes

Window

Hein

- O Demo_Capra . 2010.nb

b
i
S

|
i

I'III
[N
I3
]
: |
o
"
|
i

]
pirl
)
b
3
“l
48]
3

"

Il
% N

]
|.I
i3

3

i3

<]
[al

i
1.

i
|

€4
|‘|
ol

4]
|.I
'.l

3

8]

v

x ]

<]

€4
F

[
e8]
r
pai!
=]
)
)
[#]
4}
1}
I

i
e
[

i3

&)

1

I
T
3
=l

i

i

&)

3

(&

H

¥V=H %
Vi E-_:";-c =
Vil |
v, B
_f:' .".—;_:
E'_ i
-__-__E; s &

i
51
3
|
&
1
4
[
| &
|
4
=
A
I
i
|
]
3
3

W
[}
1
|
1

b

&
R
=]

I
(&)
0
I

o

.
|
M
28]

¥

§
0

|
& ]

3

M

| e A
i

| ST PR S I

B -
S B S

pirsa: 1006006 jetic term for gravitational perturbations

L e e B R Bl B i i e iinarnibi i o

Page 83/127




ﬁ Mathematica File Edit Insert Format Cell Graphics Bwaluation Palettes Window Help 4 GRG33% Wed 3:57 PM Q
&SN O Oemo_CapraNRDA 2010.nb

B ootE (VBT (VaH . -B .o (VB 5] V=B )«
5 3 - - F il
H " (GE Ve B TN + By ow (GHEL | (VaB i) 4

I'III
&
I3
II
e
|
¥
]
-

in
81
I

B g (v B..) (v E.F) B 0" atn” (VB ) (Vo B L) -
;E‘;. n“oa'a” (ViEs | (WE 2H ‘oo n"n” (ViH | (Y Hoay -

i
i
i
=
|

3
-
3
\.l]
4 4]
i
<]
o

1
ITII
3

!
3
I
3
i3
i
II
5
]
Tk
<]
i
[}

i

B o oa'a’ (v,B ) (VsBE; B -a'nn'n (viH.,") |[vzH | =
1 = s S

=
!
1
=

i

i
[
]

i
51
13
]
13
1
[}
54
i
1
4 H
A
I
|1|1
rl
(P]
i3
13
1
13
3
)

L A
!
|
&
(2]
|
I

b
i

i
¥
ik
&)
b
)
B
[&¥
I
I
¥
i
I
I
i II
i
M
8]
I3
&
88
48]
]
]

Pirsa: 10060062 4 3 o g R s P 4 Page 84/127

| S R P ]



A_ﬁ Mathematica File Edit Insert Format Cell Graphics Bvaluation Palettes Window Help <4 GEG3% Wed 3:57PM Q

= Kinetic term for gravitational perturbations

= Transforming to Kol-Smolkin variables

= Power counting

= Storing interactions in data structure

= Generating interactions for computing the 1PN potential
= Automating the perturbation calculations

» Feynman rules

= Assemble the Feynman diagrams
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= Kinetic term for gravitational perturbations

The gauge-iixed kinetic term of the Lagrangian for the potential field is

148 LEH = Perturb[LEH, 2, 0, 0] + Perturb[LgfPot [Lorenz], 0, 0, 0] // ToCanonical

1.10444
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integrate L2H by parts on only those terms that have two derivatives on the potential field.

wiagi= LEHH =
MapAt[IntByParts[~, GravitonH] &, LEE,
Position[LEH, expr S$CovD[a , b ]@GravitonH[ ]]] // ToCanonical
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«» Kinetic term for gravitational perturbations

The gauge-fixed kinetic term of the Lagrangian for the potential field is

~+4+7= LHH = Perturb[LEH, 2, 0, 0] - Perturb[LgfPot [Lorenz], 0, 0, 0] // ToCanonical

1.10444
ZHE [Va vl + 28 (Va v BL) 4 vaB S | (v R
. i !
3 (v, B ) (v, B 3 () (w5 ) s28 " (v ELY) B (v, v BS
= e 3 1w
2 B (v, vV BEL:) +BE (v, VB wEL Y (e 5% B (e

Integrate L2H by parts on only those terms that have two derivatives on the potential field.

miagi= LENH =
MapAt|[IntByParts[~, GravitonH] &, LHE,
Position[LEH, expr S$CovD[a , b ]@GravitonH[_ ]]] // ToCanonical
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= Kinetic term for gravitational perturbations

= Transforming to Koi-Smolkin variables

= Power counting

» Storing interactions in data structure

= Generating interactions for computing the 1PN potential
= Automating the perturbation calculations

« Feynman rules

= Assemble the Feynman diagrams
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« Kinetic term for gravitational perturbations
= Transforming to Kol-Smolkin variables

UnitNormal[a] ﬁnitxunlal[ﬁj GravitonH[LI[2], -a, -8] // ToKolSmolkin
ThreeVel[i] UnitNormal [a] GravitonB[LI[3], -a, -1i] // ToKolSmolkin
ThreeVel[i] ThreeVel[j] GravitonH[LI[2], -i, -j] // ToKolSmolkin

... LEHinKS - LEBto3plusl // ToKolSmolkin
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