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HFuncture Schemes

ied: Approximate the (S) field with a puncture field.
U, V, o in coordinate expansions St = * — »#
introduce puncture $» and residual P
Higher-order puncture «» botlor rosults

Vioaning of order? Classity by "smoothnoss” of ¢
INNroduce scaling paramaotor \ : &

181 Ordér puncture: 45’ = g
Af Ny T W H, uweaAr”

(1) . .
P’ ~ O(A/IA) Lo. discontinucus at workdline. (!




Classitication of Punclures

e Assume 9 has local expansion
‘I'\ l! 'l] T I\-‘:i A" : \1“;-!.‘['.

& ey V¥ ~pp P orae apy by e L]
- akia -L--;m. .-qnl.-..;lioi !

o Ef0oCive sourco
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inctures sire. Orbils on Schwarzschia

Classification of Punctures

e Assume @®° has local expansion
B = g (1 + AS;(63*) + NSy (6x#) +...) / |¢]

e Definition : ®}5 is an nth order puncture iff

M — &S ~ O (|A| A-2)

= B = BF + O (|]\|N"2)

o Effective source

Setf = (..)8 —Odp ~ O (|A| N**)
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Classification of Punctures

e Assume ®° has local expansion
B = g (1 4+ AS;(63*) + NSy (6x#) +...) / |¢]
e Definition : ®}) is an nth order puncture iff
O — S ~ O (A N2)

= &g =R + O (A N\"7?)

o Effective source

Seff = (..)0 — OPp ~ O (|A| A*~*)
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Classification of Punctures

order | &p C | Sest = —[Pp

1st AI|A C 1/|A|A e.g. Barack & Golbourn (2007)
2nd B! c* 1 /|l e.g. B, G & Sago (2007)
3rd | (A AC! A/ Wardell (2010)

4th AR &2 Al Wardell (2010)
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Circ. Orbits on Kan

Circ. Orbits on Schwarzschild

4th-order Effective Source

o 4th order residual field is O(\*|)]).
e Source is continuous O(|A|) on worldline

g.% 0.002
0.004 0.001
0.003

0.002 0001
0.001 0.002
2001 0003
-0.002 .0.004

Figure: Source S obtained from fourth-order puncture field & (with thanks
to B. Wardell).
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m-mode Scheme

o Decompose field + source in azimuthal modes, e.g.

X
{I)'R _ § , (I)’E‘ ()rm.,: — (b’}:l‘. — ] {I}'R (’-”n;d,:

Mm=—

e Smoothness of & & Convergence of mode sum
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nctures Circ. Orbits on Schwarzschild

m-mode Scheme

 Decompose field + source in azimuthal modes, e.g.

X (3

bprp = @%me Y Qﬁaz:;: br e W*d;
iy |

m=— =

e Smoothness of & < Convergence of mode sum

e Example: Consider 1D toy model,

f(/\) — (flf\ 4 ;/\2 -+ A/\'} + .. ) / ,\

e Fourier reconstruction :

Z £ — const. + “42 sin(mA Z u):}:jr\) CZ

m=—:ox eve odd

Pirsa: 10060033
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m-mode Convergence

% on Schwarzsch :|'1

order | g G Sef field " sf. 0,0"
1 AMACcTt /N 2
2 A " 1/|A 2
3 AN A/ -4
4 AN A -4

irsa: 10060033
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Circ. Orbits on Schwarzschild

SF for circular orbits on Schwarzschild

e Successful implementation combines many ingredients:

irsa: 10060033

NOOA~EWON

Puncture (2nd, 3rd, or 4th order)
Decomposition in ¢™?
World-tube formulation

Finite Difference method

multiple 2+1D simulations
Extrapolation to infinite resolution
Mode sums
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nctures Circ. Orbits on Schwarzschild Circ. Orbits on Ken

SF for circular orbits on Schwarzschild

e Successful implementation combines many ingredients:

1. Puncture (2nd, 3rd. or 4th order)
Decomposition in ¢
World-tube formulation

Finite Difference method

multiple 2+1D simulations
Extrapolation to infinite resolution
Mode sums

NOOAEWON

« Compute SF from mode sums [where ¢ = ¢imwig(m]:

S
—2w Im E mdm

m=1

b
conservative : F, 9,6™=9) 1 2 Re Z d,d™

irsa: 10060033 m=—= 1 Page 39/69
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nctures Circ. Orbits on Schwarzschild Circ. Orbits on Kan

World-tube Construction

e Worldtube 7 of fixed dimensions dr, 46
e Qutside: [, o™ = 0
e Inside: [, ¥, = S5, where

B g
= o / e~ (—O®p)dy
s Ik —

irsa: 10060033 Page 40/69
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nclures Circ. Orbits on Schwarzschild Circ. Orbits on Ken

2+1D Grid
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Figure: Full 2+1D Grid in u. v. 6.
Figure: Diamond Grid in u. v.

e Usenullcoords u=t—r., v=t+r.
e Evolve Schw. wave equation for W = rd™ :
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Circ. Orbits on Schwarzschild

2nd Order Finite Difference Scheme

s
6| h
st
X *" A )
T 3 : FD scheme of
. Mo 3
1™~ 2 > Barack & Golbourn ‘07
‘-._‘____..-r"d-. u
’,‘?.'.-- 8“ A
6
T
L
‘I’-TI = ‘I'EN _+_ lI,a” - ‘I,il'!
W2 f (U0 4+ UM 4 U 4 UM — 20, — 20, R R
+g{ et Z" - - 3 ¢ gobg—2 T "8 ' -
o iy d S

2A
h-zf 2 2 m m . 2A2 1.4

— 353 (2M /7 + mZesc®f) (V5 + ¥5') + O (h°A*, h7)
=
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Circ. Orbits on Schwarzschild

Numerical Instability

o Numerical instability can arise near poles

 Von Neumann analysis = stability condition on ratio of grid
spacings 1 = Au = Av and A#,

A6 " [ max ( _1]‘.1/2) | + Hfz
2 r S
h — 2 ‘ 4

e More restrictive than Courant, c.i. r}fi > max (r"f” %)

e Mitigate by moving polar boundary points for high-m modes,
using asymptotic behaviour of modes,

U6 ~ 0,7) ~ sin™(0)
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nctures Circ. Orbits on Schwarzschild Circ. Orbits on Ken

Extrapolation to Infinite Grid Resolution

1. Extract field along worldline

t=tmax

S
94

o
ép
55
S
5

55

N
QX
%

O
0
O
25098
2050202
R
RS
S
SN
5

0

(D
3
k=
200
j? XX
.0 &

%
SRS
SRS
S
S
%
&
25
!
s
S
Sl
e

X
X
q@
4%,
456
S
0%
QKRS
&
%,
RS
5
5%
W
o0
005
%S
e

0707070078
3“%@%@’
070267650 %
0702070
Veve %%

200202

qﬁg

)

G
&
&%
0‘0
0.0
X
L

&K

<)

Q?

R
3%%
%%5

%

e
255
35S

&
&
00
X
a3
o0
5780
020
&L
578,
<

&
%
-
xS

&
&

=0

'woridtube

o Extract residual field ¢’; (and derivs) along centre of diamorre &t
NS R |, |
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Extrapolation to Infinite Grid Resolution

2. Plot field @?;?Q as a function of time

-0.005345 | ] |
-0.00535 -
-0.005355 HY z
-0.00536 =
= -0.005365 |
> :
~ 000537 -
-0.005375 -
h=116 —
-0.00538 h=1/24 x
h=182 —
h=1/48 — N
-0.005385 N e
h=1/64
-0.00539 ’ ’
100 150 200 250 300
t/iM
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nctures Circ. Orbits on Schwarzschild Circ. Orbits on Ken

Extrapolation to Infinite Grid Resolution

3. Extrapolate field ¢ "% (fmax) as a function of grid resolution

-0.005345 T | T | F ]
fit : [-5.37435 + 5.4299 h® - 5.028 h°] x 10
-0.00535 | /
116/

0005355 | /’/ -
% 000536 - 7 E

-0.005365 - o d

132~
-0.00537 | g~ ’
e
1/64 "
0005875 ——+ * ' i 1

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
gnd resolution, h = M/n
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nctures Circ. Orbits on Schwarzschild

Extrapolation to Infinite Grid Resolution

2. Plot field f.Ir?;ie as a function of time

-0.005345 . f
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0 |
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t/M

Pirsa: 10060033

e Field denende on arid recoliition /1
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Circ. Orbits on Ken

Page 47/69
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Extrapolation to Infinite Grid Resolution

3. Extrapolate field ®7; (rmax) as a function of grid resolution
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Sum over Modes : F,, (dissipative)

00— T T
0.001 | * « -
0.0001 | ” r=7M -

" 0

1e-05 |- ) -

1-06 |- . .

E _ 1e-07 % ’ =
S 1e-08 . :
1e-09 =L -
1e-10 ¥ _ -
le-11 * =

1e-12 - "I
1e-13

0 5 10 15 20
mode m

- 008 EXPONENTIAl convergence with m ——



nctures

Power-law convergence with m:

Pirsa: 10060033

Sum over Modes : F, (conservative)

Circ. Orbits on Schwarzschild

i

0.002 ond Order  +
3rd Order ;
0.001 a 4th Order =
Eu." OF + & : . * v -
0001
0002
| 1 1 1 1 1 1
0 1 2 3 4 5 6
m
0.01 T
0.001 £
L L3
0.0001 . —
E;l 1e-05 - « T,
— . L
B ol n - ++++J.
1e-06 & - =
ond Order  + .
1e-07 &  3rd Order .«
4th Order . * .
Self-Force -
1e-08 :
1 10
ma+1

-9
e 2nd and 3rd order nuncture — 11— -

Circ. Orbits on Kan
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Circ. Orbits on Schwarzschild

F, : Results from 2nd, 3rd, 4th Order Punctures

Example: Schw. at rp = ™™

order | F" fit model I Gy error tail (m > 15)
A AL - 107 0

3 4+ &+ 5 7.860e-5 <02%  5.4%

4 A 7.8506e-5 <0.05% 0.2%
I m m

X (freq. domain) 7.850679e-5

irsa: 10060033
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nctures

Sum over Modes :

IF"

Circ. Orbits on Schwarzschild

F, (conservative)

0002 - ' ‘ ‘ ondOrder +
3rd Order -
0001 - 4th Order = -
0k 5 5 ; * = - -
-0.001 R
0.002 | -
| 1 1 1 | |
0 1 2 3 5 6
m
0.01 ¢ ———
0.001 |- A
. - -
0.0001 . L g
T ' ¥
1e-05 - e 1
: L - LiE + 4 +++a— T
1e-06 s &
L 2nd Order  + y -
1e-07 &+  3rd Order " i
F 4th Order = i
- Self-Force - '
1e-08 . :
1 10
m+1

Power-law convergence with m:

Pirsa: 10060033
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Circ. Orbits on Schwarzschild

F, : Results from 2nd, 3rd, 4th Order Punctures

Example: Schw. at ) = TM

order | F" fit model N error tail (m > 15)
2 s+ L5+ 5 78575 <1%  31%
m m

3 B ok it 7.860e-5 <02%  5.4%

m m m >
4 LRI L 7.8506e-5 <0.05% 0.2%

m i m
X (freq. domain) 7.850679e-5

irsa: 10060033
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nclures Circ. Orbits on Schwarzschild Circ. Orbits on Kar

Schw. Results : F, (dissipative)

0.01 | l [ | I |
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Circ. Orbits on Schwarzschild

Schw. Results : F,, (dissipative)

ro 2+1D Freq. Domain error
6M | -5.304228e-3 -5.304232e-3 6.2e-5%
/M | -3.273130e-3 -3.273123e-3 2.2e-4 %
8M | -2.211148e-3 -2.211161e-3 5.9e-4 %
10M | -1.185948e-3 -1.185926e-3 1.9e-3 %
14M | -4.838394e-4 -4.838493e-4 2.0e-3 %
20M | -1.926459e-4 -1.924442e-4 0.1 %

Page 55/69



nctures

I

Pirsa: 10060033

Circ. Orbits on Schwarzschild

Schw. Results : F, (conservative)

i
0.0001 i— i B T N
- x
@ S
1e-05

16-06 -

16-07 -

. h_ r0=6M i

To08 - 107 M —
L rp=8M —»
1e-09  fo=10M —5—

r0=14M &
fo=20M —o

1e-10
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Circ. Orbits on Schwarzschild

Schw. Results : F, (conservative)

ro 2+1D Freq. Domain error
6M | 1.67736e-4 1.67728e-4 4.7e-3%
7M | 7.85072e-5 7.85068e-5 5.0e-4 %
8M | 4.08283e-5 4.08250e-5 8.1e-3%
10M | 1.37987e-5 1.37845e-5 0.10 %
14M | 2.73492e-6 2.72008e-6 0.54 %
20M | 5.38309e-7 4.93790e-7 9.0 %
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