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O Low energy description of generic msulator

O Properties of the low energy theory

O Microscopic Example n a continuum field
theory and the ABJ anomaly

O Fractional Topological mnsulators m 3+1
dimensions.
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Low energy eftective theory.

What 1s the low energy description of a
generic, time reversal mvariant msulator?

[nsulator = gapped spectrum

Low energy DOFs: only

Task: Write down the most general action for
. with up to two derivatives, consistent with
=R mmetries. '




Low energy effective action.

Low energy DOFs: only Maxwell field.

_ e 2 l A =5 <
= / & xrdtLy = — d” rdt (FE' — —-B') ,
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Rotations allow one extra term.

% [ & xar(E-B)
47~

But: Under time reversal E 1s even. B odd

So naively the most general description of

a time reversal mvariant insulator does not
allow tor a theta term




Flux Quantization.
Dirac Quantization g=n e
of magnetic charge: o

[mplies quantization of magnetic flux!

On any Euclidean closed 4-manifold M:

3.2 Ju d*zFyyForet”™ =N € Z




Flux Quantization.

a Partition function
Z(g) — exp {E_?Ff !1’[ d4IFﬁng#—E#UJF} S ef;\FB

0 1s periodic in 6-26+27 (Abelian version of the ~®
VACUUM’ (Callan, Dashen. Gross 1976, Jackiw&Rebbi. 1976))

O 6 1s time-reversal odd

O =Pftime-reversal invarnant insulator can have 6=0 or «

O Z, classification
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Flux Quantization.

Dirac Quantization g=n ¢

of magnetic charge: o

[mplies quantization of magnetic flux!

On any Euclidean closed 4-manifold M:

32&’_2 _J‘_\[ d4$FﬂngTEﬂyg* p— :\r 6 Z




Flux Quantization.

a Partition function
2(9) p exp {EW ”U’ d4IFHngFE#HJF} — 6'1‘:‘-\'9

0 1s periodic in 6-26+27 (Abelian version of the ~@
VACUUM  (Callan. Dashen. Gross 1976, Jackiw&Rebbi. 1976))

O 0 1s time-reversal odd

O =>time-reversal invarnant insulator can have 6=0 or «

O Z, classification
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Topological Insulators

Low energy description of a T-invariant insulator
described by 3 parameters: ¢, u, and:

=0  Topologically trivial insulators

8=z  Topologiczlly non-trivial insulators
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Physical Consequences.

Theta term 1s total derivative. In the absence of interface
can be absorbed bv redefining E and B. But:

Boundarv of topological insulator
= domain wall of 6

: 2 =
ot — %%EW OT 0,00, A
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Magnetic Monopoles in TI

prediction: murror charge of an clectron
IS a magnetic monopole

first pomnted out bv Sikivie. re-obtamed
m the TT context by Q1 <t. al.

Compact expression from requinng

E&M duality covariance (AK).

Oﬂ ’,211
l-|—{1292 /4772 29

(for y=p". e=¢’)




Faraday and Kerr Effect

“| | e 1B
W H | T : |
; _PM change n ¢

B independent contribution to
Kerr/Faraday  @ieta %A
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A Microscopic Model

A microscopic model: Massive Dirac Fermion.

L= f__'[f('_)ﬂ““ = J[)f

%

Time Reversal: M = M

Time reversal system has real mass.
Two options: positive or negative.




Chiral rotation and ABJ anomaly.

Massless theory invariant under chiral rotations:

—ff}"“' /D

g —€ B
Symmetry of massive theory if mass transforms:

_\[ £ ('_:'EQJ[

Phase can be rotated away! Chose M positive. _




Chiral rotation and ABJ anomaly.

But in the quantum theory chiral rotation
1s anomalous. Measure transforms.

0,
307

&

S I

, Single field with unit charge.
00— C¢ :

AL —Ca
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Chiral rotation and ABJ anomaly.

0 —60—Co
Axaal rotation with ®=rx:
® Rotates real negative mass nto

pOsItIve mass.

* (Jenerates 6=t

Positive mass = Trivial Insulator.
- Negative mass = Topological Insulator.




[.ocalized Zero Mode on Interface.

Domam Wall has localized zero mode!

Kaplan's Domamn Wall Fermion

Domaimnm Wall = Tl non-TT Interface




I. . ' !

Generalizations:

e | .| Boundary theory
Bulk topological insulator | | With |

4+1 Callan-Harvey, Kaplan L axial anomaly 3+1

3+1 TRI topological insulator Z, parity anomaly 2+1

2+1 Quantum Hall Z chiral anomaly 1+1
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A Lattice Realization.

How to get 6 =r from non-interacting electrons
i periodic potential (Band-Insulator)?

Topology of Band Structure

Define Z, valued topological invariant of
bandstructure to distinguish trivial (“positive mass™)
from topologically non-trivial (“negative mass™).
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TKKN for topological insulator.

Multi-Band-Berry-Connection. (Qi. Hinghes, Zhans)

. .}
H E ;}:[}i:HI — -_;' / ;‘]fl--'kr_"_.h'-llll{'.f-l-l:-k| g T}J';”I,.Ik] ‘|fjlk__|- ‘r!,i,lkl :
7 g I | :
Ir: ; — r-"'a"'-.f'l] -I = ":.".rlr.I : T— 8 :'l’r. il I
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(. 'k} —_ — r':,k| AT | }1k
I {fh'l |

0=(0) Vacuum. ...

= Bi, Sb, Bi2Se3. Bi2Te3. Sb2Te3
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Experimentally found Zero Modes.

Hasan group, Nature 2008 H. J. Zhang, et al, Nat Phys 2009
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Summary of Strategy:

Low Energy Effective Theorv

Dirac Quantization — 6=Integer - n

Microscopic Model:

ABJ ﬂﬂOIIlle}' = lf]f;-[:zficharge 3

Connection to Experiment:

B_zmd Tob(;log}' | — b= QHZ_mxaﬂmt "
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Experimentally found Zero Modes.

.ir'il""'c
e Nt

Ey (aV)
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TKKN for topological insulator.

Multi-Band-Berry-Connection. (Qi. Hughes. Zhang)

0 = _}:-[}‘H- — ? / rf:kphll»{flkl — %f-tf,lk] . .;’th_l. . 'f,-;-'k] :
" i =
f1 -' — "-.-’,!.'I] = ft_".f.’_! i L5 -i.’.. u',- i3
4] i . ]
. ()
rJI__. (K) = —i r:,k! — i .k
OK;

0=() Vacuum. ...

0=t | Bi,Sb. Bi2Se3. Bi2Te3. Sb2Te3

skt TV OEREAN T . T o sl T e e e T Y
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Experimentally found Zero Modes.




Summary of Strategy:

Low Energy Effective Theorv:

Dirac Quantization | — 6=Integer - n

Microscopic Model:

ABJ anomaly =t HJ’FSfcha{ge )’

Connection to Experiment:

Band Topology | — 6=QHZ-invariant
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Fractional Topological Insulators?

Recall from Quantum Hall physics:

electron fractionalizes into
: . m partons
€ Interactions
e’ ey E
fj-_n =H— & :iL_
. h e C omh
Quantum Hall Fractional

Quantum Hall -




Fractional Topological Insulators?

TI = half of an integer quantum hall state on
the surtace

expect: fractional TI = half a fractional QHS
Hall quantum = half of 1/0odd integer.

Can we get this from charge fractionalization?




Partons.

Microscopic Model:

ABJ ElIlOIIL’.ll}' — /= E{chargt )

= =7 electron breaks
& QY up into m partons.

)
&'

- - F 1Y 1 (m odd so e 1s fermion)
6/x=Y (charge) =m-| —| =—
e \m n
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To ensure that partons
confine nto electron add
“statistical” gauge field

- waSimplest model: SU(3) with N=1




Partons.

Microscopic Model:

" H:’I N E{Chill'gl: )

ABJ anomalv

@
X electron breaks

B = e C .
— . Up INtoO m paftOI]S.

X l (m odd so ¢ 1s fermuon)

O/x=Y (charge) =m-| —| =—
S \m) m
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To ensure that partons
confine into electron add
“statistical” gauge field

irsa: lOOSOOSSSjmpleSt model SL'i 3 ], ";-T"‘-_-l‘[h h\:::




Relativistic Partons.

In a relativistic field theory the electron=baryon
has spin m/2 m the SU(m) model.

Not a problem in non-relativistic context.

=—
—
Alternative: Quiver Model A L\
| o 4 - _
Still need m partons to
be gauge mvanant. “% y
\\‘-‘\\:R 3 ér,’-’

Barvons of anv spin possible.
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General Parton model.

U ( l)em X H;il [7(-—\1{ 4 );'fl'( ]-)

|

o P e ydd
s = ——  P.q odc
) q 2h P-4




Important dynamical question.

[s the gauge theory m a confining or
deconfining phase’

We need: deconfined! Favors abelian models.

(or extra neutral matter, e.g.
N=4 SYM with N=2 massive hyper)
Gapless modes present; charged fields all gapped.




How to make a fractional TI?

Need: Strong electron/electron interactions

(so electrons can potentiallv fractionalize)

Strong spin/orbit coupling

(so partons can form topological msulator)

How can one tell if a given matenal 1s a
fractional TI (in theory/mn practice)?
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Iransport Measurements




Faraday and Kerr Effect

(a) (b) = :
T =25 Kerr rotation sees

! only one interface.

Directly measures
change 1n 6.

%A < change in 0

r
[+ F
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Iransport Measurements




Faraday and Kerr Effect

(a) (b)

il e =T Kerr rotation sees
EN ' / N =
I it S only one interface.
n 0 il i .
] Directly measures
change in 6.
brope = arctan o e char oemu

.+
irsa: 10050088 y ' \




Fractional TI or Surface FQHE?

=—e’/éh v= 1/3 FQH 6= e?/3h




Faraday and Kerr Effect

(a) (b)

T | % Kerr rotation sees
e oy only one interface
Ti -'-_F ” x"ff{ :;TE I :
el Directly measures
change mn 6.
.. — 5 1

F
i+ /€ 1
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Fractional TI or Surface FQHE?

o, .=—e’/6h v=1/3FQH, 6,=¢?/3h
5 4

. | o = "'\: Ail"t
iR ™ &N
VS Ea
- ’ By




Witten Eftfect for fractional TI.

Experimental Protocol:.

» Catch a monopole from
COSIMIC rays

» Insert it into bulk
material

» Measure electric flux to
determine charge
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Ground State Degeneracy.

On non-trivial 3 manifold groundstate can be
degenerate.

Different for fractional TI and TI + fractional QH




Ground State Degeneracy.

On non-trivial 3 manifold groundstate can be
degenerate.

Different for fractional TT and TI + fractional QH




Ground State Degeneracy in QH.

| e
Review of QH: = o
Effective Description: CS of level m
Equation of motion: F = O

7%

Degrees of freedom: flat connections.




Ground State Degeneracy in QH.

Degrees of freedom: flat connections.

Trivial on R?

<SS
eﬁ%’t{ﬁ}ﬁﬂi"r =
h - Wil [ i == S
On the torus: Wilson lines ia: jammsssseasy

IR

-

x and y

Wilson lines periodic: x and y= positions on a torus.
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Ground State Degeneracy in QH.

Sy =m [AndA=m |y

CS terms = Magnetic field

Groundstates: Particle on a torus with m
units of magnetic flux.

dig =m




Ground State Degeneracy in QH.

genus ¢ Riemann surface:

2g non-contractible cycles

— 2g Wilson lines

— particle on 2g-torus with
m units of magnetic flux.

d(“:&' =m”

J




F11 versus TIHFQHE.

TIHFQHE: it FTI

Linked by
F2=10)
constramt for

Two independent
CS theories.

vacuum.




Groundstate trivial on T3.

But: Swingle. Barkeshli. McGreevy. Senthil

No fractional 6 unless groundstate
on T3 1s degenerate!

Assumes gap for all excitations (not just charged)
Avoided in deconfined phase due to color magnetic




Summary.

» Effective field theory for fractional TI can be
constructed

* Basic mgredient: fractionalization

» Effective 6 follows from anomaly/Dirac
quantization

* Requires strong LS coupling and strong
interactions.

* Experimental signatures: transport +
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