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Abstract: The AAS/CFT correspondence has opened the door to understand a class of strongly coupled quantum field theories. Although the original
correspondence has been conjectured based on string theory, it is possible that the underlying principle is more general, and a wider class of
guantum field theories can be understood through holographic descriptions. In this talk, | will discuss about a prescription to construct holographic
theories for general quantum field theories. As an example, | will present a holographic dual theory for the D-dimensional O(N) vector model. The
phase transition and critical behaviors of the model are reproduced through the holographic theory.
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Ant1 de-Sitter Space/Conformal Field Theory
(AdS/CFT) correspondence

[Maldacena; Gubser-Klebanov-Polyakov, Witten]

[J(z)] = f Do (z)e— Sl dzJo D-dimension
= [D “Hxaye Sz (DFD-dimension
J(z,0)=J(z)

* D-dmm theorv 1s dual to (D+1)-dim theorv

* The additional direction corresponds to redundant energy scale
» Bulk space-time 1s not gauge mvariant

* Emergence of classical space-time i large N limait

* In strong coupling limit. the bulk theorv has a local description
A few concrete examples : N=4 SUN) in d=4. ...
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* Emergence of classical space-time i large N limait
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No known general prescription to derive
holographic theory from quantum field
theory

1s talk :

Q. Can we derive (fully quantum)
holographic theory for general
quantum field theory?
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Step 1 : introduce an auxihary field

?

Z[J] = u / dDdd —Su+SHu2d?)

‘low energy’ field
¢ + &,+—— "high energy’ field
A¢ + Bo

D

<D

[Polchinski (84)]
Z[J] = / doédd e—(SJ[¢+5]+M’2¢2+mf252)1

M’2 — M2 eQadz
. M= mfinitesimally small parameter

Syl 2adz positive constant






Step 1 : introduce an auxihary field
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Z[J] = p f dddd e (Sm+S;Hu?®?)

‘low energy’ field

® = ¢+ ¢,+—— high energy’ field
® = A¢+ Bo
[Polchinski (84)]
Z[J] = / dodd e—(SJ[¢+5]+M!2¢2+mf252)?
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Step 3 : expand the action 1n the power
of low energy field

Silo+¢] = S;ld]
+(j1 + 2426 + 3536° + 4548°) ¢
+ (2 + 3530 + 65467)¢°
+(j3 + 4jad) o>
+ia0".

Usually. one integrates out high energy modes to

obtain an effective action for the low energy mode

Instead. we mterpret high energy field as

0000000



Step 4 : decouple low energy field

from high energy field
6+4] = S;ld]
--‘ile;_ —iP1(j1 + 2j2$ 2 3 3]'352 : 4j453) T J;I.¢

- ,f - -
iPyJy — iPo(j2

- 3536 -

- 67462) + Jod?

+iP3J3 — iP3(j3 + 4ja) + J36°

+iPyJy — 1Pjs +

Js8°

J' : fluctuating sources for low energy fields
P : physical fluctuation of operator Fn ~ ig"

J'. P : auxihary fields (have no dynamics)
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Step 4 : decouple low energy field
from high energy field

o+9d] = Sjld]

+iPLJy —iPy(j1 + 226 + 37367 + 45ad) + J10
iPaJy — iPa(ja + 3§36 + 6§28%) + Jo6?
-I-iP3J;, —iP3(j3 + 4j40) + J;fi’?’

+iPyJy — iPyjs + J40"*

J' : fluctuating sources for low energy fields
P : physical fluctuation of operator Fn ~ ig"

J'. P : auxihary fields (have no dynamics)
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Step 5 : integrate out high energy mode

Z[J] —(S s[ol+M>¢*+S[J.P])

f doN?_,(dJ.dPy) e
f N4_,(dJ,dP,) e SUPlz[J]

|

4

n=1
adz

- 2M?2

S|J, P]

(J1 — 2iPyJo — 3iPoJs — 4iP3J4)?

* J. P acquire dvnamics

* The action for the low energy field comes back to its
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Step 5 : integrate out high energy mode

Z[J] —(S s[el+M>¢*+S[J.P])

/ doN?_,(dJ.dPy) e
f N4_,(dJ,dP,) e SUPlz[ ]

a

n=1
adz

- 2M?2

S|J, P]

(J1 — 2iPyJo — 3iPoJs — 4iP3J4)?

» J. P acquire dvnamics

* The action for the low energy field comes back to its
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Pi

Step 6 : repeat the steps 1-5

Z[J]

/ nR_, n4_,(DJS (k+1) Pék))E—S[J(").PU‘)] Z[J(B+1D),

5 3 i O 4 oz P
k—l n_l

9= (7®) _2:p® JE) _ 3;p(8) 1) _ 4;p() 5$)y2

S p(k))

2M2
(1) e

T

1D Path integral of source fields J and conjugate fields P
for partition function

Initial value of J fixed by the original couplings
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Non-trivial solution for Z|J]

Zi] = f DJDPe—SW-P].

+D‘.'

321+ 2P1I2 + 3PaJ3 + 4P3Jy)°

1D Path mtegral of source fields J and conjugate fields P
on [0.90)

Boundary value of J fixed by the oniginal couplings
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Step 6 : repeat the steps 1-5

Z[J]

[ nt (IO pE) SO POl Ry

R 4
5 3 S+ _ 1 4 nads PO
=i n=1

—;ﬁ;(.ff‘) —2iP®) B _ 3:p{F) JF) _ 4; p{F) 5{9))2

(X}
n

- Tl

S[r®) plkn

1D Path integral of source fields J and conjugate fields P
for partition function
Initial value of J fixed by the orniginal couplings
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Non-trivial solution for Z|J]

ZU] = f DJDPeSI-Fl,

= 2(le + 2Py J5 + 3P>J3 + 4P3J4)°

1D Path mtegral of source fields J and conjugate fields P
on [0.20)

Boundary value of J fixed by the oniginal couplings
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Step 4 : decouple low energy field
from high energy field

o+dl = S;ld]

+iPyJ) — iPy(j1 + 226 + 3i36° + 4jad) + J10
iPzJ; — iPy(jo + 3436 + 6546%) + J;éz
-I-iP3J;, —iP3(j3 + 4j49) + Jgfbg

+iPyJy — iPyja + Jad®

J' : fluctuating sources for low energy fields
P : physical fluctuation of operator Fn ~ ig"

J'. P : auxihary fields (have no dynamics)
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Step 5 : integrate out high energy mode
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Step 5 : integrate out high energy mode

Z[J] —(S s[ol+M>¢*+S[J,P])

f doN?_,(dJ.dPy) e
f N4_,(dJ,dP,) e SUPlz[J]

|

a

n=1
adz

- 2M?2

S[J, P}

(J1 — 2iPyJo — 3iPoJs — 4iP3J4)?

e J. P acquire dyvnamics

* The action for the low energy field comes back to its
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Non-trivial solution for Z|J]

zZEn — f DJDPeS-F]

Sy = /Ox dz[i(0zJn + nadn) Py
3

s
2M?2

(iJ1 + 2Py J> + 3P2J3 + 4P3J4)?

1D Path mntegral of source fields J and conjugate fields P
on [0.90)

Boundary value of J fixed by the oniginal couplings
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Functional integral over coupling fields

tree-level scaling
Jnlz) = 2{0)c ™™

A R R R R S o mm m R R R e

--------------------------------------------------------------------------------------------------------------------------------
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Physical meaning Q

A ‘i(aan + ﬂ(lJn)Pn

(8% : 2
—|—2M2(ZJ1 + 2P1J> +3P>J3 + 4P3Js)

E = LPteil
a : rate high energy modes are eliminated
(‘speed” of RG tlow)
Can be made to be z-dependent 0.(z)
Interpret z as time : Q(z) becomes the lapse function/g-~
a(z) 1s NOT mtegrated : H=0 NOT mmposed
= / " a(z)dz total proper time’ 1s fixed to be infinite

0
The theory can be viewed as 1D gravitational theory

"With fixed size along the z-direction
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Step 1 : introduce an auxihary field

7

Z[J] = p f dDd® e~ (Su+S,Hp?d?

‘low energy’ field
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A¢ + Bo

D

D

[Polchinski (84)]
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Step 6 : repeat the steps 1-5

Z[J]

[ Rt (DI D) SUP PPl 1R 1))

R 4
5 3 i+ _ 1P 4 nad= PO
=i n=F

adz , (k . (k) (k . (k) (k . (k) (k
—2M2(J§ ) _2iP() J§B) _ 3;p{F) 1F) _ 4 p{F) 5§02

(B} _
n

- =ITL

S[r%) p(k))

1D Path integral of source fields J and conjugate fields P

for partition function

Inmitial value of J fixed by the original couplings
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Non-trivial solution for Z|J]

ZL — f DJDPeSW-Fl

+D‘.'

321+ 2P12 + 3Py J3 + 4P3Jy)°

1D Path mtegral of source fields J and conjugate fields P
on [0.90)

Boundary value of J fixed by the oniginal couplings
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Physical meaning Q
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8 -
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Step 6 : repeat the steps 1-5
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Physical meaning Q

L = i(8z:Jn+ naJn,)Pn

o _
-I—2 = (iJ1 + 2Py Jo + 3P>J3 + 4P3J4)?

L = JpnPn+oH
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("speed” of RG flow)
Can be made to be z-dependent Q.(z)
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"With fixed size along the z-direction




1D gravitation theory

_I_

8

a2 +2P12 + 3P J3 + 4P3J4)?

The theory 1s local in the "bulk’

Only one set of independent mode because the original
theory has only one propagating mode

Freedom to choose independent fields (sayv, J;. P;)
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1D gravitation theory

S[J.P] = /0 = St k)P
_l_

e

2J{,,VI,Q(I'J:L + 2Py Jp + 3P>J3 + 4P3J4)”

The theory 1s local in the "bulk’

Only one set of Independent mode because the original
theory has only one propagating mode

Freedom to choose independent fields (sav, J;. P;)



O(N) vector model in D dimensions

ZU) = / Do, e—(Sul®H-S;[®D)

Sul®] = [ dzdy ®a(2)G3} (= — ¥)Pay).
Syl®] = / dx [JaPa + J3PaPp + J 5 PaPpPe + JopedPaPp PPy

+ 29,98y + JI_De8;Dp8;Pc + JI_ Dayd;Pcd;d ]

S, : quadratic action with UV cut-off M
S; : deformation with sources
J;, : tlavor dependent sources
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1D gravitation theory

S P] = /0 = Rt e R
_l_

(8 4

a2 +2P12 + 3P J3 + 4P3J4)?

The theory 1s local in the "bulk’

Only one set of independent mode because the original
theory has only one propagating mode

Freedom to choose independent fields (sav, J;. P;)



O(N) vector model mn D dimensions

Z] = / Do, e~ (Sul®H-S;[®D

Sul®] = [ dzdy ®u(2)G3} (= — 1) Pay).
Syjl®] = / dr [JaPa + JopPaPp + JopcPaPpPe + Jobed PaPpPcPy

+J 9,00, Pp, + J_Dad;Ppd;Pc + J3_ DaDpd; D8Py

Sy - quadratic action with UV cut-oit M
S; : deformation with sources
J;, : tlavor dependent sources
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Dual theory to the O(N) vector model

Z[J] - f DJDP e SU-Pl.
: Z+0 . . ij
S[L.P] = [dxdz {iPa(8Ja— 5 ada) + iPy(8Jp — 2ad,) +iPp,. ij(aJ )
6—B 7
+iPope(0Jape — TﬂJabc) + IPa&-_q(aJ;L Tﬁ"’rabc)

+iPoped(8Japed — (& — D)adopeq) + iPapedij(0J5 , — (2 — d)ad )
+; [dzdydz {aMsa(x)8yGr(z — y)saly)-}.

sa - [iJa + 2Py — 20;(J28:P) + 3Pt b — 85(J3 85 Pyc)
+ Picij e + 4PoctSabed — 501 (Jghei®Pocd) + 2 i Pocd ]

patial length has to be rescaled to maintamn the saame form

r.the quadratic action 0=0; — OTUZ
7!
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0000000

Bulk Space : AdS

B : C\ tree level scaling

Quantum

fluctuation

MD
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Dual theory to the O(N) vector model

(D+1)- dimensional local quantum theory

Path mtegral of source fields J and conjugate fields P on
MP * [(,00)

Boundary value of J fixed by the oniginal couplings

In general. bulk theory includes objects with spin two or
higher. depending on the deformation of the boundary
theory
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O(N) vector model in D dimensions

Z[J] = / Do, e (Sul®I+S5[®])

Sul®] = [ dzdy ®a(2)G3} (= — 1) Pa(y).
Syjl®] = f dr [JaPa + JppPaPp + JopcPaPpPe + Jobed PaPpPcPy

+ 99,98y + JI_0e8;D8;Pc + JI_ Dadyd; DD ]

S, : quadratic action with UV cut-off M
S; : deformation with sources

J,, : tlavor dependent sources
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Dual theory to the O(N) vector model

(D+1)- dimensional local quantum theory

Path integral of source fields J and conjugate fields P on
MD * [(,00)

Boundary value of J fixed by the original couplings

In general. bulk theory includes objects with spin two or
higher. depending on the deformation of the boundary

theory
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irsa:

Jap(2)
Jabe(2)

Jabed(2)

FPap(2)
Fope(z)
FPabed(2)

J(2)
J3 (2)

J3ed(D
Pop (=)
Fope ii(2)
Pobed.ij(Z)

Large N limat

Jz(z)éab + = Tus(2),
— [J3a(3)55c + J3p(2)dac + J3(2)da5] + NQJabc(?-)

J“("“') Cotiat Bt Sisd

P2(235ab + Py(2),
P3,(2)8pe + P3p(2)8ac + P3c(2)dap + Pape(2)-
Pa(z) (Jabdod + dacdpq + gadpe)-

JEJ (2)dqp + «T:;I,(Z)
5 ()8 + I5(20c + TE(Dow] + 15T (2),
Jf ()

(0apdcd + dacdpa + 9aadpe)-

PZ_.:} (3)611!1 = = Pab__zj(z). T
P34.ii(2)0pc + P3p.ij(2)dac + P3c.ij(2)0ap + Papeii(2):
Py ;i(2)(0ap0cd + dacdpa + 0addse)

We consider the limit where N goes to infinity
with foed K. B Joo Fou Jotier Jas B3 s L

10050087

fj '1.?

JJ‘J

Page 53/78



Dual theory to the O(N) vector model

(D+1)- dimensional local quantum theory

Path mtegral of source fields J and conjugate fields P on
MP * [(,00)

Boundary value of J fixed by the oniginal couplings

In general. bulk theory includes objects with spin two or
higher. depending on the deformation of the boundary

theory

Pirsa: 10050087



Dual theory to the O(N) vector model

Z[J] £ f DJDP e SU-Pl,
. 2+ D : : ij
SU,P] =[deds {iPa(dJa—""—aJa) +iPus(@Jop — 20Jo8) +iPuns (3T
FiPyy (3 — %Jak) i @ * - o)

+iPopeoid(8Japed — (& — D)adgpeq) + iPaped i3T5, — (2 — d)ad3 )
+3 [ dzrdydz {aMsa(z)dyGr(z — y)sa(y)-},

Sa = [iJa + 2PsJ o — 20;(J58:Py) + 3Pscape — 9;(J55 8 Prc)
+ Poc.ijJabe + 4Pocaabed — 39j(Jpbed®iPocd) + 2 e Fhed i)

patial length has to be rescaled to mamntan the S%me form

r.the quadratic action 0 =0;— OTUZ
7



O(N) vector model in D dimensions

Z[J] = f Do, e (Sul®I+S5[®])

Sul®] = [ dzdy ®a(2)G3} (= — ¥)Pa(y).
Syjl®] = / dz [JaPa + JopPaPp + JapcPaPpPe + JobedPaPpPePy

+J 9,008, Pp + J_Dad;Ppd; P+ J3_ Da®pd; P8P

S, : quadratic action with UV cut-off M
S; : deformation with sources

J;, : tlavor dependent sources
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Jab(2)
Jabe(2)

Jabed(2)

FPap(2)
Fope(2)
Paped(2)

J(2)
J3 (2)

J3ed(D
AT ES
Fogeii42)
Pabed.ij(2)

Large N limit

J2(z)dp + %jab(Z),
1 .
N [J3a(2) 04 + J35(2)0ac + J3c(2)dap] + ﬁ‘fﬂfh‘:(‘z)!

J";:) (0ap0cd + dacOpg + 0ad0pe)-

P5(z)8ap + Ppp(2),
P34(2)dpe + P3p(2)dac + P3c(2)dap + Pope(2)-
Pa(2)(0a89cd + 9acdpq + daddse)

T (oo + T,

[PVt + T2+ TE(Dbas] + 3 T (),
3]

T4 ) s+ Bt + BB,

P ;i(2)d,5 + Py ;5(2), =

P3q ;i(2)0pc + P3p.35(2)0ac + P3c.ii(Z)ap + Pabe ii(2)

Py ;i(2)(0apd.a + dacdpd + 00ddbe)

We consider the liml't where P_f goes to infinity
with fixed Ja, J2, Job J3ar Jaber Jar I3+ T
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Large N limat

Action 1s manifestly proportional to N
Singlet fields become classical
Correlation function of singlet fields can be computed

from saddle point solutions of the bulk action :
reproduce the known critical exponents. e.g.

[02]=2 (D=3)
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Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = T§ + To(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM 0= (e_zazG!_l(peaz)Bzfa(p, z)) —8

Jaa(x,2) = [dp fa(p,2)eP=""H(6-D)az/2
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Large N limit

Action 1s manifestly proportional to N
Singlet fields become classical

Correlation function of singlet fields can be computed

from saddle point solutions of the bulk action :
reproduce the known critical exponents. e.g.

[02]=2 (D=3)
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Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = TI§ + To(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM 0= (e_za‘zGLl(pe“z)Bzfa(p, z)) —0

Jaa(x,2) = [dp fa(p,2)ePeH(E6Doz/2

Pirsa: 10050087



Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = TS5 + To(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM : 9z (e722°G 1 (pe®*)d: fa(p, 2)) = 0.

Fau(x,2) = [dp faly z)e="HEDIox/2

Pirsa: 10050087



Large N limat

Action 1s manifestly proportional to N
Singlet fields become classical

Correlation function of singlet fields can be computed

from saddle point solutions of the bulk action :
reproduce the known critical exponents. e.g.

[02]=2 (D=3)

Pirsa: 10050087



O(N) vector model mn D dimensions

Z) — / Do, e—(Sul®IH+S;[®D)

Sul®l = [ dedy ®u(2)G3} (= — 1) ®Paly),
Syl®] = / dr [JaPa + JopPaPp + JopcPaPpPe + Jobed PaPpPcPy

4 9 8,000;Pp + JI_0,8;040;Pc + J_®a®y8;Pc0;P ]

S, : quadratic action with UV cut-off M

S; : deformation with sources

J;, : tlavor dependent sources
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Dual theory to the O(N) vector model

Z[J] = f DJDP e SU-Pl.
. 2+ : : ij
SULP]  =[dzdz {iPa(da— ——0Ja) +iPus(8Jap — 20J05) + :Pm_.,-(a.f i)
6—D 2—
ﬂPﬂk(aJﬂk TﬂJabc) = = lPﬂbc: :}(BJ;'L TﬂJaﬁc)

+iPp o d(0Jgpeg — (4 — D)adpeg) + iPoped i j(aJ;Ld —(2 - d)aJ;'Ld)
-}% [dxdydz {aMsa(x)0yGri(x — y)saly)-}.

sa = [iJa+2PJp — 205(J30:Ps) + 3PocTabe — 3;(J 5 BiPoc)
Pl + P caditiod— gaj(faf,daif’bad) + 27 iPocd.ij]

patial length has to be rescaled to maintain the S%me form

r.the quadratic action 0=0;— OTUZ
7!



Dual theory to the O(N) vector model

(D+1)- dimensional local quantum theory

Path mtegral of source fields J and conjugate fields P on
MP * [0,00)

Boundary value of J fixed by the original couplings

In general. bulk theorv includes objects with spin two or
higher. depending on the deformation of the boundary
theory
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Large N limit

Tap(z) = Jz(z)sﬂb + = Tus(2),
Jape(z) = [J3ﬂ(3)6bc + J3p(2)dac + J3:(2)dap] + NQJabc(?—)
o) — “’4("“') Cain b Bk i)
FPgfz) = PQ(Z)Jab + Py(2), _
Fopc(z) = P3a(2)dpe + P3p(2)dac + P3c(2)dap + Fope(2),
Poped(z) = Pa(2)(8ap0cq + Oacdpd + 02d0be)-
I3 = @+ LT,
5. = < V52 + IF(2V0c + IE(ow] + 15702,
= i,
T3k = T2 6 bs - bactia - uati).
Popii(z) = P20+ Poyii(2), -
FPopeij(z) = P3qij(2)0pe + P3p.ij(2)dac + P3c.ij(2)0ap + Pabe.ij(2)-
Pabed ij(2) = Pa;j(2)(0ap0cd + dacdpa + daddse)

We consider the limit where N goes to infinity
withs foed L. B Ko B Jotier J e L3
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Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = T§ + To(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM 0= (e_zasz_l(pe“z)Bzfa(p, z)) —

J2a(x,2) = [dp fa(p,2)ePeH(6Doz/2

Pirsa: 10050087



Large N limat

Action 1s manifestly proportional to N

Singlet fields become classical
Correlation function of singlet fields can be computed

from saddle point solutions of the bulk action :
reproduce the known critical exponents. e.g.

[02]=2 (D=3)

Pirsa: 10050087



Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = T§ + To(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM 0= (e_zazGr_l(pe“z)Bzfa(p, z)) =

Jaa(x,2) = [dp fa(p,2)eP==""H(6-D)az/2

Pirsa: 10050087



IR boundary condition

Bulk solution with UV boundary condition :

i K (pe™* /M)
fa(p, 2) ya(p) |1 K (p/M)

One arbitrary parameter should be fixed by additional
boundarv condition.

IR boundary condition should be imposed dvnamaically
by the boundary action

[02]=2 (D=3)

Pirsa: 10050087



Critical exponent

Turn on x-dependent sources at UV boundary :

To(x) = TI5 + Jo(x)

Integrate out all bulk fields consistent with UV
boundary condition.

Bulk field 1s free.
EOM 0= (e_zazGLl(pe“z)Bzfa(p, z)) —a

J3a(X, 2‘.’) — /dp fﬂ_(p’ z)eingﬂz—i—(ﬁ—D)az/Q‘

Pirsa: 10050087



IR boundary condition

Bulk solution with UV boundary condition :

K (pe“* /M)
a g Z — a 1
fa(p, 2) Ya(P) K (p/M)
One arbitrary parameter should be fixed by additional
boundary condition.

IR boundary condition should be imposed dvnamaically
by the boundary action

[02]=2 (D=3)

Pirsa: 10050087



Spontaneous symmetry breaking

* Non-singlet conjugate |

neld spontaneously

develop expectation value at IR
P3a S ¢2¢’a ># 0




Physical Locality

In O(N) vector model. one has to keep non-
singlet fields 1n the bulk to maintain the
locality : theory become non-local if one
mtegrate out non-singlet modes [higher spin
cauge theorv (Klebanov, Polvakov)]

In more strongly coupled theories (matrix
models). there will be fewer light bulk fields
and the holographic description may become
more useful

Pirsa: 10050087



Summary

General D-dimensional QFT can be mapped
into (D+1)-dimensional quantum theory for
fluctuating source fields

Field theory predictions reproduced for O(N)
model

Pirsa: 10050087



Future directions

Application the method to more strongly

coupled systems (matrix models. non-Fermi
hquids....)

What bulk theories are dual to local boundary
theories ? Classification of strongly
interacting field theories using holographic
description

Fully covanant formalism

Pirsa: 10050087
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