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Abstract: Recent work has explored some aspects of entanglement in topological insulators. Notably, the entanglement spectrum has been
mimic certain properties of the low-energy fermionic modes found on real spatial boundaries. | will discuss the many-body entanglement sp
of topological insulators and show that it matches the expected CFT character structure that has been previously shown to hold in fractional
Hall effect ground states. | also present the analysis of a disorder-driven Anderson localization transition in a Chern-Insulator from an analysi
entanglement spectrum. Interestingly, the disorder-averaged level-spacing statistics of the entanglement spectrum characterizes the syste
well as the statistics of the real energy spectrum, but with the advantage that only the ground state, and not the entire spectrum of excite
needs to be calculated.
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Qutline

» Introduction to topological insulators

e [ focus on (2+1)-d models of the quantum Hall effect
and quantum spin Hall effect

» Discuss single-particle and many-particle
entanglementspectra of these systems

» Consider entanglement spectra with disorder
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Whatis a Topological Insulator?

» Bulk of material is completely gapped

» On the boundaries there are gapless, protected
fermionic modes (chiral, Dirac, Majorana, chiral-
Majorana) which are holographic

» Bulk state characterized by a non-zero topological
invariant

» May require an auxiliary symmetry to be a stable
phase (T,C,...)

» Examples: IQHE, QAHE, QSH, 3d strong topological
insulator, p+ip superconductor, d+id
superconductor
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Periodic Table of Topological Insulators
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(2+1)-d Topological Insulators
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(2+1)-d Topological Insulators

Quantum Hall Quantum Spin Hall

Bulk 1s gapped and described by
an mteger topological mvariant.

Charal E(]ge States on the Edge

[Euitar}‘ Class {_requtres no
SPECL}.I sTmanetries)
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(2+1)-d Topological Insulators

Quantum Hall

Bulk s gapped and described b}'

an mteger topological mvariant
Clural Edge States on the Edge

Unatary Class {requires no
sP&Cial symmetries)
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Quantum Spin Hall

Bulk 1s gapped and described by
a Z:2 topological mvariant.

Charal and Anti-charal Edge—}
States on the Edge (a time-
reversed pair)
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(2+1)-d Topological Insulators

Quantum Hall Quantum Spin Hall
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(2+1)-d Topological Insulators

Quantum Hall Quantum Spin Hall
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Topological Insulators and
Entanglement
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Topological Insulators and
Entanglement

e Are'll's topolog_]'('all}-' ordered’

¢ No. They have non-degenerate sround states, always. Thus

there is no topological entanglement entropy.
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Topological Insulators and
Entanglement

¢ Are'lls topologjca]l}-' ordered’

¢ No. They have non-degenerate sround states, always. Thus

there is no topological entanglement entropy.

®* DoTI s have interesting entanglement properties?

® Yes. They exhibit non-trivial fermion entanglement spectra and

cannot be deformed to have vanishing entanglement entropw.

Pirsa: 10050082 Page 13/78




Topological Insulators and
Entanglement
® Arells topolo-gic'a]l}-' ordered’

® No. They have non-degenerate sround states, always. Thus

there is no topological entanglement entropy.

®* DoTTI s have interesting entanglement properties/

® Yes. They exhibit non-trivial fermion entanglement spectra and

cannot be deformed to have ﬁmishjng entang_iement entropy.

In contrast, quantum double models (toric code) and :-,tri:n,,~ —net states
only have entanglement entropy coming from ~“gauge " fluctuations of
the string condensed ground state. There is no fermionic piece and
the entan‘_oimeut wPﬂ‘{*ti'a are featureless.
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Topological Insulators and
Entanglement
* Arell's topologic'a]l}-' ordered’

¢ No. They have non-degenerate sround states, always. Thus

there is no topological entanglement entropy.

* DoTT s have interesting entanglement properties/

¢ Yes. Theyv exhibit non-trivial fermion entanglement spectra and

cannot be deformed to have vanishing entanglement entropy.

In contrast, quantum double models (toric code) and bt['i]l‘. —net states
only have entanglement entropy coming from “gauge " fluctuations of
the string condensed ground state. There is no fermionic piece and
the entanglment nPeftra are featureless.

hltere-sﬁngl}: the Kitaev ]1011&}-’(?{}1]11) model has both. and ﬂl&}-’ are
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Topological Insulators and
Entanglement

* While the entanglement properties of topological insulators
do not contain the topological piece coming from gauge-like
tluctuations, the fermionic contributions are very clear

* One additional advantage is that everything is calculable since

we are dealing with free fermion systems
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Topological Insulators and
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* While the entanglement properties of topological insulators
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Topological Insulators and
Entanglement

®* While the entanglement properties of t{)pol{)ﬂi(*al mmsulators
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Topological Insulators and
Entanglement

* While the entanglement properties of topological insulators
do not contain the topological piece coming from gauge-like
fluctuations, the fermionic contributions are very clear

* One additional advantage is that everyvthing is calculable since

we are dealing with free fermion systems
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EntanglementSpectra of Free
Fermions

® We can get the sin\g]e— pdrricfe entanghnent spectrum of any

free-fermion Hamiltonian by using Peschel s method:
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Entanglement Spectra of Free
Fermions

* We can get the single-particle entanglment spectrum of any

free-fermion Hamiltonian b}-* using Peschel s method:
Given: H — —¢ E (ic;lcn_ L1+ C;z.+1cr1)
n

-~

Cileulate: (. = <D\CLC”|O>
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Entanglement Spectra of Free
Fermions

¢ We can get the single—pdrride entanghnent spe('trum of anv

tree-fermion Hamiltonian by using Peschel s method:

Given: 7:( — —fZ(C‘;C.ﬁ_jq + le+10n)
n
Calculate: é},nn — <D>CL¢C1’1 |O>

glement” Hamultonzan”: H — I_‘[]_[(]_ — C)/C]

.

Where Cis the two -pomt correlation fumction restricted to sites me region A
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Single-Particle Entanglement Spectrum
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Single-Particle Entanglement Spectrum

Ph}'sical Energj;' Spectrum E‘Lgemmlues of C
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Entanglement Energies




EntanglementSpectra of Free
Fermions

* We can get the sing]e—parride entanghnent spectrum of any
free-fermion Hamiltonian by using Peschel s method:

Given: ’}:( — _{Z(CE-C‘Tl'_;L"l -+ le_?_lcn)
n
Calculate: émn = <O‘CL1(,H|O>

hlemeﬂf”Hamﬂt{:maﬁ: H — 111[(1 . C)/C]
Where (Cis the two -pomt correlation function restricted to sitesm region A
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Single-Particle Entanglement Spectrum
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Single-Particle Entanglement Spectrum

logl(1-1/4)
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P}grsical Energy Spectrum
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Many-body Entanglement Spectrum
* Take a many-body _ground state Iff and perform a Schmidt

dec*onlposi’don

1
9 =Y e

vh) ® |YB)

Thesetof {; are the many-body entanglement “energies”

For free fermions the grﬂund state is a Slater determinant state but c&lculaijﬂg man}r—bﬂd}*

pectrum is still slow and requtrre's a lot of memorv:
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Many-body Entanglement Spectrum

® There is a better way to get the many-body excitation

spectrum ana_logous to filling the single-particle energy states
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Many-body Entanglement Spectrum

® There is a better way to get the many-body excitation

spectrum analogous to filling the single-particle energy states
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Energy Spectrum of the Chern Insulator
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Entanglement Spectrum of the Chern
Insulator (Quantum Hall)

* We can make cuts on a cvlinder or torus. A cvlinder is clearer

because there is only one set of low-energy” cut -states




Entanglement Spectrum of the Chern
Insulator (Quantum Hall)

¢ We can make cuts on a cvlinder or torus. A cvlinder is clearer

because there is only one set of low-energy " cut -states

s |

One might worry that the physical edge states of the topelogical msulator m the cylinder geometry
would affect the entanglement. However thisis not true. These states are exponentially localized as far

away from the cut as one can get

<
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Entanglement Spectrum of the Chern
Insulator (Quantum Hall)

Torus
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Entanglement Spectrum of the Chern
Insulator (Quantum Hall)

Torus C‘s'lmd =




Many-body Entanglement Spectrum of
Chern Insulator

¢ What should we expe(*t? From L1 and Haldane s anal}-'sie of
the Moore-Read state we should expect to see the conformal
character counting of the QH edge theory (i.e. a free chiral

fermion)
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Many-body Entanglement Spectrum of
Chern Insulator

® What should we e:cpect? From L1 and Haldane 's anal}-'sis of
the Moore-Read state we should expect to see the contformal

character counting of the QH edge theory (i.e. a free chiral

fermion)

§ Counting of States
= Level | States | #
s > ' 1 |2 1
2 c; Tl L) 1
_______________________ 3 e, o Fe ) 2
- o e i), e, l), ¢ T, | 3
5 Cal el )}, cﬁc_f ) T, | 5
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Many-body Entanglement Spectrum of
Chern Insulator

¢ What should we expect? From L1 and Haldane s ana ysis of
the Moore-Read state we should expect to see the contormal

character counting of the QH edge theory (i.e. a free chiral

fermion)
Counting of States
B
1 [€2) 1
2 o Tl O 1
3 STl o ) z
- ;T i), oFe, l), ¢, Fc ) 3
5 i), T ), T, |2 5

Ef?t-EKL}w EE?CETE—I f@lﬂ}

At eachlevel all the states will be &Egenfrateif spectrumis Perfectly Imear for
timate size systems there will be deviations from Perfer:t d&gﬂlﬂ&t}'
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Many-body Entanglement Spectrum of
Chern Insulator
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Many-body Entanglement Spectrum of
Chern Insulator

¢ What should we e:ipect? From L1 and Haldane s ana ysis of
the Moore-Read state we should expect to see the conformal

character counting of the QH edge theory (i.e. a free chiral

fermion)
Cowmting of States
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At eachlevel all the states will be iiegenemte it spectrum is Perfecﬁy Imear, for
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Many-body Entanglement Spectrum of
Chern Insulator
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View of Phase Transitions From the
Entanglement Spectrum

* For the topological insulator model (Dirac model) there is a

phase transition when M switches sign

= M Pr — ipy
Hon = (;JI +ipy —M
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View of Phase Transitions From the
Entanglement Spectrum

* For the topological msulator model (Dirac model) there is a

phase transition when M switches sign
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View of Phase Transitions From the
Entanglement Spectrum

* For the topological msulator model (Dirac model) there is a

phase transition when M switches sign
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View of Phase Transitions From the
Entanglement Spectrum

¢ For the topol{)gi{*al msulator model (Dirac model) there 1s a

phase transition when M switches sign
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View of Phase Transitions From the
Entanglement Spectrum

* For the topological insulator model (Dirac model) there is a

phase transition when M switches sign

Pirsa: 10050082

Page 47/78




View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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View of Phase Transitions From the
Entanglement Spectrum
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Energy Spectrum of QSH
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Entanglement Spectrum of QSH

This is for a cut on a cylinder, so there is only one pair of “cut” states. Note the clear

partner switching sp&ctral flow.
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Many-body Entanglement Spectrum of

QSH
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Counting is a similar to that of QH
but more tedious because there are
two branches of states.

I eads to many degeneracies. Entanglement
ground state is doubly degenerate here
because there are two cut-state “zero
modes” and only one is initially filled.

This double-degeneracy is a consequence

of TRS.
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Breaking Time-Reversal Symmetry

Z.» Invariant no lnnger Pmtected and a gap opens in the edge states

Whatis gﬂi}:tg on in the entanghﬂem: spectrum? It still looks gapless- The pointis that the
eigem*alues VEry closeto O and 1 are te]]in.g you snmetbing and are Important t};mugh
B ﬂﬂé’_%g?contribute hittle to the entropy. Bene 55/




i3reakmg Tlme Reversal Symmetry

{/ B We clearly see here the signature of the TRS brﬁa.klng

o the spectral flow is cut-off. Every degenem protected by TRS

k is lifted except One.
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Part 2: Entanglement Spectra in
Disordered Topological Insulators
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Anderson-Localization Transition

¢ In ?d. even if an electron is not classically localized. quantum
mterference ettects due to the presence of disorder can

localize the electronic state.

® Thus, while classically you might expect the material to be

metallic. quantum effects can drive it into an insulating phase

* Given a fixed disorder strength, and a particular energy. one

can ask a ves or no question: Are the electronic states

localized?”
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Characterizing the Anderson Transition

® For solvable Hamiltonians (e.g. free fermions) it is not too

dithicult

olve for the energy spectrum for
any independent random disorder

enﬁguratiens.
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Characterizing the Anderson Transition

* For solvable Hamiltonians (e.g. free fermions) it is not too

dithicult

-

olve for the energy spectrum for
any mdependent random disorder

Gnﬁgurations.

“alculate distribution of energy level
ACINSS IN an eneresy window
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C c}nﬁgur&tion Number

Pirsa: 10050082 Page 63/78




Characterizing the Anderson Transition

* For solvable Hamiltonians (e.g. free fermions) it is not too

dithicult

o

olve for the energy spectrum for
any inde pendent random disorder

onﬁgurations.

“alculate distribution of energy level
acmes m an energy window

epeat this process for different energy
mmdow locations and different disorder

Fa -

e]:L_gths .

20 40 63 B0 100 120 140 160 180 200

C Gnﬁgurati{}n Number
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Fnergy Level Distributions

Localized states give a Poissonian-type Distribution (variance — 1):
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Energy Level Distributions

De-localized states give a Wigner-Surmise distribution for GUE (variance ~ 0.178):
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Energy Level Distributions

| Regions of delocalized /localized states can be clearly distinguished
SR
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Disordered Chern Insulator
H=H, +W(x.y)

* Energy Spectra for white noise disorder (uniformly

distributed)
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Disordered Chern Insulator
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Disordered Chern Insulator
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Disordered Chern Insulator
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