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Abstract: We study a superconductor-ferromagnet-superconductor (SC-FM-SC) Josephson junction array deposited on top of a two-dimensional
guantum spin Hall (QSH) insulator. The existence of Mg orana bound states at the interface between SC and FM gives rise to charge-e tunneling, in
addition to the usua charge-2e Cooper pair tunneling, between neighboring superconductor islands. Moreover, because Majorana fermions encode
the information of charge number parity, an exact Z_2 gauge structure naturally emerges and leads to many new insulating phases, including a
deconfined phase where electrons fractionalize into charge-e bosons and topological defects. We will also discuss the ultracold alkaline earth atoms

trapped in optical lattice, which naturally has a SU(N) spin symmetry with N as large as 10. An SU(2)xU(1) gauge theory emergesin alarge part of
the phase diagram of this system.
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Introduction 1:
What is Quantum Spin Hall effect?

One sentence summarv: v= 1 QH for spm up, v =-1
QH for spin down.

One equation summary f — o6 B

Property 1. time reversal mvariant. no need to turn on
magnetic field. onlv need topological band structure.
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Property 2. helical edge states:

-t -

Counter-propagating spm-up and spmm-down edge states
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Propertyv 3. 1s edge state as stable as QH?

Quantum Hall edge state is stable. because there 1s no
wayv to back-scatter edge states.

Quantum spin Hall edge states. unstable if time-reversal
svmmetry 1s broken, for mstance turning on transverse
magnetic field. or magnetic impurity will induce back
scattermg.
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Property 3. 1s edge state as stable as QH?

Quantum Hall edge state is stable. because there 1s no
way to back-scatter edge states.

Quantum spimn Hall edge states. it time-reversal svmmetry
1s preserved. then single-particle back scattering 1s
forbidden. but two-particle back scattering 1s allowed. So.
less stable than quantum Hall state. but still OK.

Cenke Xu and Joel E. Moore. 2006
Congjun Wu et.al. 2006
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Introduction 2:
Theoretical models:

From Haldane’s model to Kane-Mele's model

H= Z —h:';ck + H.c. + Z t"ic}r_‘k + H.c.

7\ _ _
< 5> & j—=k>
X >< Haldane. 1988
-
\\V
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Introduction 2:
Theoretical models:

From Haldane’'s model to Kane-Mele's model

/}\\ = Z —f{‘j;{‘k + H.c. + Z f'jcj;ck + H.ec.

< 77 AW <3.k> < j—=k>
Haldane. 1988

= ti\//” = Z —t(‘;,ﬁﬂﬁ;_n + H.e. + Z f’iﬂlﬂsrigﬂk_j + e

TS < j—+k>
Kane_  Mele. 2005
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Introduction 3:
Experimental realization:

Graphene failed people. QSH
realized m a totallyv different
svstem: CdTe-HgTe-CdTe
quantum well.

HgTe has spin-3/2 band (I ; band) and spin-1/2 band (I ; band). The
SZ=+43/2 and S*=+1/2 bands form v=1 QH state, S“—-3/2 and S*
=-1/2 bands form v =-1 QH state.

Bernevig, Hughes. Zhang, Science, 314, 1757 (2006)
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Introduction 4:
Jackiw bound state:

1d Dirac fermion. a fermion zero mode localized at the
mass domain wall.

H =0"p. + m(x)o”

m(x) w(z) |
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QSH-FM-SC Junction:

Take the edge states of the QSHL
i.e. 1d helical termi hiquud:

=5 - SC -

Domain wall of the 1d Dirac mass gap localizes a Majorana
fermion zero mode. Liang Fu and C. L. Kane. 2009
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FM | 8@ IFM | wsew.] IFM
e R e e e =4 l. RS 7 . ®l- -
1 2
¢ L J; "2 accommodates one fermion at zero energy

2CTC — 1 = iyyye = £1 defines a qubit.

The termion number on each SC island can be either
even or odd. no cooper pair breaking energyv cost.

The Majorana zero modes enable single charge
tunneling. no longer have to tunnel cooper pair.
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FM S€E FM S€ FM

il | ettt '.__...“-. ——————— e®4{- -

1 2
Constraint: Y5172 = (—1)™
- Dj ‘.ﬂj%—.r
— £207Yj.2Yj+2,1 COS( e )
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FM §S€ \F SE TFM
S " O TR T S pp—-.. W
Ji 2
Constraint: Y1752 = (—1)™
: D ; @i
— 2972V j+e.1 COS( ?‘j == ;2: I)
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From junction to a lattice, 1d

OSH
o sc |lFM | sc
""""" o -Jof-------loi- @ - ===
Ji J B J+x
. (D Q@ ; A =
= Z —1207 2V j+2,1 COS( 2" — J)"'I) +U(n; — i)

J

Y1752 = (—1)™

Ordinary Josephson array H =) —t,cos(0; — 6j..) + U(n; —n)?
j
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Ji J b J+x

r : : Q Qijtx
H= Z Uln; — ﬁ-)z — £20Y;j.2Yj+z.1 COS( fQJ = j; ) }
J

Constraint 1Yj1Yi2 = (—1)™%
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: OSH i
~_1 sc Ll scC L w
Ji J b J+x

2

= — 3 & -
H — Z L (Hj == 1'1)—) — tg.’!"}’j_g"'qu_r‘l CDS( 2.3' = .r) }
J

COHStrﬂi_flt iﬁfrj.l Vji2 = ( —1 ) n;

O itz = H VYR 1TE2: Of jrz = VV5,2Vi+a,1
k<j
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P i 4 gaug

| g i
S| SC B, SC N )
Ji r i J+x

- — . . {"b : @
H = Z Un; — ) — t217;j.2Yj+z,1 COS( 2J = J+I

Constramt  iv;17j2=(—1)™

O—;J-l-:l: H Yk 1Tk.2,s a_zj-l-z = 3"}'3,2’)’3-}-3 1 l

= = Q@ @)
H:E Un; —n —-tu:r cos( =L — J+I

S
J: ] T 2

J
Constramt o7 _ .07 .
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: OSH :
: SC SC ' SC ’
SN (SR ol mms - et 'Q T - i -
Ji F B J+x
S D S
T 2 z Dj @j‘i'-’«'
H=Y) U(nj—n) =l el ——
j
0o 1—177
N o - J b
"iﬁz TiTita 0 = > +7 5

H=Y U(nj—n)® —tacos(8; — ;1)

J
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o= Z Lr(ﬁj == ﬁ,)g — 19 COS(@j = 9j+l)
J

Ordmary 1d charge-1 rotor model, by tuning 7,/U there

-

1s a KT transition between SF and MI at integer filling.
all the scaling dimensions are known.

i i
2N+3- 2N+3- MI
IN+24 Ml 2N+2- M1
2N+ 1+ SF  2N+14 Mpmi SF
2N - M1 2N - Ml
e U i WU
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i i

2N+3- oN+3H M

2N+24 M1 2N+2+ MI

2N+ 1- SF 2N+14 M1 SF
2N - MI 2N - MI

2N+ - - ___i};;_‘_-_____,, —

/U /U

Charge-2 rotor Charge-1 rotor

iQ; /2, z x Jig5 /2 o ,10;
Cj1 ~ ey, ~ Ilak__r‘kcrj_”f. 3% ~ explin E ngle'”

k< k< j
|

(CO)CT(r)) ~ (1) -
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2d and deconfined phase of Z2 gauge field

1 B ; B . f e
" 2 = TixTiaTixTial—1)™ =1
5 T - e
\‘ .f_ '\t QI DI
= e j v
| " - - E | " ] H = ZL(HJ—H Zh: o j.,.,,h(m(z e )
4 [ ] . = F) v=r.y
J
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2d and deconfined phase of Z2 gauge field

. = i = . = 5o : ' ==
. S . 73.173,27},373,4(_1) i=1
[ - “.-" ,ﬂ b=
= S — 2 U — P _ Foir
| " F | -1 " | (nj-n 227 ja’) j+pb{{]€(2 —~— )
! [ ] E | Fi v=r.y

- . _.pl"
¥ ,ll"a‘ J H:l J+x _} l
- - .
f \

\ [ ] 4 T z T T = n;
. . . o @ g, — (1)
-~ -~ - WJ—E * i o .
1 M- .-{I.‘ i J-J 3i+=" 5.3—y" J.i+u
\ * L
\ o \ _ -
j v=z.y

Pirsa: 10050081 Page 24/44



OSH-FM-SC Josephson Arrays and emergent Z2 gauge field

2d and deconfined phase of Z2 gauge field

'\ = = Tt YixTidTial—1)"= =1
. - - D Py
1 " I !—Q E -] :’ | H= ZE (n; — n)? Z 287 ;a’Y j+u,6 COS{ _31 ~ f}* )

—_— = v=r.y —
r\‘. l’r
1- lL k- %_""’;H,— l
- “ -
r A

\ ’ T = T = n;
S . o o o o (—1)"™
-y o ~ - e
1§ {-, r{.ﬁ i 3 i—x" 3ij+x" j.d—y " Jhity T
~ * ~
A ’f \

- ! = Q; @
H=Y Un;—n)*— Y tw0i ., cos(==— —L=)
j

2 2

r=zx.y

2d Z2 gauge field has nontrivial gauge dvnamics!
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2d and deconfined phase of Z2 gauge field

TirhixTasial— 1™ =1

£ h— Z{(HJ-H Zf;z Fand) J.,.ybrﬂq(

v=r.y
x x x T — %
UJ-J-IHJ~J+IJJ+J—HJJJ+H == ( 1)

- = {D v
H=) Um;—n)*— ) toj;., ms( J;: )
j

r=zx.y

2d Z2 gauge field has nontrivial gauge dvnamics!
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- s 2 Qi Pi+
H=Y Un;—a)*— Y tao};,, cos(Z-— =)
J

v=x.y

In superfluid phase, 27 flux will be bound with a ~“vison™

Hrr: = —1

Here vison 1s completelyv static,
- [ [ because it is locally conserved.

[+ Commutes with the
- Hamiltonian and constraint.
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i Di+
= ZE n,J——n, Z hcr“_,_uLob( 1 ”)

v=zx.y

2 vortex bound with a ~“vison™. Only 47 vortex can
—> proliferate and drive a
Vison 1s completely static. SF-insulator transition
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e r —y2 =z —= o) i Dj4v
H—ZL(HJ’—H) — Z t-gﬂ'j_j_,r_utﬂb(g = )
J e
2 vortex bound with a ~“vison™. Only 47 vortex can
' : —> proliferate and drive a
Vison 1s completely static. el
SF Insulator
- —
U/t
This 1s a special SF-insulator (W(0)*(r)) ~ IL
e b ri+n
transition. cooper pair order parameter
gains a very large anomalous n = L4i

~dumension at the critical pomt: e
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~ j @' 4+
— Zl-‘(nj Z t-w::JrJT it (:05( JZ )
J

v=zx.y

In the msulator, phase variables are disordered. Integrating
out phase variables. we obtain:

“ﬂg = Z Ko JJ“Z' JJ"I J*‘I‘JJJJ“U J-“IJ‘JJJ J+Y

This 1s “almost™ a standard Z2
cauge field. but there 1s no string
tension term o
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““E Z —Ko JJ T J-r_r—r-ugj w—r-;g;_: _hﬂf;-p

The string tension /2 term. enables the hopping of vison:
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”“E Z —Ko Tj.j+z J-IJ—J:-JJJ y.j+z+y T j+y _h'gf-Hn

The string tension /2 term. enables the hopping of vison:

-
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j+zg+zty” jty gty gty U iatae

A Z —KoZ ., 07 o7 oz, —ho?

J

The string tension /2 term. enables the hoppmg of vison:

+ . 3 +

S I N 2
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““E Z —Ko JJ T J--r J-I-JUJ-'JJ r—;'gu +y hgf-i+;t

When /2 1s large enough. visons condense due to large
“kinetic energv . the svstem enters a confined phase. The
transition 1s characterized bv Wilson loop:

W ~ exp(—L) W = (] o) ~ exp(-A)
=2 = -
3d Ising transition. » even h/ K

or 3d XY transition. » odd

f— = ",.-_J'-' = ,.._3 ,..._:
H;:iual = E : K '3 E :h L !f*—ﬁl' Page 34/44
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In our case, string tension 1s a verv nonlocal product of
Majorana fermions. therefore 1s forbiden. 7. e. we are alwavs
in a Z2 decontined phase.

Hing =)  — K07, 0% o iictsT igitetsThity
j

+

xr r T r n;
o e as = e e J
JJ-J"IJJ-J*"IG-LJ"HJJ»J*U ( 1)

|

Toric code model

Pirsa: 10050081 Page 35/44



OSH-FM-SC Josephson Arrays and emergent Z2 gauge field

Turn on intra island
tunneling, example 1: |

==

Ly
i Y

L
— )

| |

L
ey

JtYi37 54

o]
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Turn on intra island
tunneling, example 1:

e
)

el
Lo
-
———
)
el

r—
L
—
L
—
- -—

J17537 5.4

l

= . z z 2 = x T
Hying = 2 : ‘B‘Uj,_j+.rgj+r,j+.r+ygj+g.j+r+ygj.j+y JU:’.:’—;;UL:'-H:
]

e
O]

o]

J will hop a pair of vison.
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Modifications of the Z2 gauge theory:
ring = Z — K05 ;120512 5101y irpire 9O ity — 105 itn
J
Hdllﬂl = Z —KT7; " H-T: 1+ Tzﬁ+yﬁ*+:r+q

Exactly seli-dual. so if there 1s a

transition. will occur precisely atJ =X
Cenke Xu. Joel Moore. 2003
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Modifications of the Z2 gauge theory:

= K= z z z == = - - -
ring — § : ‘&gj.__j+;rgj+1:ij+r+yg_j+y.j+r+ygj_*j+y 'Igi.t'—ugi,t'+u

b ]
Hyyal = Z —r g "f :+rTz*+yT;~r-I+*;
W ~ exp(—N\,) W = (H o°) ~exp(—A)
e - >
15t order transition J/ K
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= o = @ ; @i :
B= ZL’(”J — )" - Z £2075 j+v EUS(?J — =" ¥ Fiara
j

v=x.y

A

/40

Vison

“condensed” Superfluid.

U

-
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Another representation:

i - *
’ A
1 : ¥ | "’: N
\ B S
b #
" x‘_--- = _.‘||I
\‘ ”
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¥Y5,375.2

i L

— ¥Y;.275.4>

¥Yi1Yi4,

1Yj47;,3-
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Another representation:

B = ¥Y5175.3 = VY2754,

e = - T —
B = vY5,3%5,2 = ¥Yj175.4,

B = vYi174.2 = 1754753

S T Yy
= B ey gy
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Tarn on intra-island tunneling —

H=) —Kppl i g, + J505 + T+ T30
b

JF=J*=J =0 Reduces to Wen’s model with
topological order. Wen. 2003

An mteresting three dimensional phase diagram to studyv.
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Summary:

1. the Majorana bound state assisted Josephson
junction. enables single charge tunneling.

2. the Josephson lattice realizes deconfined phase of Z2
cgauge field naturallv.

Future:
construct more novel topological orders?
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