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Exotic Statistics in 2D

e Quantum Mechanical Amplitude for particles to return at
time { to their positions at 7, .

: : = S
® Feynman: sum over all histories, weighting each by e’

e In 2+ dimensions, the space of histories is disconnected.
Therefore, the relative phase is no longer dictated by the
classical limit.
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e Equivalently, the n-particle configuration space, C,,, has
non-trivial fundamental group, 71(C,) in 2D.

e.g. two hard-core contrast: two hard-
particles in 2D core particles in 3D
X — X9 Xy — X2

N N\

Center-of-mass degree of freedom, distance between the two particles
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unimportant topologically. Hard-core constraint will prove superfluous.



Braid Group

e For n particles in 2D, 7;(C,,) = B,, , the Braid Group.

Generated by counter-clockwise exchanges o; L
satisfying \
=

ag

Ti0; o, ol g >3

0;,0;110; — 0;110;0;11 for 1 S ) S n—2

® In3D m(C,.) =S, ,the Permutation Group.

satisfies the relations above and one extra:
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Anyons
In 2D, the Braid Group allows for the paossibility of anyons.

® |D representations of the Braid Group are Abelian. They correspond

to Abelian anyons (fermions, bosons, Laughlin quasiparticles, toric
code electric/magnetic charges).

® Higher-dim. representations of the braid group correspond to non-
Abelian anyons. Possible applications to quantum computing.
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Anyons
In 2D, the Braid Group dllows for the possibility of anyons.

® |D representations of the Braid Group are Abelian. They correspond
to Abelian anyons (fermions, bosons, Laughlin quasiparticles, toric
code electric/magnetic charges).

® Higher-dim. representations of the braid group correspond to non-
Abelian anyons. Possible applications to quantum computing.

If we also allow anyons to be created/annihilated in particle-anti-particle
pairs, then we need a family of braid group representations.

2aRIESAH1 0080978 erm. Nuove Cimente 37TB_ 1 (1977 G A Goldis B Menikoff and 1. H Sharp. Phys: Rev. Lem 54 Page 7/46
Phye Rew Fett 48 1184 19ED. B3 1985

3 ] I T = N E v 1 Gy
. Nzl Phvs: BITR. 37 ( 19800 1. Frobdich and E Gabbiani. Rev. Matk Phvs. 2751 (19agy, 0o, T. D C. 5 Imbe. and E. C. G- Sadarshan. 19




Anyons
In 2D, the Braid Group dllows for the possibility of anyons.

® |D representations of the Braid Group are Abelian. They correspond
to Abelian anyons (fermions, bosons, Laughlin quasiparticles, toric
code electric/magnetic charges).

® Higher-dim. representations of the braid group correspond to non-
Abelian anyons. Possible applications to quantum computing.

If we also allow anyons to be created/annihilated in particie-anti-particle
pairs, then we need a family of braid group representations.

Generalize pair creation/annihilation to fusion of pairs of anyons into

other anyons, not just vacuum.
Family of braid group reps. with consistency between braiding and

fusion -- braided fusion category.
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Ising Anyons

® Three particle types: 1.0, ¥ non-triv. fusion rule: o x o = I + ¢

e Hilbert space of 2n Ising anyons:

ajorana fermion T "}/,; e —LF .. 25

ro mode

ched to each {F}“i' v; } —9 51;}

quasiparticle: fusion: 1y;v; = =1

g = | - -
2 - dimensional.

Rep. of braid group generators:

e o p(O‘g) — e’iﬂ'/g e "ViYi+a /4 T



Parastatistics

e The permutation group also has higher-dimensional
representations.

e However, higher-dim. reps. which are consistent with locality
can be decomposed into the tensor product of local

Hilbert spaces associated with each particle (Doplicher,
Haag, Roberts "71).

.-"]. | . = :
e.g.a 2”'-dimensional representation of 2n particles
can be understood as 2n bosons with with a hidden two-state
system attached to each.

The color quantum number of quarks was deduced by
similar reasoning.

¢ In a system of non-Abelian anyons, it is not possible to
decompose the Hilbert space into a product of local Hilbert
e 005078 SPaces. e.g. for Ising anyons, /2 states per particle. Page 10140



Teo-Kane Model

e Teo and Kane constructed a 3D model in which hedgehog
singularities have Majorana fermion zero modes.

e el ol el ] JC. X Teoand C. L. Kane.
H — 1 -\ (a?e ﬁ}f'! + n'?- F’E ) X Phys. Rev. Lett. 104, 046401 (2010,

orbital, particle-hole, spin === X : 8 components =
2 4-comp. Majorana spinors.
n = (ReA,ImA.m) v
13 =

ordinary vs. top. insulator

. a set of 3 8x8 matrices

e Thereis a 2" ' -dimensional Hilbert space for 2n such hedgehogs.

® What happens when the hedgehogs are permuted?

Looks like there should be a higher-dim representation.
But the Hilbert space is not a tensor product of local
mewos0e Hijlbert spaces ... conflict with Dopplicher et al.? Crosiee



® Teo and Kane: exchanging two hedgehogs leads to

ei& e_ﬁ"“f’i’?”i+1/4

® Two exchanges leaves the hedgehogs unmoved. Thus,
even without moving the hedgehogs (just twisting them),
we can enact

A simple explanation of these transformations later.
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Raises Questions

Is Teo and Kane’s conclusion correct?
What is the 2n hedgehog configuration space A»,,?

What is its fundamental group, 71 (K2, )?
i.e. what is the group whose representation was found by
Teo and Kane?

Why does it have a non-trivial non-Abelian representation?
Are there others?

Can we really have non-trivial particle statistics in 3D?
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Topological Classification of Gapped

irsa: 10050078

Free-Fermion Hamiltonians

If we don’t forbid the gap from closing, then the space of
Hamiltonians is contractible.

If the gap remains open, then the space of free fermion
Hamiltonians will be topologically non-trivial.

The topology will depend on the symmetries imposed and
the spatial dimension.

‘Free-fermion’ Hamiltonians includes: band insulators,
superconductors, any ordered phase in which the low-
energy effective field theory has gapped fermions with
irrelevant interactions (and, possibly, irrel. interactions with
gapped bosons, e.g. order parameter fluct.)

Topological defects - non-trivial homotopy groups of the
space of Hamiltonians.
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Brief Review

e Two very different approaches to this topological classification.
S. Ryu and collaborators: classifying protected edge/surface states.
A. Kitaev: classifying Hamiltonians = classifying vector bundles

over Brillouin zone (K-theory). A_P Schayder. S. Ryu, A Furusaki, and A W, W. Ludwi Phys
- = Rev. B TR 195175 (2008
Both lead to the same classification. A Kitaes. arXiveorg-0901 7686 (unprblisbod).

® We will follow the latter which is more easily adapted for our
purposes.

Basic ldea: IN Mai
= E iAi;a;a; G
— = sl fermions «,
i, ]

Don’t assume charge cons. or any other symm,, so the a;
are Majorana fermion operators c¢; = (a2;—1 + ia2;)/2.

Zero-dim. system, so locality isn’t encoded through
restrictionson A .
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®  Any real anti-symmetric matrix can be written in the form:

( 0 —X \

A O

A=—0OF — O
A

® FEigenvalues come in pairs TA;

By assumption, all \; > 0. Can continuously deform ‘4i.j so that
all \; = 1.

[0 —1 \
E 9

A= OTJO with: J = 3

E N

Pirsa: 10050078 \ Page IGL46 /

® Thus,




® Since O < O(2N) satisfying OTJO =.J is U(N)CO(2N)
we conclude that: A = OT.JO € O(2N)/U(N)

® Equivalently, A, is a linear transformation on RZN

It defines a complex structure, i.e. we can define multiplication
of a vector 77 € R*" by a complex scalar according to:

(@ + ib)¥ = av + bAT

all possible rotations in O(2N)
of a given complex structure
modulo those rotations of C*
which respect it, namely U(V)

The set of complex
p2N
structures on X

e Space of gapped free = =
o vol@ymion Hamiltonians — O(2N)/U(N)

in OD top. equiv.
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3D Systems

® Expand about the minima of the gap:

H = ix(v:0; + M)x

In more conventional
notation:

— e H = ix(a;d; —im3)x

Can be formalized through Kitaev's texture theorem; or
suspension isomorphism in K-theory.

® Assume w.l.o.g. that all Majorana fermions have the same
gap = 1. Then:

{7:. M} =0

as usual:
{775} =204
Pirsa: 10050078 111.2 —_— = 1 Page 18/46



® Since “"“1 — 1,itis linear map which decomposes R into

+1 and -1 eigenspaces: RZN — X & X_

Pirsa: 10050078 Page 19/46



® Since “1 = 1, it is linear map which decomposes R%" into
+1 and -1 eigenspaces: RN X, & X_

e Since (157;)" = —1 and [ _‘“:.-'3J U. it is a complex

structure on ‘X+ » SO that =g Le.for ¥ € X_. , we can define

(@ + bi)v = av + Yoy57

Pirsa: 10050078 Page 20/46



® Since *‘*f = 1, it is linear map which decomposes R%Y into
+1 and -1 eigenspaces: R2N — X, &b

- - C—

. 2. r 1 =
® Since (7273)” = —1 and |71. 7273 = 0, it is a complex
~ N/2

structure on X ., so that: X w ie.for v € X . , we can define
(@ + b))t = av + o757

e Since (,M)* =1 and [y,,7%,M] =0 ,we can decompose

X into the +1 and -1 eigenspaces of 2, M : X =Y & vy3Y

/

since: { Yo M_ 15751 =0
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® Since “f = 1, it is linear map which decomposes R*" into
+1 and -1 eigenspaces: D X G X _

> ¥ F . .
® Since (757v3)” = —1 and [7;.7273] = 0, it is a complex
- . ~ N /2 = .
structure on X, sothat: X =C" Le.for ¥ € X A we can define
(@ + bi)v = av + Va3 T

e Since (,M)* =1 and [v,,~,M] =0 ,we can decompose
X, into the +1 and -1 eigenspaces of 1, M : X =Y & 173Y

=

since { 1o M. 15723 =0

® Yis areal subspace of X,

® Thus, the space of posmble M is the space of possible real
subspaces of © N = possible rotations of a fixed real
subspace modulo rotations which keep it invariant.

M € U(N/2)/O(N/2)



(5 hu e

Periodic Table

0 1 2

3 1

iZL 7T, Q
j). T
F SV

T onby

;
2 A

Z X s U(N/2)/O(N/2) Sp(N/4)/U(N/4)

20

N e O T 2

O(N/4) Z X grat—r  U(N/8)/O(N/8)

NS J-ci?l'\' =

2N /U(N) (}l N et

NIy w2
U(N)/Sp{N/Z) O{N)}/U(N/2) O N/2)
— :T' :hi:x* U(N/2)/Sp{N/4) OIN/2)V/U(N/4)

Spi{ N/4) 7w 2O g N4/ SplN/3)

S MRl SN E

r N large (stable limit),
tt periodicity:

16N)) =
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mx_1(O(16N)/U(8N))
mi—2(U(8N) /Sp(4N))

mr—3(Z x Sp(4N)/(Sp(2N) x Sp(2N)))
mx—4(Sp(2N))

_5(Sp(2N) /U(2N))
Bl (2N)/O(2N))
me—7{Z x O(2N)/(O(N) x O(N}))
me—s{O(N))

Sp{N/8) y e L

SpiN/ I8 xSpiN/EE) ~ 7"

Sp(N/16) /U(N/16) Sp{N/32)

U(N/2) /DN /2) Spt N/4) /U(N/4)
= Cf N/ )
LiX SN O N 1)

O(N/4)
O(N/4) /UIN/8)

by inspection:

Lﬂl(}{; }J
ag(O(2N) /U(N))
7o(U(2N)/Sp(N))

molZ. X Sp{2] ] Sp(N) x Sp(N))

T’“u”:fp{:\ H
mal(Sp(N)/U(N))
ma(U(N)/O(N))

molZ x O2N )/ {O(N) x {}L:'h 1)
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Topological Defects

e |[f the superconducting order parameter and other order parameters
(CDWY, etc.) as well as other terms in the free fermion Hamiltonian

are allowed to vary spatially subject to the constraint that the gap
not close locally except at the origin, then a topological defect may

form, classified by:

m2(U(N)/O(N))

® From the previous slide, m2(U(N)/O(N)) = Z>

‘Hedgehogs’ in a 3D system with no symmetry carry a Zo
topological quantum number.

¢ Teo-Kane model with ‘order parameter’ 17 € S” is a special
osmall N case. U(2)/0(2) = U(1) x S*. We will focuson the .

large N case, which is more natural.

Pirsa:



Heuristic Description of Multi-Defect
Configuration Space

Pre-image of North pole = framed arcs connecting hedgehogs & loops.

The configuration of arcs summarizes the order parameter
configuration between the defects.
~dfact, it's the whole story topologically. Page 25146



Topological Defects

e |[f the superconducting order parameter and other order parameters
(CDWY, etc.) as well as other terms in the free fermion Hamiltonian
are allowed to vary spatially subject to the constraint that the gap
not close locally except at the origin, then a topological defect may

form, classified by:

m2(U(V)/O(N))

® From the previous slide, m5(U(N)/O(N)) = Zs

‘Hedgehogs’ in a 3D system with no symmetry carry a Zs
topological quantum number.

¢ Teo-Kane model with ‘order parameter’ 1 € S” is a special
small N case. U(2)/0(2) = U(1) x S% . We will focus on the ==
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Heuristic Description of Multi-Defect
Configuration Space

Pre-image of North pole = framed arcs connecting hedgehogs & loops.

The configuration of arcs summarizes the order parameter
configuration between the defects.
~dfa@ct, it's the whole story topologically. page 27148



®  Configuration space = possible configs. of defects, arcs.

® Fundamental group = equivalence classes of loops in config. space
equiv. classes of defect motions with same
initial and final configs.

Pirsa: 10050078 Page 28/46



®  Configuration space = possible configs. of defects, arcs.

®  Fundamental group = equivalence classes of loops in config. space

= equiv. classes of defect motions with same
initial and final configs.

3 Generators:

(ti)_lz —% _/{‘/‘/>— (4—



® Permutation squares to 1, but

(t:)" = —k—/l”ﬁ—(‘/ﬁ—J—
e 4k >

Call this z; defined by z; = (#;)” or the above sequence.

© Then (z;)” =1 because a 47 twist can be undone.
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To verify:

—_—

Clearly, distant #; commute. Furthermore,

LiLi+1 = Ti+1L4

o

1

of | —=feef [ =1

—~

—~h

==l

o

=

® The z; form 2n-1 copies of Z,

—

—

cQ

cQ

bl = {leel =1 =11l =T

Smes o me oo e

co

0

—

—

doo|~

oo~

i —
A —

=

They only twist the particles, don’t permute them.
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The t; both twist and
permute particles.

| |
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El t; and r; need not commute: €;T;+1 = Z;T;11;

If a twist is followed by a permutation, then the twist
acts on the permuted defects.
This is the structure of a semi-direct product.

® The elements of 7:(K>,) either (a) twist an even number of
ribbons; (b) perform an even permutation; or (c) twist an odd
number of ribbons and perform an odd permutation.

=4 T g J-' |
.II | 4 x.,-"-,i i‘ml'] ||:"QLI 'i."n /.: \ | / .- e .. W .: A '.
| | f | [ | f .". | I |
| = f ,-". | ,"I | \ .l I
s £ fll : { J! J-'ll 'I f I |..I a.'. .-";

b) t'i—f—l(t-i,)_l

7T1(K2n) =~ E((Zg)n’ X Sn)

Pirsa: 10050078 I Page 32/46
even PEFE



Outline of Full Calculation

The configuration space of 2n defects, A, ,is the total space
of a fibration:

M 2n 7> [{‘2 n
config. space of / config. space

2n defects at fixed ¢ / of 2n point particles

pOSItions
X 2n

From the long exact sequence associated with fibrations:

F—FE—B — —>TF1{E:l—*T"aIB}—‘rITP_lLFJ—}Tt_ll:E}—*
we conclude that T1(Ms,) — m(Ks,) — m(Xs,) — L
1%
SEH_

risa 0000 Henee, 71 (Ao, ) is an extension of So,, Page 3346



e {; and z; need not commute: ;T;11 — T;T;1t;

If a twist is followed by a permutation, then the twist
acts on the permuted defects.
This is the structure of a semi-direct product.

® The elements of 7(A>,) either (a) twist an even number of
ribbons; (b) perform an even permutation; or (c) twist an odd
number of ribbons and perform an odd permutation.

?Tl(Kgn) ~ E((Zg)n p i Sn)

Pirsa: 10050078 l Page 34/46
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Outline of Full Calculation

The configuration space of 2n defects, A, ,is the total space
of a fibration:

Mz, > Koy
config. space of / config. space

2n defects at fixed ¢’ / of 2n point particles

pOSsitions
X2 1

From the long exact sequence associated with fibrations:

F-E—-B = ...—m(E)—m(B)— m_1(F)—m_i(E)— ..
we conclude that 71 (Ms,) — m(Kse,) — m(Xs,) — L.

R

S‘En

risa 000 Henee, 71 (Ko, ) is an extension of Ss,, page 35/46



® We introduce further fibrations to break the problem into

pieces:

of order parameter =7 Ran = Koy, Nop —Yon

interpolating | ; ol

¥ g space

e j( f X / of 2n point particles
onfigs. of infinitesimal Yo, .
pheres surrounding 2n configs. of infinitesimal
oints with maps to U/O spheres surrounding 2n

fixed points with maps to U/O
e Direct computation: m;(N5,) = (Z2)™"
Combined with 7;(X5,) = 52,,the homotopy long exact sequence

implies that:
¥ ¥
m1(¥on) = (Z2)™" X S22,

-2 sddirect computation: mo(Ra, ) = Zo ; TTl(R2n) = (Zg)z'r}agem



®  Thus, we have the short exact sequence:

s ~ Proj. . 9,1
TE(} T'Jrl) o WI(RZHJ — N 1(}&2“) == (Y”n —= “D(Rinj
| 2l i b4l
1 (Z2)™ (Z2)™" 3 San Lo

from which we can conclude that

w1 (K2n) = E(Z3™ % San) x (kernel of the projection)

shown by direct

. _ construction to be Z,
° Putting this all together: 5

-~ & - - -
- m(Kon) = Za x B(ZZ % Sp) < :r'::;" S ————



3D Majorana Fermion Statistics

®  Quasiparticle statistics: representations of m(/A>5,, )

e m(H9,) :generated by f;...., to,—1 satisfying

() = 5 =, ek T —1

N.B.: the braidless ops.are x; = (#;)°

2 —1

they satisfy: L;r — L0, P (Z2) subgroup

of w1 (Ko, )

® |dentify the rep. of these generators with Teo and
Kane’s unitary transf.:

olt;) = €@ em /4
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226 T Vst “;2 :
L ] But then, p(i‘_‘l—) — € 3 ET'E fi+1/ = "‘:,r’_i":,-.i_;r_l

®  Why is this surprising?
p(zi)p(xit1) = —p(Tiv1)p(x;)
while IT;X;.1 = T, 1%,

® This is not a linear representation; it is a projective representation.
The multiplication rule is only reproduced up to a phase.

Pirsa: 10050078 Page 39/46



® Projective statistics was first suggested by Wilczek (and
criticized by Read), who suggested projective representations

of the permutation group. This would violate locality.

E Wilczek, hep-th/9806228
N. Read Journal of Mathematcal Physics
44 558 (2003 )
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® Projective statistics was first suggested by Wilczek (and
criticized by Read), who suggested projective representations

of the permutation group. This would violate locality.
E. Wilczek, hep-th/9806228
N. Read. Journal of Mathematcal Physics
44558 (2003)
e Suppose perms. 0; and o3 anticommute even though 1,2

are far from 3,4. - .
Let Alice prepare initial state  (1/v2)(| 1)+ 1))

Ro1+| 1)(l |®] Attimet = —e

and perform | T)(7
and | TH{T |RI+] ){ |®o1 Attimet = +e

and, finally, o attime ¢t = 2
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® Projective statistics was first suggested by Wilczek (and
criticized by Read), who suggested projective representations

of the permutation group. This would violate locality.

E. Wilczek, hep-th/9806228
N. Read. Journal of Mathematical Physics
44 558 (2003 )

e Suppose perms. 0 and o3 anticommute even though |,2

are far from 3.,4. =
Let Alice prepare initial state  (1/v2)(] 1)+ 1))

and perform | T)(T |®Ra1+]| |){] |®I Attimet = —e
and | T{T |®IT+]| ){]l |Ro1 Attimet = +e

and, finally, o attime ¢t = 2

e Then, Alice will recover the initial state (-1/\/5)(\ T+ L))
at late times >2.

Unless Bob (far away) performs o3 at times 7=0.1,
e ooy which case, Alice has (1/v2)(] T) — 1| 1)) Page a2l



® Our projective representation does not violate locality
because the operations which anti-commute in Teo-Kane’s
construction can never be in spatially disjoint regions
because of the ribbons which connect the particles.
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® Our projective representation does not violate locality
because the operations which anti-commute in Teo-Kane’s
construction can never be in spatially disjoint regions
because of the ribbons which connect the particles.

® Even in the ‘best-case scenario’ in which the system is
maximally-symmetric, there will still be a linear confining
force between the defects. This may explain why a projective
representation arises: the overall phase is not a topological
invariant because it will depend on the details of the motion.
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Our projective representation does not violate locality
because the operations which anti-commute in Teo-Kane’s
construction can never be in spatially disjoint regions
because of the ribbons which connect the particles.

Even in the ‘best-case scenario’ in which the system is
maximally-symmetric, there will still be a linear confining
force between the defects. This may explain why a projective
representation arises: the overall phase is not a topological
invariant because it will depend on the details of the motion.

We could try gauging the order parameter in order to get rid of
this long-ranged force. Hedgehog -> 't Hooft-Polyakov monopole.

3

H = ix(8;v: +n;Ti)x + 6(0in;)* — ix(Divi +n:T)x + 5(D;n;)°

But the resulting gauge theory suffers from Witten’s SU(2)
anomaly. Curing anomaly also eliminates Majorana zero modes. "



Conclusions

e Defects in 3D systems can have Majorana zero modes. This
actually occurs for configurations which are topologically
non-trivial in the entire space of gapped fermion
Hamiltonians which are quadratic in the low-energy limit.

® These defects have non-trivial ‘statistics.
When the defects are exchanged and the intervening field
configuration is healed, the Majorana fermions transform
non-trivially.

e The ‘statistics’ realizes a projective representation of the
fundamental group of the multi-defect configuration space.
There is an extra, purely quantum-mechanical -1.

® |t is not possible to realize this type of ‘statistics’ with
weakly-coupled particles.
The defects have (at least) a linear confining force, and killing
rs 00003 LHIS confining force also kills the Majorana zero modes. Page 46/45



