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Abstract: Many one dimensional random quantum systems exhibit infinite randomness phases, such as the random singlet phase of the spin-1/2
Heisenberg model. These phases are typically the result of destabilizing systems described by a conformal field theory with disorder. Interestingly,
entanglement entropy in 1d infinite randomness phases also exhibits a universal log scaling with length. In my talk | will touch upon calculating the
entanglement entropy for inifinite-randomness phases, as well as describe the exotic infinite randomness phases realized in chains of non-abelian
anyon chains. It was speculated that the entanglement entropy of an infinite-randomness phase is associated with the direction of RG flow, just as
the c-theorem dictates the direction of RG flows for CFT's. | will also show that the entanglement entropy in disordered non-abelian chains provide
the only known counter example.
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Spin chains with randomness
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Spin chains with randomness
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Random Singlet Phase
[D.S. Fisher (1994). Bhatt. Lee (1982)]

 Distribution of bonds as a function of energy scale?
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Random Singlet Phase
[D.S. Fisher (1994). Bhatt. Lee (1982)]

* Distribution of bonds as a function of energy scale?

E A °
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For all initial distributions of the disorder!

v

» Energy length scaling?
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Random Singlet Phase
[D.S. Fisher (1994). Bhatt. Lee (1982)]

 Distribution of bonds as a function of energy scale?
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Random Singlet Phase
[D.S. Fisher (1994). Bhatt. Lee (1982)]

 Distribution of bonds as a function of energy scale?
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For all initial distributions of the disorder!

* Energy length scaling?
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Spin-1 Phase Diagram

- Weak randomness: Valence Bond Solid

- Strong randomness: Random singlet phase

Haldane Phase
> - >
Pure Ee=0 Random
Griffiths phase

* Spin-1

random singlet
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Monthus. Golinelli, Joliceour (1998). Hyman, Yang (1997).






















Domain Walls Description  pamie, Huse (2003).

» Spin-1 Heisenberg model has three possible domains:
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Spin-1 critical point — Results from domain theory

At criticality, all domain appear with equal probability.

* Energy-length scaling:
e S
E

w=1/3

Compare to y=1/2 for random-singlet phase

 Fixed-point distribution:

p())=1J*"
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x=2

Low energy
spin probability:

p,=1/3
B—2I3
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Spin-1 critical point — Results from domain theory

At criticality, all domain appear with equal probability.

* Energy-length scaling: I.Jow energy
1 = spin probability:
F—lnt ¥ w=1/3
E p,=1/3
Compare to yr=1/2 for random-singlet phase P, =2/3

» Fixed-point distribution:

=y r= x=2

Compare to ¥ =1 for random-singlet phase

 In general, spin §:

w=1U2S+D| [y=28
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Engtanglement entropy in the Heisenberg model

* Pure chain: E,=-Tr,p,log,p,=log, L

Holzhey. Larsen, Wilczek (1994).
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Engtanglement entropy in the Heisenberg model

Spin-1/2 Heisenberg

* Pure chain: E_=-Tr,p, log,p, = log, L (c.w.=1)

Pirsa: 10050071

Holzhey. Larsen, Wilczek (1994).
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Engtanglement entropy in the Heisenberg model

Spin-1/2 Heisenberg

* Pure chain: E_—Irp e p =£log1L (cm=1)

5

Holzhey. Larsen. Wilczek (1994).

* Random singlet phase:
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Engtanglement entropy in the Heisenberg model

Spin-1/2 Heisenberg

* Pure chain: E_=-Tr,p, log,p, = log, L ¢.o.=1)

3

Holzhey. Larsen, Wilczek (1994).

* Random singlet phase:

Every singlet connecting A to B — entanglement entropy 1.
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Engtanglement entropy 1n the Heisenberg model

Spin-1/2 Heisenberg

* Pure chain: Eﬂ:—Tr;pilogszL:ElogzL (cm=1)

3

Holzhey. Larsen. Wilczek (1994).

* Random singlet phase:

Every singlet connecting A to B — entanglement entropy 1.
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Engtanglement entropy 1n the Heisenberg model

B

Spin-1/2 Heisenberg

* Pure chain: E_—Irp e p — ElogzL (cm = I)

4B

* Random singlet phase:

2

Holzhey. Larsen. Wilczek (1994).

Every singlet connecting A to B — entanglement entropy 1.
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Engtanglement entropy 1n the Heisenberg model

B

Spin-1/2 Heisenberg
- €
* Pure chain: Eﬂ:—ﬁ;pﬁlﬁgzp‘i=glog2[, (cm=1)
Holzhey. Larsen, Wilczek (1994).

* Random singlet phase:

Every singlet connecting A to B — entanglement entropy 1.

= number of singlets
entering region A.

E,=—Tr,p,108,0,=Ngpier N singte
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Engtanglement entropy 1n the Heisenberg model

* Pure chain: E.

1

* Random singlet phase: E,=—InL
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Spin-1/2 Heisenberg

&
_Trﬁpilogﬁ P =§10g2[" ((,'mz )

Holzhey. Larsen, Wilczek (1994).
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Engtanglement entropy 1n the Heisenberg model

* Pure chain: B

Spin-1/2 Heisenberg

&
_Trﬁpdlogﬁ P =§10g2L (sz )

Holzhey. Larsen. Wilczek (1994).

1

* Random singlet phase: g — l]ﬂ L =—In2-log, L

Effective central charge c —1-In2 <1
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Engtanglement entropy 1n the Heisenberg model

B

Spin-1/2 Heisenberg

- c
* Pure chain: E_—1Irp les p — 5Iog2 y J ((:m = 1)

Holzhey. Larsen, Wilczek (1994).

* Random singlet phase: g — = InL = lhz-logz E

3 3
Effecti tral ch —1-
ffective central charge c —1-In2 <1
s voser(Generally: Cpe — In D| D dimension of local Hilbert spaeeas

Moncteal Vano 70T |
























Generalized c-theorem?

* The central charge always decreases along RG flows. (Zamolodchikov. 1986)

 Pure conformal models are unstable with respect to randomness

. randorns random
j;ﬁ;:re }’l'mzdonmess c, <G ?
xed point
g 4 ' ——a
Randomness -1 FP-2
clm < 2
-
Conformal hv-invariant J

fixed point

pure FP —— random FP?
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Spin-1 Heisenberg results

» Lenghty calculation gives: 1{16
EH—RS = g(;lﬂl)logzl-
[pure SU(2.2)]
Haldane-RS
— e Critical point w=1/2 :
. 3 = * Spin-1
e E_— Random et
Griffiths phase
L 16
e = In2—5=1232
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Spin-1 Heisenberg results

» Lenghty calculation gives: 1{16
EH—RS = g(;]ﬂl)logzl;
[pure SU(2.2)]
Haldane-RS
= Critical point w=1/2 _
5 s = * Spin-1
Pure E_= Random e
Griffiths phase
= 16
&= =2 1232 > —
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Spin-1 Heisenberg results

» Lenghty calculation gives: 1{16
Eg—xs = 5(;]112)10321‘
[pure SU(2.2)]
Haldane-RS
— Critical point y=1/2 :
. = - * Spin-1
Pure E_— Random Nl
Griffiths phase
3
pure _
= — —a 16
2| (A =""m2-s=1232| > —

irsa: 10050071 Page 76/178




Spin-1 Heisenberg results

» Lenghty calculation gives: 1{16
EH—ES = 5(?]112)10321‘
[pure SU(2.2)]
Haldane-RS
— Critical point pw=1/2 _
: = S * Spin-1
Pure E_= Random ey
Griffiths phase
3
clt=— >
- e
2| " (EE=m2-s=1232| > —
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Other spin systems II: random sign Heisenberg models

» What about random Ferromagnetic anti-Ferromagnetic chains?

J 4
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Other spin systems |

I: random sign Heisenberg models

» What about random Ferromagnetic anti-Ferromagnetic chains?

0 3

Higher and hicher moments form > RSRG no longer closed mapping
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Other spin systems |

I: random sign Heisenberg models

» What about random Ferromagnetic anti-Ferromagnetic chains?

J 4

Higher and higher moments form > RSRG no longer closed mapping

» Moment size obeys ‘random walk’ rule:
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Other spin systems

I: random sign Heisenberg models

» What about random Ferromagnetic anti-Ferromagnetic chains?

J &

Higher and hicher moments form > RSRG no longer closed mapping

» Moment size obeys ‘random walk’ rule:
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E. Westerberg, A. Furusaki, M. Sigrist. and P. A. Lee (1995)
















* Spin fusion rule:

Other spin systems III:
Non-abelian spin chains

Fidkowski. Refacl. Bonesteel. Moore (2008)

S ®S,=S,-S,|®...®|S,+S,|

* Non abelian fusion rule:

a®b =®Z(N;)c a,b,c e {A}

Fusion of two particles 1s always contained in the finife A.
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Other spin systems III:
Non-abelian spin chains

Fidkowski. Refacl. Bonesteel. Moore (2008)
* Spin fusion rule:

S, ®S, -}S S, |®_O|S+S,|

» Non abelian fusion rule:
a®b=@Z(N“;)c a,b,c e {4}

Fusion of two particles 1s always contained in the finife A.

» Forming the Hilbert space of non-abelian chain

% Real space RG
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Other spin systems III:
Non-abelian spin chains

Fidkowski. Refacl. Bonesteel. Moore (2008)
* Spin fusion rule:

S ®S,=S,-S,|®...®|S,+S,|

» Non abelian fusion rule:
a®&=@Z(N;)c a,b,c e {A}

Fusion of two particles 1s always contained in the finife A.

» Forming the Hilbert space of non-abelian chain

% Real space RG
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Other spin systems III:
Non-abelian spin chains

Fidkowski. Refacl. Bonesteel. Moore (2008)
» Spin fusion rule:

S ®S,=S,-S,|®...®|S,+S,|

* Non abelian fusion rule:
a®b=@Z(NEb)c a,b,c e {A)

Fusion of two particles 1s always contained in the finife A.

» Forming the Hilbert space of non-abelian chain

% Real space RG
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v=12/5 Quantum Hall state: Fibonacci anyons

- Non-abelian excitations: Fibonacci anyons.

w— 2t

» Non-interacting degeracy:

irsa: 10050071

Fusion rule:

TRr=Id®Pr

Compare to spin half:

(1/2)®(1/2) = (Id)® (1)

(golden mean)

dim(H)Z(

N
@) — ¥ —1.618"
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v=12/5 Quantum Hall state: Fibonacci anyons

- Non-abelian excitations: Fibonacci anyons.

v—EZ#5 Fusion rule:
® TR®r=IHd®7r
B ,!,,
"s,.,«” “n_' Compare to spin half:
(L/2YR(1/2)=Id)D(])

(golden mean)

- Non-interacting degeracy: dim(H) = (1+2”F} =g~ =1.618"

= 1005 BUL quasi-particles interact with neighbors g




v=12/5 Quantum Hall state: Fibonacci anyons

- Non-abelian excitations: Fibonacci anyons.

v=I12/5

» Non-interacting degeracy:

Fusion rule:

TRr=Id®Pr

Compare to spin half:

(1/2)®(1/2) = () ® ()

(golden mean)

cﬁmtﬂ)z(

: —g" =1.618"

MET’

-ra 10050813 UL quUasi-particles interact with neighbors

Ground state?
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Low energy properties?



















Diagramatic representation

» Propagation lines: Id (zero chage)

- Expectation values: .

{r@r:Jﬂ TRT :Id] = (\

« Hamiltonian:

» Projections:

(i)

z=

|
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H = —ZJ PD (sum of projections)
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» Propagation lines:

- Expectation values:

Diagramatic representation

Id (zero chage)

<f®‘r:1¢4 sf@fzfd} = (\

« Hamiltonian:

» Projections:

(i)

z=

|

Pirsa: 10050071

. #

H=-Y J, B%)

" inl

I
' Id

N

|z)

«__Projection

operator

(sum of projections)

(w
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Random Fibonacci chain
H=-)J, B}

I LI+

» Ma-Dasgupta singlet channel decimation — same as before.
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Random Fibonacci chain
Y re

1.1+1

» Ma-Dasgupta singlet channel decimation — same as before.

» Ferromagnetic (tau-channel) decimation:
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Random Fibonacci chain
F_Yre

I.i+1

» Ma-Dasgupta singlet channel decimation — same as before.

» Ferromagnetic (tau-channel) decimation:

N — -

az)3
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Random Fibonacci chain
Y5

I i+l

» Phase diagram:

Random singlet

phase
0 Npo/N;g=
. FM /| AFM

Bonesteel. Yang
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Random Fibonacci chain
oF— Yy i

I i+l

» Phase diagram:

Random singlet

phase Mixed phase
) .3 ¥* -
0 1 N o/ N;g=
- FM | AFM

Bonesteel. Yang
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Random Fibonacci chain
H— Y 7]

I i+l

» Phase diagram:

Random singlet

phase Mixed phase
e ¥* -
0 1 N oI N g=
(AFM) =1/3||y =
Bonesteel. Yang v Z4 2 FM/ AFM
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Random Fibonacci chain
m—y e

I.i+1

» Phase diagram:

Random singlet

phase Mixed phase
0 1 N, o/ N, g=
(AFM) =1/3||y =
Bonesteel. Yang L Z4 2 FM/ AFM
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Umniversal entanglement in random Fibonacci chain

1
E, =§cg -log, L

* Phase diagram:

Random singlet

phase Mixed phase
0 1 N, o /N J<0

FM|AFM
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Umiversal entanglement in random Fibonacci chain

1
E, = = ¢ q-log, L

* Phase diagram:

Random singlet

phase Mixed phase
S —— " —————————
0 1 N >0 /N J<0
f FM | AFM
1
Ing=0481

(Yang, Bonsteel, 2006)
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Umniversal entanglement in random Fibonacci chain

1
E, = = ¢ -log, L

» Phase diagram:

Random singlet

phase Mixed phase
e —————————
0 1 Npo/Npy=
7 \ FM | AFM
St 1
E, 31n¢ log, L e 50 702-log,, L
Ing=0.431 (Fidkowski. GR. Bonesteel. Moore. 2008)

(Yang, Bonsteel, 2006)
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Universal entanglement in random Fibonacci chain

1
E = = ¢ -log, L

* Phase diagram:

Random singlet

phase Mixed phase
=SS —————————————
0 1 N o/ Npy=
7 N\ FM |/ AFM
S 1
E; gw log, L L §0 702-log,, L
Ing=0.481 (Fidkowski. GR. Bonesteel. Moore, 2008)

(Yang, Bonsteel, 2006)  Effective central charge grows along RG flow..
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Umniversal entanglement in random Fibonacci chain

1
EL =§ g-'k)gzL

» Phase diagram:

Random singlet

phase Mixed phase
s — —— —————————
0 1 Npo!Npo=
7 \ FM | AFM
e 1
E; ghm‘ log, L — 50 702-log, L
Ing=0.481 (Fidkowski. GR. Bonesteel. Moore. 2008)

(Yang, Bonsteel, 2006) Effective central charge grows along RG flow..
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NO random-to-random c-theorem.




Umiversal entanglement in random Fibonacci chain

1
EL =§ g-k)gl‘[‘

» Phase diagram:

Random singlet

phase Mixed phase
e i+
0 1 No/Niy=
i \ FM | AFM
e 1
E; glné log, L e §0 702-log, L
Ing=0.431 (Fidkowski. GR. Bonesteel. Moore. 2008)

(Yang, Bonsteel, 2006) Effective central charge grows along RG flow..
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*NO fandom-to-random c-theorem. * Pure-to-random c-theorem? S#if open.
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General class of non-Abelian anyons: SU(2)k

(w/ Lukasz Fidkowski,
and SURF students Paraj Titum, Han-Hsuan Lin)

» Fusion algebra:

3 k—1 k&
> _?27-“ > £
LZ 2 2}

Truncated
at k&2
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General class of non-Abelian anyons: SU(2)k

(w/ Lukasz Fidkowski,
and SURF students Paraj Titum, Han-Hsuan Lin)

» Fusion algebra:

31®52=Z(N:;z)s3 k-1 k

3
> _727--- 2 >
L 2 2 2}

Truncated
at &2
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General class of non-Abelian anyons: SU(2)k

(w/ Lukasz Fidkowski,
and SURF students Paraj Titum, Han-Hsuan Lin)

» Fusion algebra:

3 k—1 k&
2 _727-"7 >
LZ 2 2}

Truncated
at k&2

N | b

E E 1
Pirsa: 10050071 2 2 2
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General class of non-Abelian anyons: SU(2)k

(w/ Lukasz Fidkowski,
and SURF students Paraj Titum, Han-Hsuan Lin)

» Fusion algebra:

2 <«
SI®SE=Z(NSS:&)S3 3 I]r/— k
- | 3 1 £
, sel® L 2., ==
Truncated
Id & 572 at &2
2
1 32
1
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General class of non-Abelian anyons: SU(2)x (k odd)

k—1
5, ®s, :;(N:l’sz)sg s, €10, 1, ., T}
S -o—0 00600 —
—1 1 1 1 1 1 1 1

= Typical Hamiltonian:

<52

H=ZJ;- ls
5.
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General class of non-Abelian anyons: SU(2)x (k odd)

k—1
5 s, =§:(N;’sz)sg sl T}
® O ® @ Q- ® - @ @
T = 1 1 1 1 1 1 1
1=
» Typical Hamiltonian: E
——

B

5.
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General class of non-Abelian anyons: SU2)x (k odd)

k—1
5, Rs, = ;(N:l’sz)sg s, €10, 1, , T}
@ - ® - ® @ @ ® - @ o
x—1 1 1 1 1 1 1 1
J 1=
. BeSt Hamiltonian representaion: E

. . =
H =Z X - 1 _— 2
- =i
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General class of non-Abelian anyons: SU(2)x (k odd)

k—1
5, ®s, :;(N:sz)sg s, €10, 1, , T}
o000 —0—Q—0—
x—1 1 1 1 1 1 1 1

n BeSt Hamiltonian representaion:

E—Y7T - 1




General class of non-Abelian anyons: SU2)x (k odd)

k1
5®s =3 (N2, )s, 5, €0, 1. ==}
[ ® O @ @ ® - @ - @
s=1 1 1 1 1 1 1 1

5, s, =

2 BeSt Hamiltonian representaion: E — 5 +5,
—_——5, +1

= L 2
: T
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General class of non-Abelian anyons: SU2)x (k odd)

A1
5®s-3z)s  meL-f0h
® - ® @ g @ ® - . Q-
s=1 1 1 1 1 1 1 1

5 Qs, =

. BeSt Hamiltonian representaion: E —e iy
3 1 e —se 1

= — =
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Fixed points of SU(2)k — Damle-Huse hierarchy

* To all &k the flow is to infinite randomness fixed point with:

k-1
All charges e=12,..., T appear with equal probability.

All bonds i1dentical. Equal probability for FM/AFM.

* Infinite randomness exponents:

irsa: 10050071

riF

(=17 ]nlva

! ity w=1/k

Same as DH:
S=(k—1)/ 2
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Fixed points of SU(2)k — Damle-Huse hierarchy

* To all &k the flow 1s to infinite randomness fixed point with:

k-1
All charges ¢e=1,2,..., 7 appear with equal probability.

All bonds 1dentical. Equal probability for FM/AFM.

e Infinite randomness exponents:

| o 2

D=V ]nlmL'P'

==& 1 w=1/k

Same as DH:
S=(k—1)/2 !

* All Fixed Points are Stable! ™) Represent stable phases.

irsa: 10050071

(Contrary to DH points in abelian. spins)




Duality Level -k <) Spm ?

o

* Domam walls: (d,, 28 —d,) | (d,,25 —d,) ==p S = %[dl—dz |

k=5: Domains 0-4

3 (2.2) (4,0) (3.1) 0.4)

Nﬁ_ﬂ- e & . o ————— y—
abelian:

-
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Duality Level -k < Spm ?

—

* Domam walls: (d,, 28 —d,} | (d,,25 —d,) ==p S = %ldl— d, |

k=5: Domains 0-4

naxtl o e £ - or o
S—=1/2 S=1 S=1/2 S=3/2
Int spin
I(s)==
Non-
e . ................... . ................... ... ................... . .........
abelian:
=
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Duality Level -k < Spm i

2
: 1
* Domam walls: (d,, 28 —d,) | (d,,2S —d,) ==p S = Eldl_ d
k=5: Domains 0-4
meetF o OV o e -
S=1/2 S=1 S 1/2 S 32
half spin Int spin
o)== f6)=s l {
Non-

S . ................... . ................... ... ................... . .........

abelian: 1
=
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Duality Level -k <) Spm ?

—

* Domam walls: (d,, 28 —d,)} | (d,,25 —d,) ==p S_.= %ldl— d, |

k=5: Domains 0-4

masCW o - o - or =
S—1/2 = S—1/2 S 32
half SE]H Int spin =
f6)=7-s £y 2 2
Non-
e e . ................... . ................... ... ................... . .........
abelian: 5
s 2 1 2 1
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Dty Ecwl kb Spim =

.
: 1
* Domam walls: (d,, 28 —d,} |(d,,2S —d,) ==p S _ = = |d,—4d, |
k=5: Domains 0-4
20D g @D o @D o G o 0
S—1/2 = S—1/2 S=3/2
half
Si’m Int spin 5 3
fe)=_ s L 7 >
Non-
e . ................... . ................... ... ................... . .........
abelian
i 2 1 2 1

* Duality preserves also the signs of interactions.
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Duality  Level—k & Spin %

* Domam walls: (d,, 2§ —d,} | (d,,2S —d,) ==p S_.= %ldl—dz |

k=5: Domains 0-4

el L ns e g .
S—1/2 =1 S—1/2 S3/2
half
5%:]1 Int spin 5 3
fe)=_ s i) > >
Non-
e . ................... . ................... ... ................... . .........

abelian: 5 1 5 |

k=5

» Duality preserves also the signs of inferactions.

Note: Duality invariant under domain cycles: d >d +n
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* Duality preserves also the signs of inferactions.
Note: Duality invariant under domain cycles: d >d +n
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* Duality preserves also the signs of inferactions.
Note: Duality invariant under domain cycles: d >d +n
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Stability of the non-Abelian DH hierarchy

» Relevant perturbations in spin-chains DH points

h ™

Broken domain permutation symmetry

» Back-mapping of Nen-Abelian chain to DH spin-chains

% Symmetric under domain cycles.

» Relevant perturbations of DH spin chains eliminated by the duality

g

No relevant perturbations of the non-Abelian permutation symmetric IR points!
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Summary and conclusions

» Random singlet. and DH hierarchy of infinite randomness fixed points.

» Calculated entanglement entropy of inifinite randomness phases

» Speculated: effective c-therem?

. Random*random? e Pure-to-random? )

* Non-abelian random spin-chains: Fibnacci anyons.
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Summary and conclusions

» Random singlet. and DH hierarchy of infinite randomness fixed points.

» Calculated entanglement entropy of inifinite randomness phases

» Speculated: effective c-therem?

B Random* random? e Pure-to-random? )

* Non-abelian random spin-chains: Fibnacci anyons.

» Solved SU(2)k - stable Damle-Huse fixed points.

* Mapping to the Abelian spin-(£ - 1)/2 chains. proves stability.
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