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Abstract: Condensed matter theorists have recently begun exploiting the properties of entanglement as aresource for studying quantum materials. At
the forefront of current efforts is the question of how the entanglement of two subregions in a qguantum many-body groundstate scales with the
subregion size. The general belief is that typical groundstates obey the so-called & quot;area law& quot;, with entanglement entropy scaling as the
boundary between regions. This has lead theorists to propose that sub-leading corrections to the area law provide new universal quantities at
guantum critical points and in exotic quantum phases (i.e. topological Mott insulators). However, away from one dimension, entanglement entropy
isdifficult or impossible to calculate exactly, leaving the community in the dark about scaling in all but the simplest non-interacting systems. In this
talk, 1 will discuss recent breakthroughs in calculating entanglement entropy in two dimensions and higher using advanced quantum Monte Carlo
simulation techniques. We show, for the first time, evidence of leading-order area law scaling in a prototypical model of strongly-interacting
guantum spins. This paves the way for future work in calculating new universal quantities derived from entanglement, in the plethora of real
condensed matter systems amenable to numerical simulation.
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Develop an unbiased, scalable numerical simulation
orocedure (QMC) that is able to measure entanglement
entropy in a variety of lattice models

S1(pa) = —Tr(palnpa)
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Develop an unbiased, scalable numerical simulation
orocedure (QMC) that is able to measure entanglement
entropy in a variety of lattice models

e Universal quantities at quantum critical points
Sl —al + ,Ycritica.l

e |dentification of topological spin liquids

== topo
S]_ — af + Y Lavin and Wen, Phys. Rev. Latt. 96, 110405 (2006)
eyl Kitaev and Preskill Phys. Rev. Lett. 96, 110404 (200679° >




QUANTUM MONTE CARLDO

» A scalable simulation method in any dimension

N or N?

[¥) ~ (—H)™|erial) Z = Z(ale'ﬁ‘qM)

e The “sign problem” inhibits the simulation of
frustrated spins or fermions

e Finite and zero-temperature methods available
e Simulations do not have access to the
wavefunction
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Lt ™ A Rl Sl

RENY!I ENTROPIES

Sn(PA) =

S1(pa) = —Tr(palnpa)

Sa(pa) = —In | Tr(p})|

Properties

®lowerbound § > G when n <m

® Expected to possess the same universal properties as vN entropy

=== critical = topo
Sﬂ_a‘e_l_’}’n SH—GI.E'{"’Y P
irsa: 10BE0EZ@sini and M. Huerta, Nucl. Phys. B 764, 183 (2007) Flammia, Hamma, Huges, Wen, Phys. Rev. Letr. 18 7/62

M. A. Metlitski, et.al, Phys.Rev. B 80, 115122 (2009) 261601 (2009)







E VALENCE BOND BASIS

(i, 4) = %(l Tili) =1 Li13)

Pirsa: 10050070




E VALENCE BoOND BAsSIS

|Vr) = I(ir,lajr,l)(ir,m jr,Z) — (ir,N/2:jr,N/2)>

Pauling, Anderson, Liang
Sandvik, Phys. Rev. Lett. 95, 207203 (2005)

Number of possible states in the VB basis, if we restrict valence
hongds to exist between A and B sublattice: (N/2)!
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> Sandvik, Phys. Rev. Lett. 95, 207203 (2005)
PROJECTOR G.I MOC

(C_H)m': ZHb —_-ZP-r Pr=Hb;‘Hb;Hb;'“
b r
the sum is done through importance sampling

a sequence of m bond operators propagates an initial state
some number of operators are swapped each Monte Carlo step through a

etropolis algorithm

w1 1)

Ea fixed (large) m is chosen

P.|¥) = W,|V;)

'-_ - | = 1 Mod
:-I I\ 2\ W — =
,: T-_—_:‘*> | J -_—_-> ( 2 ) Page 15/62
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' Sandvik, Phys. Rev. Lett. 95, 207203 (2005)
PROJECTOR m MCLC

(C—H)" = ZHb =ZP-,- P. = Hyr Hpr Hpr - - -
b r

the sum is done through importance sampling

a sequence of m bond operators propagates an initial state
some number of operators are swapped each Monte Carlo step through a

etropolis algorithm

i) — 1)
Hy, ‘ z> |
D3 w=(3)

Ea fixed (large) m is chosen

P, |¥) = W;|V;)

Hyp,
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Sandvik, Phys. Rev. Lett. 95, 207203 (2005)
PROJECTOR m MCLC

[&—m)r ZHb —% B P, = Hy-Hy: Hy; - --

the sum is done through importance sampling

a sequence of m bond operators propagates an initial state
some number of operators are swapped each Monte Carlo step through a

Ea fixed (large) m is chosen
etropolis algorithm

PR
) 1 \
Pirsa: 10050070 Hb! ‘ —_->

P |¥) = W,|V5)
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' Sandvik, Phys. Rev. Lett. 95, 207203 (2005)
PROJECTOR QMB
m

(C_H)mz ZHb =ZP-;- Pr=Hb{Hb;Hb;'“
b r
the sum is done through importance sampling

a sequence of m bond operators propagates an initial state
some number of operators are swapped each Monte Carlo step through a

Ea fixed (large) m is chosen
etropolis algorithm

P |¥) = W |V;)

| " 1 Modq
T2\ W S —
| ] ___‘_> ( 2 ) Page 19/62
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Sandvik, Phys. Rev. Lett. 95, 207203 (2005)
PROJECTOR QMB

(C'_H)""z ZHb =ZP7- Pr=Hb{Hb;Hb;“'
b r
the sum is done through importance sampling

a sequence of m bond operators propagates an initial state
some number of operators are swapped each Monte Carlo step through a

etropolis algorithm

Hy, ‘ > | z>
Hy, ‘ :_> 1
A = ™

Ea fixed (large) m is chosen
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E FEATURES

e Loop algorithm allows VB QMC to reach systems
sizes comparable to SSE QMC (107)

1.0

Sandvik, Evertz, arXiv:0807.0682

08« *

e SU(2) or SU(N) models possible “-*‘;

Beach, Alet, Mambrini, Capponi, Phys. Rev. B 80, 184401 (2009) Ok~

0245

N, = 4.57(5)

0.0 ey

e sign problem comparable to SSE (some
improvements may be possible)  kein Beach
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SWAP OPERATOR

Two non-interacting copies

Wy @ ¥yp)
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SWAP OPERATOR

Two non-interacting copies

(¥g @ Wy)

Swapa( Y- Carsrlen)|Br) @ (3 D sala2)|2)

altﬁl a2 1ﬁ2

= 3 Couin Y Do (l02)180)) ® (la)12))

a1,61 az,[2
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SWAP OPERATOR

Two non-interacting copies

|‘I’0 X ‘I’o)

Wo ® Vo|Swapa|¥o @ ¥o) = Y  Ca1,8Ca2,6:Ca2,8:Cen 2

oy ,09,51,82

Z (Pa)ar,a2(PA)az,0r = Tfr(pi)

xy,09

S2(pa) = —In(Tr(p%)) = —In((Swapa)) ™







VB BAasis
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SWAP OPERATOR

Two non-interacting copies

|‘I’0 X 'I‘n)

Wo @ \I’(}lSIUﬂpAl‘I’o ® 'I'O) == Z Ca1,6:Caz,8:Caz,8:Con 85

oy ,ag,81,02

Z (Pa)ar,a2(PA)az,er = Tfl.’(pi)

1,09

Sa(pa) = —In(Tr(p%)) = —In((Swapas)) ™=




VB BAasis

“ancillary” g IV )
wapa|Vr

(Uo @ ¥g|Swaps| Vo @ ¥g) = Tr(pf‘;)
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VB BAasis

“ancillary”
Swapa|V,)

(Ug @ ¥g|Swaps|¥o @ ¥g) = Tr(p‘:“;)
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 / (V()|SwapalV(r))
‘Sw““)‘< VOV

—In(Swapa) = S2(pa)
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FanSWat

7 A . s IMPROVED ESTIMATOR

—
(Swap 4i+;) = <(V(I)|Swap,4=+j |V(‘r))>
(Swap 4:) (V(1)|Swap 4:|V (r))

Cepa)| ; i+j i i+1
! [ (Swapy:) | Sa2(pa) — S2(pa ) Q—H—f—ﬁ—f?‘—f-
e e i
=u DMRG | |
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O %
TS VB QUANTUM MONTE CARLO

I ——————————————
poor sampling: we expect

—In(Swaps) = S2(pa) ~alnt (Swapy) ~ 7

"’Wl !!lﬂﬂ,’ﬂ{h’ﬂ'ﬂl‘1’1’1’1 i' ‘1’1 ”" i W'!n'
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(V(1)|Swapa|V(r))

\Swapa) = < s
—In{Swap4) = S2(pa)

)

VB QuaANTUM MONTE CARLO

—

| | m" ’l" ’l’ 'M"'IWM'lwl ‘l !m l' n

b

mumum'

| ”

.

10N ¢




O %
e N VB QUANTUM MONTE CARLDO

e —————————————
poor sampling: we expect

—In{(Swaps) = S2(pa) ~ aln’ (Swapy) ~ ¢

] i !lﬂ!!'m'x’n‘l’l’l‘i'l'n‘1’1‘4’1 I 0 ”f

;

l ”
" l | l

il
il




IMPROVED ESTIMATOR

e e —————————————

(Swap gi+;) = <(V(£)|SWﬂPA=+i |V(T))>

(Swap a:) (V(1)|Swapa:|V(r))
ln[<f;"jf;;;>]=Sz(pf4)—sz(p;”) g fnsg
::222‘3 {5 € 01, mad
0.8+ ]
'Hl' il _
Sz A LR Rl i 'mm"

0.4

PR .Li,a'n
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TWO-DIMENSIONAL RESULTS

e e e——————————————————————

sampling: we expect
—In(Swapa) = S2(pa) ~ ¢ (Swap 4) = e

0.7f
0.65f
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0.6
=2
o
"

irsa: 10050070




FO -

o9 IMPROVED ESTIMATOR

—
(Swap gi+;) . <(V(I)|SWGPA=+1 |V(T)>>
(Swap 4:) (V(1)|Swap:|V(r))

B [(SWGPA'H)

] = Sa(p%) — S2(p% ) o g ip = ——

] .7 = [1: Jmax]

(Swap 4:)




ANt
T T ¥ s

TWO-DIMENSIONAL RESULTS

sampling: we expect

—In(Swapa) = S2(pa) ~ ¢ (Swapa) = e
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IMPROVED ESTIMATOR

b
(Swap gi+i) < (V(1)|Swap g:+: |V (7)) >
(Swap 4:) (V(1)|Swap 4: |V (r))
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TWO-DIMENSIONAL RESULTS

sampling: we expect

—In(Swaps) = S2(pa) ~ ¢ (Swap,) =e™*
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CHECK OF AREA LAw =

JY'S;-8;

07 T T T T | T T T T | T T L'=32 —
=—a [ =28
i oo =24| "
b—> =20
0.6 - "™ v—v[=16| area law
"""""""""""" M A i R
] subleading correction o [=8 |
=~ R 3 o—a =6
“"-r-;ﬂ.SI- :-i : 3 HI..=4 -
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TWO-DIMENSIONAL RESULTS

sampling: we expect
—In(Swapa) = S2(pa) ~ ¢ (Swaps) =e™*
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CHECK OF AREA LAw

Pirsa: 10050070
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CHECK OF AREA Law H=J) S;-S;

07 ] ] ] T 'I 1 ] L] L] l L] L] l_‘=32 —
s—a [ =28
*—e [ =24
0.6} :i%g - area law
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£ Ut

NOT a multiplicative log correction as
suggested by other entropy measures:

SVE =In(2)(Na) SVB x ¢1In(#)
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AN AN

o9 NOTES:
—

—combining ratio with VB QMC loop moves ?
—using multicanonical histogram sampling ?

entropies

® SU(2) or SU(N) models only

® Strictly T=0 only

irsa: 10050070

® More work needed on improving statistics/scalability:

® More replicas enable the calculation of higher-n Renyi
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:. E STOCHASTIC SERIES EXPANSION
Sandvik
Z=Y(alePa) =T Gamay =33 E G T sl
o @ n - a w S n! i=1 -

——

| _ state of the art method for
spin/boson models without the
sign problem




,. : STOCHASTIC SERIES EXPANSION
Sandvik

L —3A (=8)" (=8)", T
Z_;{ﬂie BH | o) =\; = (| H™|cx) =\;Zﬂ:\; = {QIEHM]&)

f { f . f [ H
b ;

state of the art method for
spin/boson models without the
sign problem
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Calabrese and Cardy, ). S@mr. Mech. 0406, PO02 (2004).

MNakagawa, Nakamura, Motoki, and Zaharov, arXiv-0911.2596|
REPLICA TRICK  gidovich and Polikarpoy, Nucl. Phys. B, 802, 458 (2008)

]
- . M. A. Meditski, et.al, Phys.Rev. B 80, 115122 (2009).

1 an[A’n’T]
1—n Z(T)»

where Z[A,n,T] is the partition function of the systems having special
topology - the n-sheeted Riemann surface.

B A

|
|

30

@
«
)
XD

Z[A,2,T) Z[A,3,T)
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SSE SIMULATION CELL
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:. E THERMODYNAMIC INTEGRATION
Z[A,2, §)
= —InTr(p%) = —In —

B8 8
——S5a(8=0)+ [ (E)ads+250(8=0)=2 [ (E)ods

. = 6 Heisenberg model TTIT}
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THERMODYNAMIC INTEGRATION

0.7

0.6
Sa/t
05

04

SSE QMC with finite-T
integration
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NOTES!:

® Improvements can be made on thermodynamic
integration (quantum version of umbrella sampling?)

® Easyish to code into any current SSE QMC code
(realistic CM Hamiltonians, QCPs, cold atoms, etc...)

® Always scalesas N and 3
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CONCLUSIONS

—

® Quantum Monte Carlo simulations can calculate
Renyi entanglement entropy in general many-body
Hamiltonians (spins, bosons, T=0 and T>0)

® QMC simulations have confirmed leading-order
area law behaviour in the Neel state.

® This effort less than 1 year old: expect rapid
advances in scaling and efficiency.

® We are about to begin exploring subleading
corrections at quantum critical points (and
topological phases?).
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THERMODYNAMIC INTEGRATION

0.7

0.6
Sa/t
05

04

SSE QMC with finite-T
integration
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sz=—m1r(pi)=—m{

A 8
=—-S4(8=0)+ f (E)adB +25p(8 =0) — 2 / (E)odB

THERMODYNAMIC INTEGRATION

Z[A,2, 6] }
Z(B)*

. = 6 Heisenberg model YT}
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THERMODYNAMIC INTEGRATION

0.7

0.6
Sa/t
05

04

SSE QMC with finite-T
integration
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Sz=—1n'rr(p?4)=—1n{

Z[A,2, 8]

Z(B)*

THERMODYNAMIC INTEGRATION

}

B8 (s
——SaB=0)+ [ (E)ads+250(8=0) =2 [ (E)ods

. = 6 Heisenberg model

]
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THERMODYNAMIC INTEGRATION

0.7

0.6
Sa/t
05

04

SSE QMC with finite-T
integration
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