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Abstract: In recent years the characterization of many-body ground states via the entanglement of their wave-function has attracted a lot of attention.
One useful measure of entanglement is provided by the entanglement entropy S.

The interest in this quantity has been sparked, in part, by the result that at one dimensional quantum critical points (QCPs) S scales logarithmically
with the subsystem size with a universal coefficient related to the central charge of the conformal field theory describing the QCP. On the other
hand, in spatial dimension d &gt; 1 the leading contribution to the entanglement entropy scales as the area of the boundary of the subsystem. The
coefficient of this "area law" is non-universal. However, in the neighbourhood of a QCP, S is believed to possess subleading universal corrections.
In this talk, | will present the first field-theoretic study of entanglement entropy in dimension d &gt; 1 at a stable interacting QCP - the quantum
O(N) model. Our results confirm the presence of universal corrections to the entanglement entropy and exhibit a number of surprises such as
different epsilon -&gt; 0 limits of the Wilson-Fisher and Gaussian fixed points, violation of large N counting and subtle dependence on replica
index.
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The venerable Landau-Ginzburg-Wilson paradigm

* Classical theory of phase transitions
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- spontaneous svmmetrv breaking
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- local order parameter




Quantum criticality

* Landau-Ginzburg paradigm describes some, but not all quanium phase transitions
* Quantum crifical poinis realize some of the most non-classical states of matter
- low energy excitations are neither particles nor waves

- ground state wave-function i1s highly entangled
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Entanglement entropv

* Goal: to characterize quantum critical points via entanglement

properties of the many-body wave-function
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* Dastribution of p; - enfanglement spectrum

* Entanglement entropv

Sy = —trpalogpa Sa —Sn

- inherentlv quantum mechanical. non-local observable




Entanglement entropy away from QCP

- Local Hammltonian

- finite correlation length £
S x |9A
|OA| - area (length) of the boundary

- Area law: entanglement 1s local to the boundary

* For a generic state n the Hilbert space

S ~ volume(A)

Ground states of local Hamultonians are verv special!
(form set of measure zero in the Hilbert space)

M. Srednick: (1993)




The entanglement entropy at 1d QCPs

* How does the entanglement entropv behave near a QCP?
» Problem completely solved for QCPsmd=1withz=1
- system described by a conformal field theory (CFT)
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g = % logl/a

A

Cc - ceniral charge of the CFT

| E S - umversal!
a - short distance cut-off ‘

* Perturb the CFT shightly away from criticality

€
= =
F = 3 log&/a
. C. Holzhey, F. Larsen and F. Wilczek (1994).
P. Calabrese and J. L. Cardy (2004).




Higher dimensional QCPs

» For QCPs described by local field theories
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- area law
a

* Indistinguishable from a non-critical phase

» The coefficient (' - non-umversal @




Higher dimensional QCPs

» For QCPs described by local field theories
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» Violations of the area law: systems with a Fernm surface
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D. Gioev and L Elich (2006), Woolf ( 2006)
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Bevond the leading term
Anv non-umversal contributions to S must come from the boundarv
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Bevond the leading term

Anv non-umversal contributions to S must come from the boundarv
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S = gd—1

Straight closed boundarv:
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- also believed to be true for general smooth closed boundaries in d =2

- boundaries with corners’'endpomts md =2,

- boundaries with infrinsic/extrinsic curvature i d =3




Universal geometric correction

B
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Smooth. closed boundary 1 <d <3

+ So(L/€)

- umversal geomic fric constant

L
£

Akin to Privman-Fisher correction to free-energyv: =V e+ Ut

ot i

Onlv corrections to scaling, L~ 7

* 7 captures the non-local entanglement present at the QCP




Relation to massive topological phases

B

—logD - umversal constant

- Kitaev model

1
-FQHE v = —
q

- ndependent of geometrv

0 for non-topological zapped phases

A Hammma. B. Tomciom. and P. Zanard: ( 2005)
A EKitaev and J. Preskall (2006)
M. Levm and X -G. Wen (2006)




Away from QCP

-

*  Smooth. closed boundarv 1 <d <3
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*  Away from QCP (L > &)
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Explicit calculations to date

Free theories (straight boundaries)

E-— Rt .
L= ;{d#o]'} + m>¢? L =v(i0y7, —m)¥

P. Calabrese and J. L. Cardy (2004), Fursaev (2006)
H Casma and M. Huerta (2005). (2007). H Casmm, M. Huerta and L. Leitao (2009}

Special multi-crifical QCPs nd =2 with z=2 (e.g. RK point)
- coirelation functions reduce to those of a classicald=2 CFT

E. Fradkin and J. E. Moore (2006).
B. Hsu, M. Mulligan. E. Fradkin. and Eun-Ah Kim{ 2009)

Holographic calculations (AdS/CFT)

S. Byu and T. Takavanag: (2006)




The quantum O(N) model
Simplest mteracting QCP md=2 (z=1)
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@ - N component order parameter

Microscopic Hamiltomans:

N =1 — transverse field Ising model

N =2 — Bose-Hubbard model at intezer filling

N =3 — bilaver S = - antiferromagnet on a square lattice
Critical properties accessible using expansions n

e—=3—d, 1/N




Entanglement entropy in the O(N) model

* Umversal geometric correction at QCP ik /,, ~

L4

S=C + S \ S
{Iff e ]. . --
X=—c0 x =10

Boundarv — d-1 dimensional torus of side L (cucle in d =2)

Twisted boundary conditions: &(x +n,; L) = e*? ()

» Numerical evidence for fimite v at QCP m the transverse field
[sing model (N =1)

- Tree tensor networks

- Half-torus geometry

L. Tachacozzo, G. Evenbly, G. Vidal (2009)




Entanglement entropyv in the O(N) model

« Umversal correlation length correction (L > €)
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m - 2ap to lowest excitation ( O( V) - multiplet)

svmmetrv unbroken phase




Results: v

* Result of expansionmm e =3 —d
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» Compare to Gaussian fixed pomtin: d =3 —e
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Results: v

Result of expansionin e =3 —d
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* Compare to Gaussian fixedpomnt in - d =3 — ¢ - '
e = . e | Different € — 0 limits |
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Results: r

Result of expansionin € =3 —d
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Analvtic correction:  ~ ¢

Singular correctionmmd=2: ~¢¥ wv<1 -wns!

» Compare to Gaussian fixed pomnt in d =3 — e

N
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Results: r

Result of expansionin e =3 —d

Ld— 1 er— 1
C(t) = = = a1 ‘ Entanglement largest at the QCP! |

N
— ——  Wilson-Fisher FP
1447

Analvtic correction:  ~ ¢

Singular correctionmd=2: ~¢* wv<1 -wns!

» Compare to Gaussian fixed pomt in d =3 — ¢
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Renv1 entropv

log tr4p’y S =—ilrapalogps = hm S,
1
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O = — (1 ek —-) log(l/a)
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In d > 1, area law + subleading universal corrections
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Renv1 entropyv - results
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Violation of (naive) large N counting

=

Expect: 1, ~ O(N) Instead: 7, ~O(N~) (but r ~ O(N)

Computed r,, mn large-N expansionind=2

o, 3:2*\'2 ”(.li
016515 e 198 7 — 1
-0.26504

-0.32905

s |-036718 » Can compare 7, to latiice Monte-Carlo sinmlations

P. V. Buvidovich and M. L Polikarpov (2008); M. Caraglio and F. Ghozzi (2008)
M. B. Hastings. I Gonzalez, A B. Kallin. and B. G Melko (2010)




Renv1 entropyv - results

er—i
C,— +~

r
ad—1

Lr]r.—]_ erl—l

T Tn

Cn(t)

d—1 cd—1
1 :..._“

In dimension d = 3 — €. 7,. r, have a disconfinuity at
. : 3N +2
=n,l<n <14+-———=t
4 N +8
New length scale emerges as n — n.. “phase transition”
Large N expansion shows that this phenomena occurs m2.74 <d <3

(likelv absent in d = 2)




Replica Trick

log trap’y S = —trapalogps = lim S,

n—1

2 ™ Z”
irapy = Zn

Z,, - partition function on an n-sheeted Riemann surface
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(x,7) =(0.0) space-tume




Replica Trick

log trap’y S = —trapalogps = Iim S,

n—1

Zn

Z’n

- 'rr —
L7 _.!“f)__l =

Z,, - partition function on an n-sheeted Riemann surface

o

Conical simgularitv at

(x,7) =(0,0) space-fime




Riemann Surface

logtrap’y S = —trapalogps = lim S,

n—1

=
Zn

L7 _.'lf)__l —

Z,, - partition function on an n-sheeted Riemann surface

(x.7) = r(cos#f.sin #)
ds® = dr?* + r*df* + ff.E'.i

0 ~0+2mn




Why 1s d = 1 easv?

» Conformal group in 1+1d consists of all analviic (or anfi-analvtic) mappings

can map the n-sheeted Riemann surface to ordinarv complex plane via

T

f:Cho—>C, w=2'/"
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ds- = dwdw = dzdz = | dss
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» This 1s no-longer a conformal svmmetry for d > 1
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dzdz + dx*

Have to work harder!

Explicit calculations on an n-sheeted switace




RG n the presence of conical singularity

- 1 - = W,
T . B, Wome
L=—(0.:9) 2{\_'{:»,1 + 9" -l(m )

* Theorv flows to Wilson-Fisher fixed point

(N+8) ,

—u

Sm=

» Boundary cannot renormalize bulk!

» New operators will be induced at the boundary!
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Boundary critical phenomena

» Analogy: classical boundary critical phenomena in O(N) model

/ d? 1z, *(x=10,%.)

» Surface umversalitv classe

e - ordinary

E

.—0C - extra-ordinary

- special (multi-critical)




Flow of the boundary perturbation

* A computation usmg s-exXpansion gives:

l) . (N + 2)uc P
n——|] + : 4

n Rr= 2mn

Three umversahty classes:




Calculating B(c) to O(r-)
ie:) = Alu:) +1pu:)e:

- Can determine A(w,) from (¢*(z),.), at the critical pount

O(u”) O(u')

g6
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To do list

Svmumnetrv broken phase
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To do list

» Upper cnfical dimension (d = 3)

. . B
S=€i +r

- cd—
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* Additional log 15 possible
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To do list

v 1 large-N expansion (solve zap equation nnmerically)

Comers endpoints

! Ln’—i :
S=C——+clogl/a
I|,_‘{r.l'—|

c - umversal




Conclusions

Demeonstrated the presence of subleading universal corrections to
entanglement entropyv in the O(N) model

Many unexpected results
- violation of naive large-N counting
- non-analvticitv of Renvi entropv as a function of replica index

Results can be checked by lattice simulations




Thank you!
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