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Abstract: Using the mapping of the Fokker-Planck description of classical stochastic dynamics onto a quantum Hamiltonian, we argue that a
dynamical glass transition in the former must have a precise definition in terms of a quantum phase transition in the latter. At the dynamical level,
the transition corresponds to a collapse of the excitation spectrum at a critical point. At the static level, the transition affects the ground state
wavefunction: while in some cases it could be picked up by the expectation value of a local operator, in others the order may be non-local, and
impossible to be determined with any local probe. Here we propose instead to use concepts from quantum information theory that are not centered
around local order parameters, such as fidelity and entanglement measures. We show that for systems derived from the mapping of classical
stochastic dynamics, singularities in the fidelity susceptibility trandate directly into singularities in the heat capacity of the classical system. In
classical glassy systems with an extensive number of metastable states, we find that the prefactor of the area law term in the entanglement entropy
jumps across the transition. We aso discuss how entanglement measures can be used to detect a growing correlation length that diverges at the
transition. Finally, we illustrate how static order can be hidden in systems with a macroscopically large number of degenerate equilibrium states by
constructing athree dimensional lattice gauge model with only short-range interactions but with a finite temperature continuous phase transition into
amassively degenerate phase.
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hat is a glass”?

TEan

“Liquid™-like state of matter, with no local order parameter

Super slow dynamics
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hat is a glass?

¥y xa 3 xy
“Liquid™-like state of matter, with no local order parameter

irsa: 10050067 Page 11/39




arkov processes

configurations {C} with energy E have probabiity Pp(t)

d . . 2 s
EPC(t) = Z We.cr Per(t) prob. conservation: We e = — Z We e
Cr“

transition matrix detailed balance: ch_cl E—Ech —— “’I'C'.C E_EC'fT

Eg
e T

= F(t) =

N -

is a null ight eigenvectorof W : ZW?:.C' Pg?(t)={)
CJ

* (in a finite system) all other eigenvalues —¢,. are negative

e=0<a<ea<... = equilibration e =¥t
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iewed as a quantum mechanical problem

=P symmetrize W by a similarity transformation

Felderhof. Reports Math. Phys. 1. 215 (1970)

He or = __eﬂchZ WC,C’ e Aler/2

* quantum mechanical interpretation He ¢ = (C|H|C")

: 10050067

Kivelson, Rokhsar Sethna. Phys. Rev. B 35, 8865 (1987):

Henley, J. Phys. C 16, S891 (2004):

Ardonne, Fendley, Fradkin, Ann. Phys. (NY) 310. 493 (2004);

Castelnovo, Chamon, Mudry, and Pujol. Ann. Phys. (N.Y.) 318, 316 (2005)

H=Y Hcc |#5—E)/2 |C)(C] - [C)(C'||
cL’

H |¢n) = €n |¥n) g=0<a<e<..

=- L e—3Ec/2
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uantum mechanical perspective - transition

parameter mn the

AEM'EY quanfum Hamaltonian

\

® local energy E, + local dynamics = local Hamiltonian

@ the dynamical classical problem reduces to a static zero-temperature quantum system
@ at some ‘critical” coupling Tg , a spectral collapse occurs

® understanding glassiness < understanding the collapse
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uantum mechanical perspective - transition

parameter i the

A Energy quantum Hamiitonian

\

® local energy E, + local dynamics = local Hamiitonian

@ the dynamical classical problem reduces to a static zero-temperature quantum system
@ at some ‘critical” coupling Tg , a spectral collapse occurs

® understanding glassiness < understanding the collapse




uantum mechanical perspective - transition

parameter m the

AEIETEY quantum Hamitonian A~ O(La)

ey, - A~ v;-(eﬂ")

@ local energy E, + local dynamics = local Hamiitonian

@® the dynamical classical problem reduces to a static zero-temperature quantum system
@ at some ‘critical” coupling Tg , a spectral collapse occurs

@ understanding glassiness < understanding the collapse




uantum mechanical perspective - transition (cont.)

Edwards-Anderson order parameter

C.(7)

*w=0= [ drem=tm) =y
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Z e—CnT {:r1|ff’]0}‘2 I

n=0 :

CE““‘“(T). degenerate manifold
|ni610)|

E
0 n#0 =

local static (zero-frequency) susceptibiiity of the quantum system at zero temperature
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In (3,453
fidelity susceptibiity xr(8) = SEED[—Q ;gﬂo) .
i and Paunkovic
(2006) where F(3,68) = (volB—488/2)|ve(8 +4858/2)),

particular case when  [¥o(3)) = % > 3 s
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In F(3,88
fidelity susceptibility x=(3) = aléi‘iu[‘Z ;gﬂ )].
1 and Paunkovic

(2006) where F(3.48)

particular case when  |[¥o(3)) =
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fidelity susceptibiity  x~(5) = lim [—zln-igg; 6'3)] '
i and Paunkovic
(2006) where F(8.08) = (vo(B—488/2)|ve(8+653/2)),
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tanglement

absence of local order parameter

irsa: 10050067 Page 23/39



tanglement

absence of local order parameter
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entanglement entropy

B

SaB(8) = —Tra[pa(8) Inpa(B)]
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tanglement
absence of local order parameter
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tanglement ||

B

Sas(B) = —Tralpa(B) Inpa(5)]

A(B) = [¥(B8))(¥e(B)l
== ﬁz e (Ec+E¢r)/2 ICY{(C’]
c.c’

Sap(B) = BF,y+ BFg—f(Fy g+ 3(E%wm
BF,p=—mZpy® and BF, pg=-InZ

Fradkin and Moore, Phys. Rev. Lett. 97, 050404 (2006)
Castelnovo and Chamon, Phys. Rev. B 76, 174416 (2007)
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Sap(B8) = B(AFs + AFg) + S55(8)

/

AFap=-3mZEs  SE,(8) =B~ BNy,
boundary energy cumulants
measure of heat capacity

Bouchaud and Biroli, J. Chem. Phys. 121, 7347 (2004)
Z{'il EﬁEn‘] if there are N’ metastable states in A.

one is favored by the boundary condition
and has AF less energy

1. [W—1)+ eﬂﬂ-E]
~ E5——-In
s [ N
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tanglement ||

B

Sap(B) = —Tralpa(B8) Inpa(5)]
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Fradkin and Moore. Phys. Rev. Lett. 97. 050404 (2006)
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Sap(8) = B(AFs + AFg) + S55(8)

ZA.H /

AFsp=—3ih 7o SE_(8) = In(eP(E°—(EMu)y

boundary energy cumulants
measure of heat capacity

Bouchaud and Biroli. J. Chem. Phys. 121, 7347 (2004)
E—3E¢‘:| if there are N metastable states in A,

one is favored by the boundary condition
and has AF less energy
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tanglement |l

B
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tanglement |l

B

Sap(B) = B(AF4 +AFg) + S55(8)
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tanglement IV

B 1
AFy = Ej;- —ln[1+e"ju_si]
3
liquid §* ~ 1 glass S* ~ R<
AFy =~ E3—AE AFy, =~ E;

A Syp/A
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actly solvable model with
idden order with massive degeneracy

=== Ambartzumian, Sukiasian, Savvidy and Savvidy, Phys. Lett. B (1992);
erdlization of G K. Savvidy and F.J. Wegner, NPB (1994):
Johnston and Malmini, Phys. Lett. B (1996) .

. ——— ryz Oi Oitx Oitx+y Oity
i

_Jyz§ OiOit+y Oitv+2 Oita

—Jzz E Ti Oi+z Titztx Titx -
i
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actly solvable model with
idden order with massive degeneracy

Ambartzumian. Sukiasian. Savvidy and Savvidy, Phys. Lett. B (1992);
of  G. K. Savvidy and F.J. Wegner, NPB (1994);
Johnston and Malmini. Phys. Lett. B (1996) .
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i

Jy2=Joz=J and J =0
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actly solvable model with
idden order with massive degeneracy

Ambartzumian, Sukiasian, Savvidy and Savvidy, Phys. Lett. B (1992);
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Johnston and Malmini. Phys. Lett. B (1996) .
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actly solvable model with
idden order with massive degeneracy |l
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ummary: a quantum mechanical and information
lewpoint of the glass transition

A “dynamical” transition has a precise meaning as a quantum
phase transition of the mapped system, with a spectral collapse
at a critical coupling (temperature)

A static transition accompanies the dynamical one:
we claim there is a true thermodynamical glass transition.

“Absence” of local order parameter (glasses are spatially liquid
like) does not imply lack of static signatures: fidelity is related to
heat capacity singularity, and the area law coefficient of the
entanglement entropy signals thermodynamic transition.

Presented a solvable example with macroscopic number of
minima, no disorder, and no local order parameter.
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. Anderson , in Science 17 March 1995

e deepest and most interesting unsolved problem in solid

e theory is probably the theory of the nature of glass and the
ass transition. This could be the next breakthrough in the

ming decade. The solution of the problem of spin glass in the

e 1970s had broad implications in unexpected fields like neural
orks, computer algorithms, evolution, and computational
mplexity. The solution of the more important and puzzling glass
blem may also have a substantial intellectual spin-off. Whether
will help make better glass is questionable.”
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