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Abstract: There have been many attempts to define quasilocal mass for a spacelike 2-surface in a spacetime by the Hamilton-Jacobi metl
essential difficulty in this approach is the choice of the background configuration to be subtracted from the physical Hamiltonian. The qua:
mass should be positive for general surfaces, but on the other hand should be zero for surfaces in the flat spacetime. In this talk, | shall desc
to use isometric embeddings into the Minkowski space to overcome this difficulty and propose a new definition of gauge-independent qua:s
mass that has the desired properties, in addition to other natural requirements for a mass. This talk is based on a joint work with Shing-Tung
Harvard.
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2 3 spacelike closed 2-surface in spacetime.
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In general relativity, the spacetime is a Lorentzian manifold with
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In general relativity, the spacetime is a Lorentzian manifold with
8- Lorentzian (—, +. +. +) metric, gravitational field.

@: matter fields.
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In general relativity, the spacetime is a Lorentzian manifold with
Suw: Lorentzian (—, +. +. +) metric, gravitational field.
®: matter fields.

Einstein’'s equation is obtained by taking the variation of

1;ﬁ/R+fL(g,¢)

where R is the scalar curvature of g,,, and L is the Lagrangian of
matter coupled to gravity.
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Einstein’s field equation

1
R — iRgpy —8x1,,.

where T, is the energy momentum tensor of matter density.

Relation between matter fields and gravitational field.

Pirsa: 10050034

Page 9/120



Einstein’s field equation
1
e §Rg#y —8x1,,.
where T,, is the energy momentum tensor of matter density.
Relation between matter fields and gravitational field.
() bounded spacelike region in spacetime.

Question: How do we measure the total energy contained in 2,
counting contributions from both matter fields and gravitational

field?

Pirsa: 10050034 Page 10/120



Special relativity in R>!, Q a spacelike hypersurface and u* its
unit normal.
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Special relativity in R3!, Q a spacelike hypersurface and u” its
unit normal.

Given any t¥ constant (Killing) timelike unit vector,

[ Tt b
Q

represents energy intercepted by 2 (observed by t¥).
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Special relativity in R3!, Q a spacelike hypersurface and u” its
unit normal.

Given any t¥ constant (Killing) timelike unit vector,

f Tttt
Q2

represents energy intercepted by {2 (observed by t¥).
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Special relativity in R3!, Q a spacelike hypersurface and u* its
unit normal.

Given any t¥ constant (Killing) timelike unit vector,
/ Tt 't
Q
represents energy intercepted by 2 (observed by t¥).
t” Killing implies T,,t” is divergence free.

Energy depends only on 9€2 = 2!
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Does not work in general relativity.

No Killing vector field in general spacetime.

Only accounts for energy contribution from matters.
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Does not work in general relativity.

No Killing vector field in general spacetime.

Only accounts for energy contribution from matters.
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Does not work in general relativity.
No Killing vector field in general spacetime.
Only accounts for energy contribution from matters.

Gravitation energy must have contribution, as seen in binding
energy (depending on distance apart).
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Difficulties in measuring gravitational energy:

Gravitation has no density, can at best be measured quasilocally.
First derivative of g, can be made zero at any point by choosing

coordinates.
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Difficulties in measuring gravitational energy:

Gravitation has no density, can at best be measured quasilocally.
First derivative of g, can be made zero at any point by choosing

coordinates.

Gravitational energy depends on underlying geometry which is
distorted by the field itself, thus more nonlinear.

In general, no “background” unless gravitation is weak (or
asymptotic symmetry).
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(€2. gjj. pij) asymptotically flat spacelike hypersurface in spacetime.
Q\ cpt diffeomorphic to union of ends (complements of balls in R3).
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(€2. gjj. pij) asymptotically flat spacelike hypersurface in spacetime.
Q\ cpt diffeomorphic to union of ends (complements of balls in R3).

On each end, g; — §; = O(3), pj = O(%). etc.

E = lim —/ (gii.i — &ij.i)v'dS,

r—oc 167

P.= Jim o | (ps — Sspus)pias.
where S, are coordinate spheres approaching infinity as r — oc.

(E. P, P>, P3) ADM energy momentum vector.

Future timelike 4-vector (positive mass) under dominant energy

condition by PMT (Schoen-Yau, Witten).
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2 a closed spacelike 2-surface in spacetime. Goal is to define
quasilocal mass and quasilocal energy momentum 4-vector for 2.
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2 a closed spacelike 2-surface in spacetime. Goal is to define
quasilocal mass and quasilocal energy momentum 4-vector for 2.

“The search for a definition of quasilocal mass’ is the first one in
Penrose’s (1983) list of major unsolved problems in classical
general relativity.

Many important statements in general relativity make sense only
with the presence of a good definition of quasilocal mass. For
example, binding energy of two bodies rotating around each other.
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2 a closed spacelike 2-surface in spacetime. Goal is to define
quasilocal mass and quasilocal energy momentum 4-vector for 2.

“The search for a definition of quasilocal mass’ is the first one in
Penrose’s (1983) list of major unsolved problems in classical
general relativity.

Many important statements in general relativity make sense only
with the presence of a good definition of quasilocal mass. For

example, binding energy of two bodies rotating around each other.

More importantly, a good definition of quasilocal mass may help us
to control the dynamics of the gravitational field.
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What properties qualify for a valid definition?
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat

hypersurface, the quasilocal mass should approach ADM mass and

likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of

surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat

hypersurface, the quasilocal mass should approach ADM mass and

likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of

surfaces.
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.

3. Rigidity, vanishes for surfaces in R*! (vacuum space with no
matter fields).
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What properties qualify for a valid definition?

1. Asymptotics. On coordinate spheres of asymptotically flat
hypersurface, the quasilocal mass should approach ADM mass and
likewise for Bondi mass in the asymptotically null case.

2. Positivity under dominant energy condition for a large class of
surfaces.

3. Rigidity, vanishes for surfaces in R>! (vacuum space with no
matter fields).

Various attempts to define quasilocal mass (Hawking, Bartnik,
Penrose, Huisken, etc.), will focus on the Hamilton-Jacobi analysis
approach in this lecture.
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Hamilton-Jacobi Analysis approach (ADM, Brown-York,
Hawking-Horowitz, Kijowski,...)
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Hamilton-Jacobi Analysis approach (ADM, Brown-York,
Hawking-Horowitz, Kijowski,...)

Recall that for a Lorentzian manifold D with boundary @D, the
action in general relativity should be

1 1
I(g.P) = — R+ L(g.® — K
€)= [ (gR+te®) g [

K is the trace of the second fundamental form (extrinsic
curvature) of 9D.
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Hamilton-Jacobi Analysis approach (ADM, Brown-York,
Hawking-Horowitz, Kijowski,...)

Recall that for a Lorentzian manifold D with boundary @D, the
action in general relativity should be

I(g-¢)'/;(1;_R+L(g.¢))+8}?‘T | K

K is the trace of the second fundamental form (extrinsic
curvature) of 9D.

The last term is needed to give rise to the right variational
equation if we fix the metric and the matter field on the boundary.
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Hamilton-Jacobi Analysis approach (ADM, Brown-York,
Hawking-Horowitz, Kijowski,...)

Recall that for a Lorentzian manifold D with boundary 9D, the
action in general relativity should be

I(g-d))[c)(l;FrR+L(g.¢))+81;r/aDK

K is the trace of the second fundamental form (extrinsic
curvature) of 9D.

The last term is needed to give rise to the right variational
equation if we fix the metric and the matter field on the boundary.

Apply Hamilton-Jacobi analysis to the time history D = U,cg 112
of spatially bounded region with D = QyU3B U Q;.
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The Hamiltonian on a solution is a surface integral on

Ec—J —ally
t# a future timelike unit vector (observer).

u* a future timelike unit normal vector (unit normal of spacelike

hypersurface {2 bounded by %)

1
= No# + NE, H(t o) = '[Z Nk — N* (B — P )V

k is the mean curvature of X as boundary of (2.
P 1S the second fundamental form of €2 in spacetime.

v” is the outward unit spacelike normal along X (orthogonal to u”).
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The Hamiltonian on a solution is a surface integral on

2Ny —ikl
t# a future timelike unit vector (observer).

u* a future timelike unit normal vector (unit normal of spacelike

hypersurface ) bounded by )

1
7y

# — N + N*. H(#, ) — f Nk — N* (B — Pl )V
3

k is the mean curvature of 2 as boundary of 2.
P 1S the second fundamental form of €2 in spacetime.

v” is the outward unit spacelike normal along X (orthogonal to u”).
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The Hamiltonian on a solution is a surface integral on

F—5; —okh
t# a future timelike unit vector (observer).

u* a future timelike unit normal vector (unit normal of spacelike

hypersurface {2 bounded by %)

 ;
7y

£ — N + N&, H(E, u) — f Nk — N* (B — P )V
)

k is the mean curvature of 2 as boundary of 2.
P 1S the second fundamental form of €2 in spacetime.

v” is the outward unit spacelike normal along X (orthogonal to u”).
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R>!). An over-determined equation.

Pirsa: 10050034 Page 70/120

Fra



The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R> has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
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Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define

Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R>!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.

Important positivity was proved by Shi-Tam and Liu-Yau.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.

Important positivity was proved by Shi-Tam and Liu-Yau.

Unique isometric embedding into R> for metrics with positive
Gauss curvature.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.

Important positivity was proved by Shi-Tam and Liu-Yau.

Unigue isometric embedding into R> for metrics with positive
Gauss curvature.
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The energy is defined to be

physical Hamiltonian — reference Hamiltonian

Reference Hamiltonian should come from data associated with
isometric embedding of the time history of the boundary 3B into a
reference spacetime (R*!). An over-determined equation.

Isometric embedding of ¥ into R3 has been used to define
Brown-York mass and Liu-Yau mass (Kijowski, Booth-Mann, Epp)
with u# = t* to be specified.

Important positivity was proved by Shi-Tam and Liu-Yau.

Unique isometric embedding into R> for metrics with positive
Gauss curvature.
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New definition of quasilocal energy (W-Yau)

Given ¥ C N, for an isometric embedding X : ¥ — R3! and
T € R3!, we define the quasilocal energy to be
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New definition of quasilocal energy (W-Yau)

Given X C N, for an isometric embedding X : ¥ — R3! and
T € R>*!, we define the quasilocal energy to be

E(T. X, T) = H(tk, o) — H(e*, )
where i = T.
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New definition of quasilocal energy (W-Yau)

Given ¥ C N, for an isometric embedding X : ¥ — R3! and
T € R>*!, we define the quasilocal energy to be

E(T, X, T) = H(, o) — H(*, o)
where t; = T
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