Title: Lattice points in moduli spaces of curves
Date: May 07, 2010 11:15 AM
URL.: http://pirsa.org/10050029

Abstract: There appear to be only two essentialy distinct ways to understand intersection numbers on moduli spaces of curves --- via Hurwitz
numbers or symplectic volumes. In this talk, we will consider polynomials defined by Norbury which bridge the gap between these two pictures.
They appear in the enumeration of lattice points in moduli spaces of curves and it appears that their coefficients store interesting information. We
will also describe a connection between these polynomials and the topological recursion defined by Eynard and Orantin.
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Connections in Geometry and Physics @ Perimeter Institute

LATTICE POINTS IN MODULI SPACES
OF CURVES

Norman Do — McGill University

There appear to be only two essentially distinct ways to understand inter-
section numbers on moduli spaces of curves — via Hurwitz numbers or
symplectic volumes. In this talk, we will consider polynomials defined by
Norbury which bridge the gap between these two pictures. They appear in
the enumeration of lattice points in moduli spaces of curves and it appears
that their coefficients store interesting information. We will also describe a
connection between these polynomials and the topological recursion de-
fined by Eynard and Orantin.
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Moduli spaces of curves

m Moduli spaces of curves

genus g smooth algebraic curves with distinct
Mg n— :
points labelled from 1 up to n

m Deligne—Mumford compactification

i, - J genusg stable algebraic curves with distinct
7771 smooth points labelled from 1 up to n

A stable curve may be nodal but its components satisfy 2g —2 + n > 0.

m The complex dimension of Mg, is3g —3 + n.
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Intersection theory on My ,
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Intersection theory on Mgy
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Intersection theory on M, ,

el
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Intersection theory on Mgy

m Define ¥y = ¢ [05 £] € H*(Mgn: Q) fork =1,2,....n.

m For |a| = 3g — 3 + n, Witten considers the psi-class intersection number

{Ta"raz""?'an): ¢?1 ;-'2_._ #HEQ

Mg.n
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Witten’s conjecture

Witten's conjecture

K F(, fi, b, -.) = Zl‘[d‘f— rordr% .y then '524%: satisfies KdV.
d k=0

m In two-dimensional quantum gravity, we want to integrate over the space
of metrics on a surface.

LINEARISATION LOCALISATION
— tilings of surfaces — integration over conformal classes

— matrix integrals
— KdV hierarchy

m There are now several proofs of Witten's conjecture.

HURWITZ NUMBERS VOLUMES OF MODULI SPACES
Okounkov and Pandharipande Kontsevich
Kazarian and Lando Mirzakhani

Kim and Liu
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Kontsevich's proof

m A ribbon graph of type (g, n) is a cell decomposition of a genus g surface
with n faces labelled from 1 up to n.

m A metric ribbon graph is a ribbon graph with a positive real number
assigned to every edge — the metric endows each face with a perimeter.

m For fixed positive real numbers by, bo, . . ., by,

M - metric ribbon graphs of type (g, n) with
“¥19:n =1 perimeters of lengths by, bs, . ..., by '

Kontsevich’'s combinatorial formula

n

Y rarer e [ O = 3
k

|ce|=3g—3+n k=1 reTRGg n

FE-Cn 1
Aut T|

ecE(N) Se(e) T Sr(e)

intersection theory on Mg , —— enumeration of ribbon graphs
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Other proofs

m Okounkov and Pandharipande

Hg,n = #{

genus g branched covers of P! with branching profile
p over oo and simple branching at r other points

B - 1— X +d2—-- g
B |AUt,u| H pk! /Mg,, (1 — p1h1)(1 — p2t2) - - - (1 — pnthn)

intersection theory on Mg , +— Hurwitz numbers
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Other proofs

m Okounkov and Pandharipande

Hgm = #{

genus g branched covers of P! with branching profile
p over oo and simple branching at r other points

3 - 1— X +d2—-- g
B |AUt,u| H pk! /Mg,, (1 — p1hr)(1 — p2tbz) - - - (1 — pntn)

intersection theory on Mg , «—— Hurwitz numbers

m Mirzakhani
B genus g hyperbolic surfaces with n geodesic
FenlER= W { boundaries of lengths L, Lo, . .., La
B Z (2']‘1' -[Mg . 1 22 = _gnf"{.{]n LEC‘H Lgaz - LED‘”
- 2|“|ﬂs1!afg! -~ aplm! L no

|| +-m=3g—3+n

intersection theory on Mg , < volumes of moduli spaces

m These volume polynomials satisfy a recursion of the form
Vg.n = a certain integration over Vg1 nv1, Vg.n—1 and Vg, n, X Vg, n,
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Lattice points in moduli spaces of curves

Count lattice points in moduli spaces of curves.

m Let Ng (b1, b2, .. ., bn) be the number of metric ribbon graphs of type
(g, n) with integer edge lengths and perimeters equal to by, by, . . ., bn,

weighted by - amerphisms.

m This gives a discrete approximation to the volume of the moduli space
and a combinatorial problem similar to the Hurwitz problem.

m Since Ng (b1, bs, ..., by) counts tilings of surfaces, it can be calculated
using a matrix integral.

These lattice point enumerations satisfy a recursion of the form

Ng.» = a certain summation over Ng_1 ni1, Ng.n—1 and Ng, n, x Ng, n,

forgi +go=gandn +n=n+1.
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Examples of lattice point polynomials

Corollary

The lattice point enumeration Ng (b1, b2, . . .,

br) is adegree 3g —3 + n

quasi-polynomial in b5, b5, . . ., b3

: 10050029

g n k NE(by, ba, . . ., bn)

0 3 Oor2 1

1 1 0 (05 —4)

O 4 Gord (67 + B2 + b3 + b — 4)

0 4 2 1(B% + b3 + b5 + b — 2)

" 2 0 oz (BF + b3 — 4)(b% + b3 — 8)

" > 2 (b5 + b5 — 2)(bF + b5 — 10)
=5 o s 535 (DF — 4)(bF — 16)(b7 — 36)(5b7 — 32)
- T 0 s (5b7 — 18805 +1152) [[p_, (b5 — 4k?)
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Coefficients of lattice point polynomials

m The top degree part of Ng n(by, bo, . . . , by) stores all psi-class
intersection numbers on Mg p.

m The quasi-polynomial Ng , satisfies Ng (0,0, ...,0) = x(Mg.a)-

m The lattice point enumeration N » approximates the volume of the
moduli space up to a constant factor. Kontsevich and Mirzakhani tell us
that this volume stores all psi-class intersection numbers on Mg n.

m Consider the following meromorphic function and calculate its value at
infinity in two ways.

o0

Z Ng!n(b'l!bZ:- . ,bn)zb1+b2+'--—l-bn I
b11'th ----- b]'.':1
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Eynard—Orantin topological recursion

m INPUT: A Riemann surface C with two meromorphic functions x and y.
m OUTPUT: Meromorphic multilinear forms wg n(Z1, 22, - .., Z,) on C.

m RULE: These multilinear forms satisfy a recursion of the form
wg,n = a certain residue over wg—1 n+1,wg,n—1 and wg, n, X wWg,.n,

forgi+go=gand m +nm=n+1.
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Eynard—Orantin topological recursion

m INPUT: A Riemann surface C with two meromorphic functions x and y.
m OUTPUT: Meromorphic multilinear forms wg n(Z1, Z2, - . ., Z») on C.

m RULE: These multilinear forms satisfy a recursion of the form
wg,n = a certain residue over wg—_1 n+1,wgn—1 and wg, n, X W,

forgi+g2=gandm +nm=n+1.

The multilinear forms associated to the curve xy — y* = 1 are given by

oo

{A.Jg,n(z1122,. - ,Zn) pm Z Ngin(b'l,tb, - .,bn)kuZ;:k_ide
by ,ba,..,bp=1 k=1
wgo = x(Mgo)
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Lattice points in compactified moduli spaces of curves

Count lattice points in compactified moduli space of curves

Example

Points in M, s represent curves of the following types.

M{]5 M[}A x M[}rg Murg X Mn‘,a. x Mu,:a.
1 labelling 10 labellings 15 labellings

Nﬂ,ﬁ(b'l 3 b2: th-.u b41 'bfr) — Nﬂ,ﬁ(b11 b2: b31 bﬂ-? Q-D)
G 3 Z No,4(b;, b, b, Q) - No a(be, bm, 0)

10 terms

+ Y Noa(bi,b;,0) - Nos(bx,0,0) - Nos(be, bm,0)

15 terms
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Compactified lattice point polynomials

m The lattice point enumeration Ny n(b1, bo, .. ., b,) is adegree 3g — 3 + n
quasi-polynomial in b5, b3, . . ., b3.

m The quasi-polynomials Ny , and Ngy.» agree to leading order — so the top
degree part of Ng » stores all psi-class intersection numbers on Mg .

m The quasi-polynomial N, , satisfies Ng (0,0, ...,0) = x(Mg.n)-

g n k Wﬁ:’fﬂ(m,b&...,bﬂ)

0 3 O0or2 1

1 1 0 25 (6% +20)

0 Oor4 1(0% + b3 + b5 + b + 8)
0 2 1(bF + b3 + b3 + b + 2)

4
4

* 2 0 o (bY + b3 + 205 b5 + 4805 + 48b5 + 192)
2 2 sz (D7 + b3 + 20263 + A8b% + 48b3 + 84)
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Questions

The compactified lattice point enumeration Ng,» seems to be the right thing to
study (as opposed to Ng, ).

m Are the coefficients of N, , always positive?
We conjecture (and hope) that the answer is “yes”.

m What geometric information is stored in the coefficients of Ng.n?
The quasi-polynomials Ng , have a Hirzebruch—Riemann—Roch flavour.
So perhaps the coefficients store dimensions of spaces of sections.

m Do the quasi-polynomials Ng.» arise from the Eynard—Orantin topological
recursion?

We conjecture (and hope) that the answer is “yes”.

m There are relations between Ny , and matrix integrals, factorisations in
the symmetric group, integrable hierarchies, etc. What are the
consequences of these connections?
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Compactified lattice point polynomials

m The lattice point enumeration Ny n(b1, bo, .. ., b,) is adegree 3g — 3 + n
quasi-polynomial in b5, b3, .. ., b3.

m The quasi-polynomials Ny , and Ngy.» agree to leading order — so the top
degree part of Ng » stores all psi-class intersection numbers on Mg 5.

m The quasi-polynomial N, , satisfies Ng (0,0, ...,0) = x(Mg.n)-

g n k Nﬁgﬂ:(m,bz,...,bn)

0 3 O0or2 1

1 1 0 25 (b2 + 20)

0 Oor4 1(07 + b3 + b5 + b + 8)
0 2 1(bF + b3 + b3 + b + 2)

4
4

1 2 0 o (bY + b3 + 205 b5 + 4805 + 48b5 + 192)
2 2 sz (D7 + b3 + 20263 + A8b% + 48b35 + 84)
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Lattice points in moduli spaces of curves

Count lattice points in moduli spaces of curves.

W Let Ny n(b1, b2, .. ., bn) be the number of metric ribbon graphs of type
(g, n) with integer edge lengths and perimeters equal to by, bs, . . . , bp,

WEIghtEd by # autoerphisms 3

m This gives a discrete approximation to the volume of the moduli space
and a combinatorial problem similar to the Hurwitz problem.

m Since Ng (b1, bo, ..., by) counts tilings of surfaces, it can be calculated
using a matrix integral.

These lattice point enumerations satisfy a recursion of the form

Ng.» = a certain summation over Ng_1 ni1, Ng.n—1 and Ng, n, x Ng, n,

forgi +go=gandn +n,=n+1.
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Examples of lattice point polynomials

Corollary

The lattice point enumeration Ng »(b1, bz, ..., byn) is a degree 3g —3 + n
quasi-polynomial in b, b5, . . ., b3

g n k NE(by, ba, . . ., bn)

0 3 OQ0or2 1

1 1 0 %(bz—z_t)

0 4 Oor4 1(bF + b3 + b3 + by — 4)

0 4 2 —(b2+b2+b§+b§—2)

1 2 0 =z (05 + b5 — 4)(bF + b3 — 8)

1 2 2 (b7 + b3 )(b2+ —10)

-3 s 535 (DF — 4)(bF — 16)(b7 — 36)(5b7 — 32)
3 1 0 5o (5b7 — 18805 + 1152) [T, (b5 — 4k?)
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Questions

The compactified lattice point enumeration Ng,» seems to be the right thing to
study (as opposed to Ng, ).

m Are the coefficients of N, , always positive?
We conjecture (and hope) that the answer is “yes”.

m What geometric information is stored in the coefficients of Ny 2
The quasi-polynomials Ng , have a Hirzebruch—Riemann—Roch flavour.
So perhaps the coefficients store dimensions of spaces of sections.

m Do the quasi-polynomials Ng.» arise from the Eynard—Orantin topological
recursion?

We conjecture (and hope) that the answer is “yes”.

m There are relations between Ny , and matrix integrals, factorisations in
the symmetric group, integrable hierarchies, etc. What are the
consequences of these connections?
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