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Abstract: | will discuss recent joint work with A. lonescu and S. Klainerman on the black hole uniqueness problem. A classical result of Hawking
(building on earlier work of Carter and Robinson) asserts that any vacuum, stationary black hole exterior region must be isometric to the Kerr
exterior, under the restrictive assumption that the space-time metric shouldbe analytic in the entire exterior region. We prove that Hawking's
theorem remains valid without the assumption of analyticity, for black hole exteriors which are apriori assumed to be "close" to the Kerr exterior
solution in a very precise sense. Our method of proof relies on certain geometric Carleman-type estimates for the wave operator. Time permitting,
some more recent developments will also be surveyed.
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Conjecture 1 Let (M.,t.g) be a stationary,
vacuum (Rie(g) = 0) black hole exterior re-
gion, with connected, regular, non-degenerate
bifurcate event horizon H+ |JH .

Then (M_.;.g) is isometric to a Kerr exterior
(MKerr8M,a), 6 <M.

The Conjecture is proven, under the addition-
nal assumption that g is real analytic up to the
event horizon.

Main Ideas:

Hawking, Friedrich-Racz-Wald: Existence
of a jet of a second, rotational Killing field
Z, tangent to HT|JH .

Analvticity: Implies that Z can be extended
to the entire manifold (M_;.g).

Carter-Robinson T heorem: A stationary and
axisymmetric (M_;.g) is isometric to a Kerr
exterior (Mg .- 8Ma). @ < M.




Theorem 1 (A.-Ionescu-Klainerman.) Assume
(M_.;.2) be as in the Conjecture. Assume ad-
ditionnaly that (M_..;.g) small perturbation of

a Kerr space-time (|S;.1;| < €, for some given
e>0.)

Then (M,.:.g) isometric to a Kerr exterior
(MKerr-8M.a), a < M.

Main Idea: Prove existence of a rotationnal
Killing field Z throughout (M.;:.g), without
analyticity. Appeal to Carter-Robinson The-
orem.

Main Tools: Unique continuation for vacuum
Einstein equations (Carleman estimates; Use
S| < €) = Extension of Killing fields.




Two classical results:

Theorem 2 (Carleman—Calderon) P(x.D) a
second-order uniformly elliptic operator (prin-
cipal symbol a*J(x)£€;), over 2 C R™. Sup-
pose:

P(x, D)u = 0, where u € C>(2).
2 C 2 smooth hypersurface, and u=20 in .

Then u=20 in &+.




Theorem 3 (Hormander) P(x.D) a second-
order wave operator (principal symbol g*i-"'(.r)g:.-:,‘_,.-_),
over 2 C R". Suppose:

P(xz, D)u = 0, where u € C*>(%2).

2 C S2 time-like hypersurface, u = 0 in L,
and L7 strongly pseudo-convex at O € 2_.

Then u = 0 in an open neighborhood of ¥t
near O.




Main steps:

Step 1: (M.g) space-time, Rie(g) = 0. X is
a time-like (or bifurcate null) hypersurface in
M. Suppose g admits a Killing field Z in 2.
Then: If 2~ is strongly pseudo-convex, the
Killing field Z extends into = T.

Consequence of Step 1: Hawking's rota-
tional Killing field Z extends to a real Killing
field in a (small) neighborhood of HT JH .




Step 2: (M.g) space-time, Rie(g) = 0. X is
a time-like hypersurface in M. Suppose (M. g
admits a Killing field T in M. Suppose (M.g)
admits a Killing field Z in 2—. Then if 2~
is strongly conditionally pseudo-convex, then
the Killing field Z can be extended in X T.

Step 3: Suppose (M.;+,g) vaccum stationary
black hole exterior as in our theorem (with
S| < €). Then there exists a function y on
all of M.+ whose level sets are conditionaly
pseudo-convex.

Consequence of Steps 2 and 3: The ro-
tational Killing field Z extends to entire ex-
terior region (M.rt.g). Therefore by Carter-
Robinson, (M..:.g) is isometric to a Kerr ex-
terior.




Proof of Step 1: Unique continuation for
Einstein metrics, via Carleman estimates:

Main Lemma: Let (M.g), (M.g) be vacuum
space-times, Rie(g) = 0. Rie(g) = 0.

Let ¥ . ¥ — be isometric domains in M. M: There
exists an isometry W : M — M s.t. W*g =g in
>

Claim: If 27 is strongly pseudo-convex at P <
¥ —, then g, g are isometric in ¥ 7,¥ T, near P.

Consequence: If Z is Killing for g in 2, then
7 extends into ¥, near P.




Proposition 1 (Hormander:) Let (M.g) Lorentzian
and . C M time-like hypersurface. Suppose

2~ is strongly pseudo-convex at P. Suppose ¢
compactly supported in a small neighborhood

of P in . Then there exists weight function

f > 0 such that:

Let ||¢||;2 :==|le=*f - ¢||;2. Then for A >> 0:
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Proof of Step 1: Unique continuation for
Einstein metrics, via Carleman estimates:

Main Lemma: Let (M.g), (M.g) be vacuum
space-times, Rie(g) = 0. Rie(g) = 0.

Let ¥ —.3 — be isometric domains in M. M: There
exists an isometry W : M — M s.t. W*s = g in
y S

Claim: If 2~ is strongly pseudo-convex at P <
¥ —, then g, g are isometric in ¥ 7,¥ 7, near P.

Consequence: If Z is Killing for g in 2, then
Z extends into X, near P.




Proposition 1 (Hormander:) Let (M.g) Lorentzian
and . C M time-like hypersurface. Suppose

2~ is strongly pseudo-convex at P. Suppose ¢
compactly supported in a small neighborhood

of P in . Then there exists weight function

f > 0 such that:

Let [|¢]| 2 =] e S - ¢||;2. Then for A >> 0:




The PDE-ODE system: Let 7 be vector field
s.i.

L et v'.2¢ be frames s.t.:

D_I-Tl':l —k) E}ITE:E. —

Let I'yp..I5. be the connection coefficients
for D, D for these frames. Define:

(dR) abed = (R)abed — (R) abed:
(d0)abe = (Dabe — (D)aber (d8)ab = Zab — Eab-

Main eqguations:




04(dR) = m(dR)+m(dg)+m(dL)+m(8(dT ).

7(dg) = m(dI') + m(dg).

7(dTl 43 .) = m(dRz.5.) + m(dl).

Main Claim:

Og(dR)-x|| 2 < C[l|dR-x|| 2H{|8(dR)-x|| 2+|F0x]| 2]




Lemma 1 If o = 0 on L, ¢ € C3° then for
A>>0:

Estimates:

{__' . i i i

| ‘.‘\I

dr x|l 2 < —=l[dR-x]| (D) x| 2 HIZOO I 2]

>

v

C
odI - Wi|[{_\{ FJ(ITTR) X f + (fYR} X|| j > T

dr’ - x|l g2 + 170N 2]
(1)




0(dR) = m(dR)+m(dg)+m(dL)+m(8(dT ).

7(dg) = m(dI') + m(dg).

7(dTl 43 .) = m(dRz..) + m(dl).

Main Claim:

Og(dR)-xl| 2 < CllldR || 2+/|8(dR)-xl| ;2+||B0xl| ;2]




Theorem 1 (A.-Ionescu-Klainerman.) Assume
(M_,;.2) be as in the Conjecture. Assume ad-
ditionnaly that (M_..;.g) small perturbation of

a Kerr space-time (|S;..| < €, for some given
e>0.)

Then (M,.;.g) isometric to a Kerr exterior
(-hrffs__r'r“?—’Q_U,.:.g).- a< M.

Main Idea: Prove existence of a rotationnal
Killing field Z throughout (M,.;:.g), without
analyticity. Appeal to Carter-Robinson The-
arem.

Main Tools: Unique continuation for vacuum
Einstein equations (Carleman estimates; Use
S| < €) = Extension of Killing fields.




