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Abstract: Non-relativistic quantum mechanics is derived as an example of entropic inference. The basic assumption is that the position of a particle
is subject to an irreducible uncertainty of unspecified origin. The corresponding probability distributions constitute a curved statistical manifold. The
probability for infinitesimally small changes is obtained from the method of maximum entropy and the concept of time is introduced as a
book-keeping device to keep track of how they accumulate. This requires introducing appropriate notions of instant and of duration. A welcome
feature is that this entropic notion of time incorporates a natural distinction between past and future. The Schroedinger equation is recovered when
the statistical manifold participates in the dynamics in such a way that there is a conserved energy: its curved geometry guides the motion of the
particles while they, in their turn, react back and determine its evolving geometry. The phase of the wave function& mdash;not just its
magnitude& mdash;is explained as a feature of purely statistical origin. Finally, the model is extended to include external electromagnetic fields and
gauge transformations.
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Question:

Do the laws of Physics reflect Laws of Nature?
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Question:

Do the laws of Physics reflect Laws of Nature? Or...

Are they rules for processing information about Nature?

Statistical Mechanics and Thermodynamics are
derivable as rules of inference.

Our objective:
To derive Quantum Theory as Entropic Inference.
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Entropic Inference

prior
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Entropic Inference

rior )
P constraint
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Entropic Inference

rior .
P constraint

- -
— -

p(x:)m
x)

S[p.q1=—[ dx p(x)log

Maximize S[p,¢] subject to the appropriate constraints.
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Entropic Inference
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Entropic Inference

posterior

rior .
P constraint

—

p{x)

e

S[p.q1=—[ dx p(x)log

Maximize S[p, ¢] subject to the appropriate constraints.
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Step 1: The Statistical Model

A particle lives in 3d Euclidean configuration space:
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X configuration space with metric y,, =—=
o

Pirsa: 10050021 Page 25/141




: ; : o,
X configuration space with metric y_, =—=

O
M  statistical manifold of distributions p{y | x}
6
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Step 2: Entropic Dynamics
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The particle moves from x to a new x’
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We need the joint distribution P(x’, y").
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Step 2: Entropic Dynamics
The particle moves from x to a new x’

Neither ¥ nor ¥ are known: the relevant space is X x X
We need the joint distribution P(x’, y").

To find it maximize the joint (relative) entropy

P(x',y")
o(x", y")

S,[P.Q]=—| d'dy’ P(x'. y")log

\
=
¥ -9
e [




P{x_y | x)
x)log - S
ENX, ¥ | x)

SJ[P‘ Q] = _‘_ c‘i\"cﬁ"_Pi l"‘ '-1-'
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P(x,y | x)

S,[P.O]= —'. dc'dy' P(x'.y'

od

.T}]_Qg . : -
(Xx,y | x)

Prior: O(x’,y’| x)
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Pty ] x)

o(x',v'| x)

e

x)log

S,[P.0]=—| d’dv’ P(x". ¥

Prior: O(x',y'|x) ol uniform!
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ze,, .5 P(x’,y'| x)
S,[P.Q]=—[ &'y’ P(x'.3"| x)log ——= E

S

O(x',y'| x)
Prior: O(x',y'|x) ol uniform!

First constraint:

P(x.y'| x)=P(x'| x)P(y'| x', x)
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P(x". 3| x)

S.[P.0]=— j d'dy' P(x. 1| x)log

S

O(x'.v'| x)
Prior: O(x',y'|x) ol uniform!

First constraint:

P(x.y'| x)=P(x'| x)P(y'| X, x) = P(x"| x) p(¥'| x')
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vy | x)
O(x".yv'| x)

S, [P.O]=— j d'dy’ P(x'. 3| x)log

S

Prior: O(x’,y"'|x) ol uniform!

First constraint:
P(x',y'| x)=P('| x)P(Y' | x,x) = P(x' | x) p(¥'| x)

Second constraint:
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MNx. ¥y |x
O(x'.y'| x)

o

S,[P.Q]=—| @'y’ P(x'.3"| x)log

Prior: O(x’,y'|x) ol uniform!
First constraint:
P(x,y'| x)=P('| x)P(y'| x,x) = P(x | x) p(¥'| x)

Second constraint:

Short steps: (A€ =(y Ax*Ax") = ¥ (x)
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The resulit:
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The resulit:

P(x'| ¥) =~ exp[S(x')— — a(x)AL]

£ 2
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The resulit:

Péx|x)— : exp[S(x")— lat(;!c) A7

Vs 2

where  S(x)=—[d p(y'| ¥)log p(’ | x")
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For large a or short steps:

PG| x)= - expl— alx)y.,(A" — A% XAx’ —A%")

—
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For large « or short steps:

PG| x)= - expl— al@)y.,(A" — A% XAx — A%")

—

Displacement: Ax® = Ax® + Aw”
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For large « or short steps:

PG| x)= - expl— al®)y..(Ax" — A% Yo% — A%)

—

Displacement: Ax® = Ax® + Aw”
—a 1 ab
Expected drift : T — d,S(x)
a(x)
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For large a or short steps:

1 1 L =
P | )~ expl a(x)y., (Ax" — A" A" —A%°)
Displacement: Ax® = Ax® + Aw”
i 1 i
Expected drift : A d,S(x)
a(x)
-
Fluctuations: (AW*Aw’) = ¥

alx)
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After a single step:
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After a single step:
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After a single step:

P(x| x)
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After several steps:

LX) N\

M
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Step 3: Entropic Time
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Step 3: Entropic Time

Time iIs introduced to keep track of the accumulation
of many small changes.
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After several steps:
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After a single step:
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After a single step:
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Step 3: Entropic Time

Time is introduced to keep track of the accumulation
of many small changes.

The foundation of any notion of time Is dynamics.
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Step 3: Entropic Time

Time is introduced to keep track of the accumulation
of many small changes.

The foundation of any notion of time is dynamics.

P(x") = [ deP(x',x) = | @xP(x'| x)P(x)

(1) Introduce the notion of instant

p(x'. 1) = | dx P(<'| x)p(x.1)
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(2) Introduce the naotion of interval between instants
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The interval Ar between successive Instants Is
determined by tuning arx).
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The interval Ar between successive instants Is
determined by tuning arx).

For large a or short steps:

PG x)=  expl— alx)y,,(ax" — A% XAx* —A2°)]
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(2) Introduce the notion of interval between instants

The interval Ar between successive instants is
determined by tuning arx).

For large a or short steps:

P [ x)=  expl— alx)y,,(Ax" — A% XAx' —A2°)]

Define duration so that motion looks simple:
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(2) Introduce the naotion of interval between instants

The interval Ar between successive instants is
determined by tuning arx).

For large a or short steps:

PG x)= . expl— ax)y,. (Ax" — A" XA% —A%")

Define duration so that motion locks simple:

a(x) = i
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The result is a Wiener process:
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The result is a Wiener process:

1 T

a — b —b
P |5 expl—— -8, (A% —AF XAx —AF)]
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The result is a Wiener process:

T

___&,.(Ax" A" NA A
S s X )]

P& |5~ exp

Displacement: Ax® = B°Af + Aw”
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The result is a Wiener process:

1 T ,
P(x’ - = 5, (Ax® — Ax*Y(Ax® — AX®
( \x)=ze>l1:=[ =i € X )]
Displacement: Ax® =B°Af + Aw”
. | o
Drift velocity: b°(x)=—202°S(x)

T
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(2) Introduce the naotion of interval between instants

The interval Ar between successive instants is
determined by tuning arx).

For large « or short steps:
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The result is a Wiener process:

1 T - g -
P(x"| x) = ~ exp[— gazm%(ér —Ax*Y(Ax" — AX")]
Displacement: Ax® =b°Af + Aw”
. . o
Drift velocity: b%(x)=—08°S(x)

T
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The result is a Wiener process:

]. T a —a b =2
PG | x)m — expl—— 8, (Ax" — A% YA — AF")]
Displacement: Ax® = b°Af + Aw”

. . o
Drift velocity: b%(x)=—08°S(x)
T
Fluctuations: (AW Aw’) = 9 At

T
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Fokker-Planck equation: 2.p=—0_(pv®)
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The result is a Wiener process:

]. T a e b =2

PG | x)m — expl— — 8, (Ax" — A%" J(AX" — A%)]
Displacement: Ax® =b°Af + Aw”

. . o
Drift velocity: b(x)=—08°S(x)

T
: T ek S NG

Fluctuations: (Aw'Aw’ ) =—Atd
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Fokker-Planck equation: 2. p=-C_(pv")
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Fokker-Planck eguation: &p—a (pv)

o
v =—0°¢
T
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Fokker-Planck equation: g p—@a (pv)

v==05%%  $=S—logp"
Y 3
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Fokker-Planck equation: 2.p=—0_(pv®)

v e $=S—log P
T

e __..-F"'.
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Fokker-Planck equation:  2,p=—-0_(pv")

v e $= S—log P
T
v =b"+u"
= - a o-‘?' a
drift velocity: b —— 'S
T
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Fokker-Planck eguation:

0,p=—0,(pv")

Vv :iaﬂgs $—S—log P
T
v =b% +u”
= - a Jz a
drift velocity: b — &3
T
. 7 L Soe ek

osmotic velocity: e

2t p
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Fokker-Planck equation:  &.p=—-2_(ov%)

l?

o
v{!:—aa¢ ¢:S_logplf2
T
354 g -
v =b" +u”
: : o & =
drift velocity: b — &3
T
o’ &°p
osmotic velocity: =
2t p
0_2
- GSIOmCUnEnE: ot — 8p
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But this is just diffusion, not quantum mechanics!
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:

T(x, t) - plfzergﬁ'(x,rj
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:
'LP'(x, t) = plizefgﬁ(x,tj

P(x)
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:
'LP(x, t) = plfzergﬁ(x,l‘:}

p(x)

#(x,t) = S(x)—logp"*(x,£) ??
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:

T(x, t) = plfzei'gﬁ'(x,l‘}

o(x, t)%z(x, £) 77
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:

"P(x, f) = plfzergﬁ(x,rj
px)

o(x, t)%z(x, £) 77
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But this is just diffusion, not quantum mechanics!

A wave function requires two degrees of freedom:

\P'(x, t) = pUZEIgﬁ'(x,I:}

() i p(x)
T 3 3
i

¢(x,t)%z(x,g 72 §(x.1) = S(x, ) ~logp"* (x,0)
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Step 4: Manifold dynamics?
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Energy conservation
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979). Smolin (2006)]
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979). Smolin (2006)]

E= J-depL'-lya& vV’ + By, u'u’ +V(x)]
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979). Smolin (2006)]
= IdepLdya& vV’ + By, u'u’ +V(x)]

EIY.- N
E —J.djxpkimv“ +§,uu" j-V(x)}
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979), Smolin (2006)]
= J-depLdya& vV’ + By, u'u’ +V(x)]

E= _[ d’x p[l mv° +%,uu2 +V(x)}

2
e
where ==

a

ag
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979), Smolin (2006)]

E= J-dExp L’-lyaé vV’ + By, u'u’ +V(x)]

o N R, N
E—Id%p{imv“ﬂ-ayu‘ﬁ-l?(x)}

2A
where m=— = i

.

L r

a ag
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979), Smolin (2006)]
= J-dep Lﬁly@ vV’ + By, u‘u’ +V(x)]

E— dexp[ mv’ —|— ,uu TP(x)}

fJZAqr

where

Ql
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979), Smolin (2006)]
= J-dExp Lﬁl}faé vV’ + By, u'u’ +V(x)]

== jd xp[ mv° +—,uu —P(x)}

[\)ZAqr

mMass

where
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979), Smolin (2006)]

= J-dExp Lfl}fa& vV’ + By, u'u’ +V(x)]

E— dexp[ mv° —|——yu —P(x)}

[\)ZAqr

mMass osmotic mass

where
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979). Smolin (2006)]
= J-dep Lﬁlyﬂé vV’ + By, u'u’ +V(x)]

E— jdxp[ mv° —|- yu -r]'/(x)}

[\)ZAqr

mass osmotic mass

where
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The result: two coupled equations
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Step 4: Manifold dynamics?

Energy conservation
= IdExpLdya& vV’ + By, u'u’ +V(x)]

E= _[d xp[ mv° T—;tu -rT/(x)}

[JzAr;r

Mass osmotic mass

where

[Nelson (1979), Smolin (2006)]
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The result: two coupled equations
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The result: two coupled equations

1) Fokker-Planck / diffusion equation

p=——"L(pd.¢)
m
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The result: two coupled equations

1) Fokker-Planck / diffusion equation

p=——"Lo"(pd.¢)

m

2) energy conservation + diffusion

3 q?. 3 #qi VZPUE
i S g +V ——= —=0
ng 2m( 9 "
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We can always combine p and ¢

Into a wave function: g e
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We can always combine p and ¢

Into a wave function: = p“Z o'?

Schrédinger equation:

-~

in? =1 vy py
2m
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We can always combine p and ¢

Into a wave function: = plf’z o'?

Schrédinger equation:

2 2 2 -
iﬂ’z—%VELPJrV‘P + gm[lzjv(ikp)n)‘ 52
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We can always combine p and ¢

into a wave function: L S et

Schrédinger equation:

2 2 2 o
mkiJ:—;’—_szqu' + gm[lzjv(g)“); 52
m

* Non linear
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We can always combine p and ¢

into a wave function: e & et

Schrédinger equation:

2 2 2 =Y/ 2
int-- T v, pp 1 [IPJV (e f)‘ﬁ 82
Zm 2m m (LPLP*)“
* Non linear

* Complex numbers
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We can always combine p and ¢

Into a wave function: P — pHZ o

Schrédinger equation:

in =1 vy pyp
2m

* Non linear
* Complex numbers
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One more constraint: Electromagnetism
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One more constraint: Electromagnetism

First constraint: P(x',y' | x)=P(x'| x) p(" | x")
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One more constraint: Electromagnetism

First constraint: P(x',y' | x)=P(x"| x) p(' | x")

Second constraint: (A€%) =(y_ Ax*Ax") = A (x)
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One more constraint: Electromagnetism

First constraint: P(xX',y'| x)=P" | x) p(3' | x)

Second constraint: (A€%) =(y_ Ax*Ax") = A (x)

Third constraint:  (Ax"A4 (x)) =C
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The result:
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The result:

P(x') x):l: exp[S(x')—%a
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The result:

1

P(x'| x)=— exp[S(x)— - aAl” — fAx"A4, (x)]

-

2 :ﬁ[aa¢_ma]
m
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The result:

1 1

P(x'| I)ZE eX.-?[S(X')—ECIﬁfE — PAx"A (x)]
a h[ a a 31T h: o 2
vi="log-pat| = i¥=—"_(5,-ipa P+
m 2m
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The result:

1 1

P(x’| x)ZE EK?[S(-’C')—ECI&&"’E — BAX"A (x)]
A b riw g bee ik
vi="lorg-prr| = m¥-—"_—(6,-ipayrrw
m 2m L,\
ﬁ_i
ke




The result:

P(x'| x) = — exp[S(x')— ~ @ AL’ — fAX"A,(x)]

& 2

B :
8. —ifA VP +V¥
2m( k 164{)

Electric charge Is a Lagrange multiplier: B

» — E[EEJ&¢— ﬁA’”’] - B =—
m




The result:

P(x'| x) = — exp[S(x')— — @AL’ — fAX" A, ()]

i 2

2
7 h[6a¢—ﬂ4“] = ihLP—;m(éaiﬂ«ia)sz+VP

et 8 =

Electric charge is a Lagrange multiplier: ¥ = E

Gauge invariance reflects a symmetry between
information codified into the first and the third constraints.
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Conclusion:

On Laws of Physics vs. Laws of Nature:

Entropic inference can lead to Laws of Physics.
Provides an alternative to the Action Principle.

Entropic inference leads to irreversible time.

Statistical interpretation of the phase of the wave function:

¥—p'"’d* and ¢=—S—logp'”’
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Conclusion:

On Laws of Physics vs. Laws of Nature:

Entropic inference can lead to Laws of Physics.
Provides an alternative to the Action Principle.

Entropic inference leads to irreversible time.

Statistical interpretation of the phase of the wave function:

LPZPUEQI@ — ¢:S—logpm -~ lI;:p{I—z}f?. &=
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The result: two coupled equations

1) Fokker-Planck / diffusion equation

p=——"L(pd.¢)
m
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The result: two coupled equations

1) Fokker-Planck / diffusion equation

p=——"L(pd.¢)

m

2) energy conservation + diffusion
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Step 4: Manifold dynamics?

Energy conservation [Nelson (1979). Smolin (2006)]
= J-dgxp L’-l}fa& vV’ + By, u'u’ +V(x)]

E— Id&p[ mv° —|——yu —V(x)}

fJZAqr

mass osmotic mass

where
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The result: two coupled equations

1) Fokker-Planck / diffusion equation
p=—"15(pd.9)
m

2) energy conservation + diffusion

., 2 B
ke o +¥ ———
e ' p

V2p1f2

1/2

—
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= The result: two coupled equations

__f 1) Fékker—Planck / diffusibn equatiol
p=—"e(po,g)

m
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-.The résult: tWo coupled equations

1) Fokker-Planck / diffusion equatiol

p=—"o(po.$) -
m

|-l—ln|||||a

(LRI (0P L] e (I
|

o Sl = 2) eherg-y- cionservation + diffusion -

T

E

|
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The result: two coupled equations

% (0] o

1) deker—PIanck / diffusion equatiol
p=-Lo(pog) -

m

| _“’iHIWWWI RNk

d ARl ot eherg-y- c;onservation + diffusion -
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= Step 2: Entroplc Dynamlcs

- The particle moves from x to a new x!
— | Neither x" nor y are known: the releva
=l B | | _ _ |

EllA We need the joint' distribution P(x’, y")
= - To fi nd it maximize the jomt (relative) €
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Step 2: Entropic Dynamics
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