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Stability Analysis
e Will use the property captured by (95) as working definition of stability.

e In particular, if you believe (95) is true for the wave equation, then you believe
the wave equation is stable.

e Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:
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Stability Analysis

One of the most frustrating/fascinating features of FD solutions of time
dependent problems: discrete solutions often “blow up”—e.g. floating-point
overflows are generated at some point in the evolution

‘Blow-ups” can sometimes be caused by legitimate (!) “bugs'—i.e. an

incorrect implementation—at other times it is simply the nature of the FD

scheme which causes problems.

Are thus lead to consider the stability of solutions of difference equations
Again consider the 1-d wave equation, us = iz,

Note that it is a /inear, non-dispersive wave equation

Thus the “size” of the solution does not change with time:

ulx.t)|| ~ llulz,. V)|l . (95)

where || - || is an suitable norm, such as the L2 norm:

L. T = ( /.1 w(x.t)* da ) : (96)
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Stability Analysis
e Will use the property captured by (95)) as working definition of stability.

e In particular, if you believe (95)) is true for the wave equation, then you believe
the wave equation is stable.

e Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:

I i)

e FD solution constructed by iterating in time, generating
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Stability Analysis
e Not guaranteed that (97)) holds for all values of A = At/ Ax

e For certain \. have
i il
l'.llr > (!
! !

n

and for those A, diverges from u, even (especially!) as i — O—that is,

the difference scheme is unstable.
e For many wave problems (including all linear problems), given that a FD

scheme is consistent (i.e. so that 7 — 0 as i — (), stabilit

and sufficient condition for convergence (Lax's theorem).
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Stability Analysis
e Will use the property captured by (95]) as working definition of stability.

e In particular, if you believe (95)) is true for the wave equation, then you believe
the wave equation is stable.

e Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:

r.-—-—l ’ I H—l _' T i i} ri b
il = _3-'! -l = T \ (H — ,jf." T U )
] J /
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Heuristic Stability Analysis

e Write general time-dependent FDA in the form

u" = Gu". (98)

e GG is some update operator (linear in our example problem)

u is a column vector containing sufficient unknowns to write the problem in

first-order-in-time form.

Example: introduce new, auxiliary set of unknowns, v, defined by

n+1 1 r 9 f rn 1 n g / \
| — u. —v. + \‘(rr — %" +u ) _ (99)
J ] ] 7+1 ] ] —1
n—+1 n
v = u.., (100)
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Heuristic Stability Analysis

e Write general time-dependent FDA in the form

u"' ' =Gu", (98)

e G is some update operator (linear in our example problem)

e u is a column vector containing sufficient unknowns to write the problem in
first-order-in-time form.

e Example: introduce new, auxiliary set of unknowns, "T- defined by

”.'.l——l _ 2”u - f.” g \J (r'.'ll.ll B :“n n ”_r_u l) . [99]

j_u-l — ffh. (100)
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Heuristic Stability Analysis

Write general time-dependent FDA in the form

u" = Gu]. (98)

e G is some update operator (linear in our example problem)

e u is a column vector containing sufficient unknowns to write the problem in
first-order-in-time form.

e Example: introduce new, auxiliary set of unknowns, r'If’. defined by @

uttt = %™ — " 4+ 22 (afllj_ —2u- +u: l) : (99)

v, = % (100)

0030104 ] 7 A 'Page 9/55
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Stability Analysis
e Will use the property captured by (95) as working definition of stability.

e In particular, if you believe (95) is true for the wave equation, then you believe
the wave equation is stable.

e Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:

.'.-+1 i ri .fJ—I 2 [ ri i I rn ]
P— __]:'! — U 4+ A€ i — 2u - U

] ] ] 1+1 = j—1
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Heuristic Stability Analysis

Write general time-dependent FDA in the form

u" ! = G (98)

G is some update operator (linear in our example problem)

e u is a column vector containing sufficient unknowns to write the problem in
first-order-in-time form.
e Example: introduce new, auxiliary set of unknowns, «";’. defined by @

.|.l—'—1 1 g f 1 1 T i
T = u" — v + \-("’J..| — ' —-—HJ.I) _ (99)

v, = u.. (100
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Heuristic Stability Analysis

e | hus with

(for example), (99-100) is of the form (98)).
e Equation (98) provides compact way of describing the FDA solution.

. s 2 : i) . ~ & -
e Given initial data, u", solution after n time-steps is
n « 1 L
g = u (101)

where G" is the n-th power of the matrix G.

e Assume that G has a complete set of orthonormal eigenvectors
e k=12 --J.
and corresponding eigenvalues

-+ .
D030104 k. Gl e Page 12/55
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Heuristic Stability Analysis

e [ hus have
Ger=pmper, k=12 ---J.

e Can then write initial data as (spectral decomposition):

i)
L+

where the ¢, are coefhicients.

e Using ((101)), solution at time-step 7 is

< |
u" = G"|) e (102)
k=1
J
— Z f'lj_li Wegt I“ S . (103)
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Heuristic Stability Analysis

e |f difference scheme is to be stable, must have

Ik k=12 (104)
(Note: 15 will be complex in general, so |jt| denotes the complex modulus,
jr| = )

e Geometric interpretation: eigenvalues of the update matrix must lie onor
within the unit circle
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Heuristic Stability Analysis

Im
'

e Schematic illustration of location in complex plane of eigenvalues of update
matrix G.

e In this case, all eigenvalues (dots) lie on or within the unit circle, indicating
that the corresponding finite difference scheme is stable.
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Heuristic Stability Analysis

Im
'

il circle

\
'

Re

e Schematic illustration of location in complex plane of eigenvalues of update
matrix G.

e In this case, all eigenvalues (dots) lie on or within the unit circle, indicating
that the corresponding finite difference scheme is stable.
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Von-Neumann (Fourier) Stability Analysis
(Summary)

e Von-Neumann (VN) stability analysis based on the ideas sketched above

e Assumes that difference equation is linear with constant coefficients, periodic
boundary conditions boundary conditions are periodic

e Can then use Fourier analysis: difference operators in real-space variable r —
algebraic operations in Fourier-space variable A

e VN applied to wave-equation example shows that must have

3

for stability of scheme (16)).

e Condition is often called the CFL condition—after Courant, Friedrichs and
Lewy who derived it in 1928

e This type of instability has “physical” interpretation, often summarized by the
0030104 : . Page 17/55
statement the numerical domain of dependence ol an explicit difference scheme
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Von-Neumann (Fourier) Stability Analysis
(Summary)

e Von-Neumann (VN) stability analysis based on the ideas sketched above

e Assumes that difference equation is linear with constant coefficients, periodic
boundary conditions boundary conditions are periodic

e Can then use Fourier analysis: difference operators in real-space variable r —
algebraic operations in Fourier-space variable k

e VN applied to wave-equation example shows that must have

for stability of scheme (16)).

e Condition is often called the CFL condition—after Courant, Friedrichs and
Lewy who derived it in 1928

e This type of instability has “physical” interpretation, often summarized by the
0030104 ; 7 : ' Page 18/55

statement the numerical domain of dependence ol an explicit difference scheme
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Von-Neumann (Fourier) Stability Analysis
(Summary)

e Von-Neumann (VN) stability analysis based on the ideas sketched above

e Assumes that difference equation is linear with constant coefficients, periodic
boundary conditions boundary conditions are periodic

e Can then use Fourier analysis: difference operators in real-space variable r —
algebraic operations in Fourier-space variable A

e VN applied to wave-equation example shows that must have

for stability of scheme (116)).

e Condition is often called the CFL condition—after Courant, Friedrichs and
Lewy who derived it in 1928

e This type of instability has “physical” interpretation, often summarized by the
0030104 : . Page 28/55

statement the numerical domain of dependence of an explicit difference scheme



J Lec . pdf (application/pdf Object) - Mozilla Firefox

e Ecit View Hstory Bookmarks Tools Heip

» i hitp: /fbh0.phas. ubc .ca/2010-pl-ne flac/vessk] [Lac] .pdt

B Minek \Visibasd ' (aabtirg Sharted | srmst Headliree

Von-Neumann (Fourier) Stability Analysis
(Summary)

e Von-Neumann (VN) stability analysis based on the ideas sketched above

e Assumes that difference equation is linear with constant coefficients, periodic
boundary conditions boundary conditions are periodic

e Can then use Fourier analysis: difference operators in real-space variable r
algebraic operations in Fourier-space variable A

e VN applied to wave-equation example shows that must have

for stability of scheme (116)).

e Condition is often called the CFL condition—after Courant, Friedrichs and
Lewy who derived it in 1928

e This type of instability has “physical” interpretation, often summarized by the
0030104 : : Page 29/5

statement the numerical domain of dependence of an explicit ditference scheme
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