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THE 3+1 EINSTEIN EQUATIONS

These notes rework the calculation of the 3+1 equations as presented in Kinematics and Dy-
namucs of General Relatuity, by J. W. York, Jr., which itself is contained in the volume Sources of
Gravidational Radwation, edited by L. Smarr. Many calculational details omitted from that source
are included here.

{Note: A colleague of mine, who will remain anonvmous this week, has used these notes to
demonstrate the power of his symbolic manipulation software and has found at least one error
amongst the manv “intermediate” results that are derived below. There is a $20 reward for the
PSI student who first identifies such an error and who submits a hand-written explanation of the
gaffe, along with the corrected expression, to the tutor.)

1) Foliations and Normals

As before, we consider a spacetime M with metric g, which is sliced into a foliation {X} defined
by the isosurfaces of a scalar field 7 (the time parameter). Then the spacelike hvpersurfaces are,
at least locally, described by a closed one-form (dual vector field), €,:

-
-

= vd‘,‘" : | l )
Note that since 2, is the gradient of a scalar function, and V¥, is torsion-free, we have
Viaflg = Vi Vgr = 0. (2)

The norm of £1, s given by
Pirsa: 10030102 g“bf.!a = —a 2, | .} Page 65/104

where ar is the lapse function. as previously. Thus we can construct the unit-norm dual-vector field.
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I') FONATIONS anda Normais

As before, we consider a w‘p:iﬁ'lill]v M with metnic Tab which 1s sliced into a foliation {EI defined
by the isosurfaces of a scalar field 7 (the time parameter). Then the spacelike hypersurfaces are.
at least locally, described by a closed one-form (dual vector field), Q,:

!_n = v..-.T s 1 l )
Note that since {1, i1s the gradient of a scalar function, and V , is torsion-free, we have
Vie!lg = Vi Vyr = (2)

The norm of €2, 1s given by
g0y = —a™2, (3)
where a is the lapse function, as previously. Thus we can construct the unit-norm dual-vector field.
Ny, Via
Ng = —ally = —uv.;;'. (4)

where the sign is chosen so that the associated unit-norm, hypersurface-orthogonal vector field, n®
n :ybnb_ (5)

is future-directed. Note that we can view n® as the 4-velocity field of a congruence of observers
moving orthogonally to the slices (not necessarily coordinate-stationary ). Such observers will have
a 4-acceleration, a® given by

b — noVn®. (6G)

Pirsa: 10030102 Page 66/104
2) The Projection Tensor and the Spatial Metric
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where a is the lapse function, as previously. Thus we can construct the unit-norm dual-vector field,
ng. via
Ng = —afly = —aVar, (4)

where the sign is chosen so that the associated unit-norm, hypersurface-orthogonal vector field, n®,
n =g ny, (5)

is future-directed. Note that we can view n® as the 4-velocity field of a congruence of observers
moving orthogonallv to the slices (not necessarilv coordinate-stationarv). Such observers will have
a 4-acceleration, a® given by

a® =n°Vn®. (6)

2) The Projection Tensor and the Spatial Metric

In the derivation of the 3+1 form of the Einstein equations, we will necessarily be interested in
decomposing various spacetime tensors into hvpersurface-tangential ( “spatial” ) and hypersurface-
orthogonal ( “temporal™ ) pieces. Determining the “temporal™ part of a tensor is straightforward. we
simply contract with n®. York throws in a slight twist by introducing a relative minus depending
on whether a vector or covector index is being projected. Thus, for a vector field, W?, we define

W" =-W%,, (7T)

Pirsa: 10030102 Page 67/104
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where a is the lapse function, as previously. Thus we can construct the unit-norm dual-vector field.
ng, Via

Ng = —fl!.!‘l = —llvﬂ‘»- ¥ Ill‘

where the sign is chosen so that the associated unit-norm. hvpersurface-orthogonal vector field. n®.
n =qb”f,, (5)

is future-directed. Note that we can view n? as the 4-velocity field of a congruence of observers
moving orthogonally to the slices (not necessarily coordinate-stationary). Such observers will have

b

a 4-acceleration, a” given by

a® =n°Vn®. (6)

2) The Projection Tensor and the Spatial Netric

In the derivation of the 3+1 form of the Einstein equations. we will necessarily be interested in
decomposing various spacetime tensors into hvpersurface-tangential ( “spatial” ) and hypersurface-
orthogonal ( “temporal™) pieces. Determining the “temporal™ part of a tensor is straightforward, we
simply contract with n®. York throws in a slight twist by introducing a relative minus depending
on whether a vector or covector index is being projected. Thus. for a vector field. W, we define

W" = —-W%,, (7)

Page 68/104
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where a is the lapse function, as previously. Thus we can construct the unit-norm dual-vector field,
ng, Via
Ng = _'l!._!q = _llvur. |-l|

where the sign is chosen so that the associated unit-norm, hyvpersurface-orthogonal vector field, n®,
n" =q" ny, (5)

is future-directed. Note that we can view n? as the 4-veloaty field of a congruence of observers
moving orthogonally to the slices (not necessarily coordinate-stationary ). Such observers will have
a 4-acceleration, a® given by

a® =n®V n". (6)

2) The Projection Tensor and the Spatial Netric

In the derivation of the 3+1 form of the Einstein equations. we will necessarily be interested in
decomposing various spacetime tensors into hypersurface-tangential ( “spatial” ) and hypersurface-
orthogonal ( “temporal”™) pieces. Determining the “temporal™ part of a tensor is straightforward. we
simply contract with n®. York throws in a slight twist by introducing a relative minus depending
on whether a vector or covector index is being projected. Thus, for a vector field. W*?, we define

W™ =-—-W%,. (7)
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simply contract with n®. York throws in a shght twist by introducing a relative minus depending
on whether a vector or covector index is being projected. Thus, for a vector field, W*®, we define

W" = —-W%,. (7)

and. in general, any upstairs n index denotes that the original tensor index has been contracted
with —ng. On the other hand, for a dual vector field. W,. we define
Wi = +Wan". (¥)
and then any downstairs n index denotes contraction with +n“. To determine the spatial parts of
tensors, it 1s convenient to ntroduce the notion of a projection tensor which, as the name suggests,
projects tensors onto the hypersurface. The mixed form of this two-rank tensor is denoted 1% and
1s defined by
1% =6 +n"ng. (9)
Pirsa: 10030102 Page 70/104
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and, in general, any upstairs n index denotes that the original tensor index has been contracted
with —ng. On the other hand. for a dual vector field. W,. we define

Wi = +Wan", (%)

and then any downstairs n index denotes contraction with +n“. To determine the spatial parts of
tensors, it is convenient to introduce the notion of a projection tensor which, as the name suggests,
projects tensors onto the hypersurface. The mixed form of this two-rank tensor is denoted 1% and
is defined by

%= 4+n"n. (0)

|
-,

Note the relative “+" between the identity tensor and n®ny which follows from the Lorenztian
signature on spacetime. By construction. we have

1n® =1%n"= (6% +n"np)n®=n®—n®=0, (10)
where we have also introduced the notation that a | with no indices. operating on an arbitrary
tensor expression, means apply the projection tensor to very free tensor index in the expression.
Thus, for example

1 8=1%1511,8. (11)

Any tensor which has had all its free indices projected in this manner is called a spatial tensor. It
is worth emphasizing the rather obvious point that L applied to any tensor expression of the form
“tensor product of n® (or n,) and something else”, vanishes. We will use this fact manyv times in
the following.

R e e I R bl e L e o e R s e = I A e i ) e
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and. in general. any upstairs n index denotes that the original tensor index has been contracted
with —n,. On the other hand. for a dual vector field. W,. we define

Wa = +Wan®. (R)

and then any downstairs n index denotes contraction with +n“. To determine the spatial parts of
tensors, it is convenient to introduce the notion of a projection tensor which, as the name suggests,
projects tensors onto the hypersurface. The mixed form of this two-rank tensor is denoted 1% and
is defined by

1% =6 +n"n,. (D)

Note the relative “+7 between the identity tensor and n®ng which follows from the Lorenztian
signature on spacetime. By construction. we have

a b

= pn® = (8% + n®ng) n® = n® — n® =0, (10)

4N

|
=

1l

where we have also introduced the notation that a | with no indices, operating on an arbitrary
tensor expression, means apply the projection tensor to very free tensor index in the expression.
Thus, for example

L S%e=1%15%11.5%;. (11)

Anyv tensor which has had all its free indices projected in this manner is called a spatial tensor. It
is worth emphasizing the rather obvious point that L applied to any tensor expression of the form

birsa: 10030102 emsor product of n® (or ngy) and something else”, vanishes. We will use this fact many times in
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projects tensors onto the hvpersurface. The mixed form of this two-rank tensor is denoted 1% and

is defined ]i_\.'
1% =6 +n"ny. (9)

Note the relative “+” between the identity tensor and n®n; which follows from the Lorenztian
signature on spacetime. By construction, we have

Ln® =1%n® = (6% +n®ng)n® =n®—n®=0, (10)
where we have also introduced the notation that a L with no indices, operating on an arbitrary
tensor expression, means apply the projection tensor to very free tensor index in the expression.
Thus, for example

s

Any tensor which has had all its free indices projected in this manner is called a spatial fensor. It
is worth emphasizing the rather obvious point that | applied to any tensor expression of the form
“tensor product of n® (or n,) and something else”, vanishes. We will use this fact many tumes in
the following.

If we apply the projection tensor to the spacetime metric g, itself (which is clearly the same
thing as lowering an index on the projection tensor) we get the (spatial) metric, 743, on the hyper-
surfaces:

Yab = Gab + NaMNp . (12)

Similarly, the contravariant form of the spatial metric is given by

- ab ac_bd_

= g™ g = ¢"® +n®n®. (13)

Note that all tensor indices continue to be raised and lowered with the spacefsme metric, gg, and
Pirsa: 10030102 thgt ~.s and v are not inverses. (In fact, of course. the mixed form, 7%. of the spatial metric is
just the projection tensor L%.) We also have
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Thus, for example

1 5% .=1% 1% ___fc .5"".-_-; . (11)

Anyv tensor which has had all its free indices projected in this manner is called a spatial tensor. It
is worth emphasizing the rather obvious point that L applied to any tensor expression of the form
“tensor product of n® (or n,) and something else”. vanishes. We will use this fact many times in
the following.

If we apply the projection tensor to the spacetune metric ggs itsell (which is clearly the same
thing as lowering an index on the projection tensor) we get the (spatial) metric, 745, on the hyper-
surfaces:

Tab = Yab T Nalp- (12)

Similarly, the contravanant form of the spatial metrie is given by

-.I'.lb — I"ucflw.<nf — ‘}llh 4 ”‘ﬂ”b . [ ]:{]
Note that all tensor indices continue to be raised and lowered with the spacetime metric, ggp. and
that 7, and 7% are not inverses. (In fact, of course, the mixed form. 7%. of the spatial metric is
just the projection tensor 1%,.) We also have

TI'_a_E_x_“,,:ﬁaa--u"nn:-l—1=3. (14)

Note also, however, that spafial tensors can equally well have their indices raised and lowered with

-

.db.

3) The Spatial Derivative Operator and Curvature Tensor

Plees AUTRIR We can also use the projection tensor to define a natural derivative operator. D,. for spatia]Page 74104
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Note that all tensor indices contine to be raised and lowered with the spacefime metric, ggs, and
~.ab

-

that ~,3 and are nol inverses. (In fact, of course, the mixed form. 7%, of the spatial metric s

just the projection tensor 19.) We also have
Trl=1%=6§,+n"n,=4-1=13. {14)

Note also, however. that spatial tensors can equally well have their indices raised and lowered with

-

‘ab-

3) The Spatial Derivative Operator and Curvature Tensor

We can also use the projection tensor to define a natural derivative operator. [D,, for spatial
tensors. Formally, we define

DUE .\"u. (15)

so that for a scalar field ¢, for example. we have

Dg]‘.' — _._TQL‘ = _._bgrbL'. { 16)

™~ Pirsa; 10030102 Page 75104
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while for a (spatial) vector field. W™
DW® =1V W*=1° 1%V W4 (17)

The action of D, on an arbitrary spatial tensor is then defined in the obvious fashion. ), is the
natural derivative operator for spatial tensors since it is compatible with the spatial metric, i.e.

Davbe = LVae = LValgue + npne) = LVa(mpne) = L(nNVanp +npVane) = 0. (18)

D, ~* = 0 follows from an exactly parallel computation. or. more directly. simply by raising indices
(using either metric!) on the above expression.

The intrinsic curvature of the three-dimensional hyvpersurfaces is given by the Riemann tensor
associated with the spatial metric and is denoted R, ?. It may be defined via its action on an
arbitrary spatial dual-vector, W,:

(D, Dy — DyD, )W, = 'Ra.sxdli'd. (19)
Rabe? is. of course, a spatial-tensor itself, and hence satisfies
Ratc® n® = Rapc® n® = Rop?n® = R ng = 0. (20)
In addition, Raad has the usual symmetries:
Rabed = Riabjed = R atfed] - (21)

leld =1,

andd

| )} \Page 76/104
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while lor a (spatial) vector held, W*°
DW*=1V W*—1° 1% v wi. (17)

The action of Dy on an arbitrary spatial tensor is then defined in the obvious fashion. D, is the
natural derivative operator for spatial tensors since it 15 compatible with the spatial metric, 1.e.

Dae = LVa%e = LVa(Gae + npne) = LVa (npne) = L(nVanp +npVane) =0. (18)

D,~% = 0 follows from an exactly parallel computation, or, more directly, simply by raising indices
(using either metric!) on the above expression.

The intrinsic curvature of the three-dimensional hypersurfaces is given by the Riemann tensor
associated with the spatial metric and is denoted R ;.9

arbitrary spatial dual-vector, W:

It mav be defined via its action on an

(D,Dy — DyD,) W. = Rt Wy. (19)
Rot? is. of course, a spatial-tensor itself, and hence satisfies
Rm&rd o -Rwd P 'Rah-d . 'R'.md”d = (). (20)
In addition, Rased has the usunal symmetries:
Rabed = Riabled = R abfod] - (21)

Rlubc]d =1 (22)

and

Pirsa: 10030102 R = R ' ( .3‘
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(Do — DD, We = Raie Wq. (1Y)
Rabe’ is. of course, a spatial-tensor itself. and hence satisfies
Rabet n® = R,w'f n® = R,w'{ n = Rﬂh-.'f ng==0. (20)
In addition, Rased has the usual symmetries:
Redod = R[-}b]-:d = Raﬂrﬂ‘]' (21)
R[qh.:!d = | | . | ::l
;ll]t_l
Rabed = Redab - (23)

Finally. we can contruct the spatial Ricei tensor. Rg. and spatial Riccl scalar. R. in the usual
manner
Rab = Rm‘q = ‘, :..:‘li

R=1R,". (25)

4) The Extrinsic Curvature Tensor

The embedding of the slices in the spacetime is described by the ertrinsic curvatwrre tensor.
Before defining this tensor and discussing its properties, we establish two useful results concerning
derivatives of the normal vector field. The first of these is

.] .

1V ng=0. (26
[a""8]

!
Pirsa: 10030102 Page 78/104
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Finally. we can contruct the spatial Ricel tensor., R, and spatial Ricel scalar. R. in the usual
manner
Rnb — Rm’h‘ .

R=7R.". (25)

4) The Extrinsic Curvature Tensor

The embedding of the slices in the spacetime is described by the ertrinsic curvature tensor.
Before defining this tensor and discussing its properties, we establish two useful results concerning

derivatives of the normal vector field. The first of these is

L'i."[anbl = Q. (26)
To see this. start from
1Vang = (65, + n"u,,llaidh ~ Tidi’lh_iv,~i'll.{
= Vantp + ngnVeng + ngniVang + ngnnygn?Vony
Varty + nan“Von, (27)
= V.ng + n,a, (28)

Pirsa: 10030102 Page 79/104
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where we have used

1 1
iV ng = ngVn® = .—'\_u (n‘fnd) = :Vu (—1)=0, (29)

to eliminate the last two terms in the second line. We now consider each of the two terms of (27)
in turn. Using (4), we have

Tﬂf!h: -—valu'!:.'b:i = —'Tnfil ‘!h — |||vﬂ!!hl = -—Ivnul ‘-!h - Hlvﬂvﬁrl . (30)

so that

T[unb! — -!'\-'[u:e ) 2y . (31)
Next, again using (4), we have
»
Nt Veng = a0 (= (Vo) —a(V I0%))

b ] = ! g
—a? Q¢ (V.a) Q0 — a0V 0

5 ] .
= —a 0°(V.a) Q.0 — a’ R0V,

3
3 L )
— -._.--.zf-t'{.n.sz,,sz,,—Tszun(—u 2)

S >
= —a" (V) — (Via) Q,. (32)

where we have used (2) in going from the second to third line, and (3) in going from the third to

pirsa: 10030102 1OUrth. Thus, Page 80/104
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natVeny = a*Qe(—(Vea)Q—a (V)
= —0?0°(Va) R0 — a0V

= —a? (V.a)N 0 — a > 0V,0,

= —a®0°(Va) 2% — T-2,V3 (—a~?)

Y - =
= —a- (V)02 —(Vya) Q,

(32)

where we have used (2) in going from the second to third line. and (3) in going from the third to

fourth. Thus,
”[a”cra'"b] = —*Vlbﬂi!—!ﬂi = ++Vl“n}!_!bi

which. when combined with (31). immediately establishes (26) from (27).

(33)

Our second useful preliminary result relates the 4-acceleration ay to the dernvative of the lapse

function. Specifically, we have
ap=IDpIna.

Io see this. we reexpress the right and left hand sides to show that they

one hand we have from l:_;.ll. and agﬁiﬂ ‘.I.Si.ﬂg (4).
ap = n°Veny = a2 (Vea) Y +a" 'Wia,

while on the other we have

(34)

are indeed equal. On the

(35)

Dylna =15V .Ina = (6% + n"n) (u_l\—cu_t) = afl (V.a)Q + u_l\—bu . (36)

Recalling our first preliminary result (26), we now define the extrinsic curvature tensor, Kgp:

Kap=Kgy=— 1LV ngy=—1Vany.

(37)
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= —a 0 (V.a) Q.8 — a 0V,
3
; = O _a
= _'!‘-"!"?(‘.I{‘!ﬂ!!b_TEIQVb(_tI )
= -0’0 (V.a) Q.80 — (Vsa) O, (32)

where we have used (2) in going from the second to third line. and (3) in going from the third to
fourth. Thus,
”I‘*HFT"”H — —.leﬂ;!!a] — _’_'-T[an}ub] ' '[33]

which. when combined with (31), immediately establishes (26) from (27).
Our second useful preliminary result relates the 4-acceleration ag to the derivative of the lapse
function. Specifically, we have

ap = Dy Ina . (34)

To see this, we reexpress the right and left hand sides to show that they are indeed equal. On the
one hand we have from (32). and again using (4).

ap = nVong = af) (Vea) 2 + a 'Wia, (35)
while on the other we have
Dylna =15V, .Ina = (6 + nny) (-I_ IV,H) =of)l (Vo) +a” lT},u ] (36)
Recalling our first preliminary result (26), we now define the extrinsic curvature tensor, Kas:
Koy =Ky =— LV 0y =— LV gns. (37)
pirsa: 10030102 LUsing this definition and (28). we have Page 82/104
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ap = n“Veng = afl(V.a)Qy + n_r'f'bu . (35)
while on the other we have
Dylna =1%V.Ina = (§% + H“Hr_,l (u Iv,.u) = ofl (V.a) + u_lvbn. (36)

Recalling our first preliminarv result (26). we now define the extrinsic curvature tensor, Kgs:
f\'“b = I\-mh, = — _._T,,]Ph” = — _.._vuﬂb. (37)
Using this definition and (28), we have
Vatis = —Kg —ngay, (38)
which rather explicitly displays the decomposition of the derivative of the normal field into a

Il\']H‘l‘hlll'f&u'l‘-l.‘lll'.f_t*llli.‘l] ]liuw- the extrinsic curvature, and a ]1\';w1‘hlll'f:~u'ﬂ-4-I'!hm.',i nal ]hiu'i' the
4-acceleration.

Pirsa: 10030102
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Equations (52) and (54) are known as the Gauss-Codazzi equations.

6) The Constraint Equations

We are now nearly ready to derive the constraint equations. We begin by noting that. as is easily
verified, a generie type (0.2) svinmetric tensor, 0g = Tesy has the following 341 decomposition:

Ooby =L Ogh — 2N(q LOKa + NaNpTii - (55)
We define the following pre ljﬂ'l ions of the stress tensor, Tub
p = Taa = I;,bn"ub. (56)
= = P J_I]Nlbnb'!. (57)
Sa = 17T,. (58)

2. J* and S p may be interpreted as the local energy density, momentum density and spatial stress
tensor, respectively, as measured by observers moving orthogonally to the shees,
We now consider

LRy = L(9"Roca)
= 1(vRoug) — L(nn°Rosd)
= J_I‘-CJR{,‘-H'I — L Mokl - (59)
O
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Equations (52) and (34) are known as the Gauss-Codaz2t equations.

6) The Constraint Equations

We are now nearly ready to derive the constraint equations. We begin by noting that. as is easily
verified, a generic type (0,2) symmetric tensor, g, = (s has the following 3+1 decomposition:

Oab =L Ogp — 2n(q L Opyi + NaNpOiii, - {99)

We define the following projections of the stress tensor, T

p = Thn= Tapn®n®. (56)
= 1T =—— *lfﬂtnf,}* (57)
Sap = LT, (58)

p. 1* and S, may be interpreted as the local energy density., momentum density and spatial stress
tensor, respectively, as measured by observers moving orthogonally to the slhices.
We now consider

1Ry = L(9Racd)
1 (Y Roca) — L(n°n%R,3a)
— —-—t*‘ﬁfHﬂr‘M' — L Ranba - (59)
K
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where

K=K*%, (73)

is the trace of the extrinsic curvature tensor. Thus. we find from (71) and (72)
2 _ pra_ b . -
R+ K*—K%WK"; = 16%p, (7T4)

which is known as the Hamiltonian constraint.
We now consider the Einstein equation in the form

1 _
l'-'ﬂb = Hﬂh :;‘,l“hR = N7 fﬂh - (7TD)

and contract one index with —n, (recall the convention given by equation (7)):
—an n L . . an =
(s =R‘l +-;—f! R = 8T . { i)

Projecting the remaining index onto the hypersurface and using the definition (57) of the momentum
density. we have
1G"™ =1 R"™ =8x 1 T™ = 8xj". (T7)
Pirsa: 10030102 Page 86/104
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where
K=K"%.
is the trace of the extrinsic curvature tensor. Thus, we find from (71) and (72)
| - - .
R+ K2 - K°%K®, = 16xp,
which 1s known as the Hamialtonian constramnt.
We now consider the Einstein equation in the form

. ]
.c‘ab = Rﬂb - -‘!MR = H.‘.'Tﬂb.

and contract one index with —n, (recall the convention given by equation (7)):

|
G*™ — R*™ 4 :;’-nah' = SaT*" .

(7T3)

(74)

(T6)

Projecting the remaining index onto the hypersurface and using the definition (57) of the momentum

density, we have

i ;-uu = | Run = \- +I—ur3 = iju )
Following a development precisely analogous to (61)-(62), we find

- Rﬂl’l — :'}Cd - Ru.nld - 4 Rum’l!i - _QCd - Rum’ﬂ ,

Pirsa: 10030102 e : . - .
Using the second of the Gauss-Codazzi equations (54), this becomes

——
lad)

(TS)
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where

K=K%, (73)

is the trace of the extrinsic curvature tensor. Thus, we find from (71) and (72)
R+ K2 - K“beu = 167p, (T4)

which is known as the Hamiltonian constramt.
We now consider the Einstein equation in the form

s 1 :
G* = R — =¢"R = 8zT™, (75)
and contract one index with —n, (recall the convention given by equation (7)):

. . 1
G*™ = R*™ + :n“ﬁ = 8xT™ . (T6G)

Projecting the remaning index onto the hypersurface and using the definition (57) of the momentum
density, we have

1G™ =1 R™ =8x 1L T™ =8x;"°. (77)

Following a development precisely analogous to (61)-(62), we find

.(.d d J Y
A Mgy =0 L NRgepd — 4 Rnnnn — ”r 4 Hru'dn‘ {i®s)

Pirsa: 10030102 = : = = , x - : Page 88/104
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--Ran =8 —-—Rru"nd = --Rannn =—q 1 Rnﬂin- {(13)

Using the second of the Gauss-Codazzi equations (54), this becomes
L Rosp = —4™ (D Koqg — DoKog) = DK — DPKgy . (79)

Raising the remaining free index we have (again recalling (7))

Thus, we find

D K™ — D*K = 8xj*, (81)

which is known as the momentum constraint.

The crucial feature of the constraint equations (74) and (81), is that they involve only spatial
tensors (including spatial derivatives ol spatial tensors)—in particular, they do not involve erplicat
time derivatives of spatial tensors. Thus, these equations are equations of constraint which mmust
be satistied by the fundamental 341 variables, 5 and K at all times (i.e. on all slices).
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Using the second of the Gauss-Codazzi equations (54), this becomes
1l Res = _!'fﬂi (DeKad — DaKog) = Do K — I-lbhub- (79)
Raising the remaining free index we have (again recalling (7))
1R*™ = | G™ = DyK*® - D°K. (80)
Thus. we find
DyK*® — D°K = 8xj°. (81)

Pirsa: 10030102

which is known as the momentum constramnt.

The crucial feature of the constraint equations (74) and (81), is that they involve only spatial
tensors (including spatial derivatives of spatial tensors)—in particular, they do not involve explicit
time derivatives of spatial tensors. Thus, these equations are equations of constraint which must

be satisfied by the fundamental 341 variables, v, and K at all times (i.e.

on all slices).
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7) Time and Time Derivatives

In this section we establish some results concerning certain vector fields and Lie denvatives
along these vector fields. The idea here is to introduce sufficiently general notions of “time” and
“time derivatives while maintaining a geometric approach.

We first prove two results concerning Lie derivatives along the normal vector field. n®, of spatial
tvpe (0,1) tensors (spatial covariant tensors). The first result states that if S, ., o, 15 a spatial
tensor, so that
0 s =1,4-,8, (82)

a; o
0 Sty =

then £,5,,. o 18 also a spatial tensor. Denoting the general type (0,/) spatial tensor by S we can
thus write

L EnS = £,S. (83)
T'he proof is straightforward. We have
|
i.]-ﬁu'---u' = ’z‘T(_ﬂS‘u‘---ur T E 'Tﬂ.;*r"-ﬁ'ﬂl--q_ﬂ-ﬂr - l}ll
Pirsa: 10030102 i=1 Page 91/104

Now contract the ith indexy with n®-



obe Acrobat Standard - [LecZ.pdf] ]
p Edit View Document Comments Tools Advanced Window Help -

& H S @@ P sesren ™ cremeror - 7| Comment & Marup + 571 Send for Review ~ [ Secure - & Sign -

Ilsm“-f [ Ovgect Data Tool 2. vy @) Heo -

—-— 1{1 n 'Qlllﬂl ay - | b tul |
Below we will argue that the vector field. N® defined by

N® — an® (81}

15 a natumad orthogonal vector field with which to Lie-differentiate tensors in computing general
time derivatives. This vector field has the important property that

Ex 1% =0 (00)
which 1mmphlies that if S 1s any spatial tensor (not necessarily tvpe (0.1)). then £58S 1s also spatial:

Pirsa: 10030102 - ) = Page 92/104
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£x 1%=0 (00)
which implies that if S is any spatial tensor (not necessarily tvpe (0.1)). then £xS is also spatial:
1 £xS = £ENS (01)

To see that (91) follows from (90). note that for a eeneral tvoe (k. spatial tensor we have

| @1 3 g dy it il d'h; §e1620

gAY - Ag
e ] £g L py--- &L Ml m

biba- By = “dydo-dy (92)

Now. applving £ 1o both sides of this expression. and using the Liebnitz rule. we easily see that,

given (90), the only teym which survives is the one where the Lie derivative acts on S92 %, . 4 -

. . s ) i d l'i"r d, ; ™ Py
1_‘\-_\'1' - “"bib? bl = ,alcl ;.n'txz--- l, "IC; 1 lbt i 'b:, | rb!i_\'."l‘rl ' rid‘]d}--d{' {UJI

and this is precisely (91). It remains to show that (90) is true. We have

Enl1% = NV 1% — LGVNT + 1 VN*®
= (em )V (8% + n®ng) — (8% + nng) V. (am®) + (8°. +n®n.) Vi (an®)
= an"n Vg + agnVan® — Vi(an®) — ngnV.(an®) + Vi (an®) + n"n VTV (an®)
an“ay + anga® — anga® — g n“Vea + an“n . Vyn® — n“Vya
= an" (ub a ' (Via+ r:;,r:“T,.n))

= an" (ng, - n_lDbn) =an”(ap — Dylna) =0. (D4)

where we have used (9), (89), (29) and (34).
Pirsa: 10030102 Now, recall that our foliation is defined bv a closed one-form (dual-vector field), €2,: Page 93/104
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Now. applving Ly to both sides of this expression. and using the Liebnitz rule, we easily see that.
N I Ly to both sides of thi d the Liebnitz rul 1 that
given (90), the only term which survives is the one where the Lie derivative acts on S™1% %y 4 4,

. a1y @y a | g a d d> . e 0pC ’
ENSMT Nty = LG 1%g - 1% 1My, 1%y, 1% Sy S1T G &, (99)
and this is precisely (91). It remains to show that (90) is true. We have
Enl1l% = NV 1% — 195V N" 4+ 1° V,N®
= (an®)V (8% + n"ny) — (8% + n“ny) V. (an®) + (8% + n"n.) V (an®)
an®nV ng + angnV.n® — Vy(an®) — ngnV.(an®) + Vi (an®) + n"n V (an®)

= anay +onpa® — anpa® — nygn“n“Vea + an“n .Vyn® — n“Via

= an" (ﬂb —a 1 (Vya+ ngnV.a l)

= am" (ub — !I_lDbl.l) =an® (ay — Dylna) =0. ()

where we have used (9), (89), (29) and (34).
Now, recall that our foliation is defined by a closed one-form (dual-vector field), (1,:

{2 = V7. (95)
Since n® = —af)® and 2%, = —a2, we have
N°Q, =1. (06)

It is this normalization which makes N° the natural orthogonal vector field to use in computing “time
Pirsa: 10030202 ¢lerivatives” (i.e. for use in Lie differentiation). However, there is no justification for restrictingpPage 94/104
attention only to “normal time derivatives™ and. in fact. we can and will consider Lie differentiation
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Now, recall that our foliation is defined by a closed one-form (dual-vector field), a:

= V,T. (05)
Since n® = —af(?® and 2%Q, = —a—%, we have
N =1. (06)

It is this normalization which makes NV the natum! orthogonal vector field to use in computing “time

N EE RS- S - L smeme ses [ 2 S S -, | | [} S —— ke e e e emalit o Al B a . el
along other “time directions™, t*, appropriately normalized via
a - -
= t "'!u ] . l”' |

by adding to N* an arbitrary spafial vector 3* (which is just the shift vector we have previously

discussed ):

*“=N"4 fu:““u___.fuv {8
— = 1““‘1 = 1) 1"“
10
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R =Vr. (05)
Since n® = —af)® and 0290, = —a~2. we have
N, =1. (06)

It is this normalization which makes N® the natural orthogonal vector field to use in computing “time
derivatives”™ (i.e. for use in Lie differentiation). However, there is no justification for restricting
attention only to “normal time derivatives™ and, in fact, we can and will consider Lie differentiation
along other “time directions™, t*, appropriately normalized via

Pk =1, (O7)

by adding to N® an arbitrarv spatial vector 3* (which is just the shift vector we have previously

discussed ):

,[" = _\"} = ftﬂ'l ¢ 1“ B (UX)
f"nu = ). { O)
10

Pirsa: 10030102
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7) Time and Time Derivatives

In this section we establish some results concerning certain vector fields and Lie denivatives
along these vector fields. The idea here i1s to introduce sufficiently general notions of “time” and
“time derivatives while maintaining a geometric approach.

We first prove two results concerning Lie derivatives along the normal vector field, n“, of spat:al
tvpe (0.1) tensors (spatial covariant tensors). The first result states that if S5, ,,. 4, 15 a spatial
tensor, so that

n™ .‘:ﬂl “?:” i=12.---.1. (82)

then L, S,,. o is also a spatial tensor. Denoting the general type (0,/) spatial tensor by S we can
thus write

The proof is straightforward. We have
I
EnSay-ap = nVeSay-a Z'Tﬂ-”f} Say-c-a - (84)
i—1
Now contract the jth index with n®:
[
n" EnSey--a = n" ncvc_‘ﬁ'u‘ a + z (Va, n°) ”"'J_H'd' c-a - (85)
=1

Now, because Sg,...c.q, is spatial, all of the terms in the sum (the “correction terms” ) vanish except
when t = j (L.e. when the jth index of S,,.. ..o, 18 being corrected. Also. we can use n® S, ,, =0
to throw the derivative in the first term onto n® . Thus. we have

LA n O G - A ETT LB O i ani"R s O — N i Ry
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we have

"-‘If‘ﬂﬁ - ‘l—.\"'nb & 1T ab
= akpab+ L£3%ab- ( 109)
or
Livab = —2aKap + L3%Vab . (110)

8b) The Evolution Equations for the Extrinsic Curvature

We first observe that the Einstein equations

| =
Crap = Huh_:‘fan=HTInh- (111)
may be contracted to vield
G =—R=8xT. (112)

Thus, the field equations mayv be rewritten as

1 1 ]
I‘,-ah — ""-"Tﬂh 5 2 H'Jah” = N7 (I-,}, — ‘_}‘fabr) - (113)

Projecting onto the hypersurface, we have

' 1
*Rﬂ,,=.‘i:(+7',,, __"-,]bT) : (114)

Pirsa: 10030102 Nawe from definitions (561-(58). as well as our t'-'.'{p'['f-ﬁii-.]n (55) for the 3+1 decs llllpl'ﬁilii"l] of a

general, svmmmetric, type (0.2) tensor, we find
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Now from defimtions (56)-(58), as well as our expression (55) for the 3+1 decomposition of a

general, svmmetric, type (0,2) tensor, we find

1Tap = Sap = Top+ 2nyq LThs — nanplag -
Contracting, we get
S=T+ -rnn
or. using (56

Thus. (114) becomes

S
-"I?ﬂh — ST (Hﬂb - _-;-n'ﬂhf-h == !.’.)

Now. from (62). we have
1
- Rﬂb = = 4 Rrr!ib"t - ‘fr[ - nm"hd—

Using (52) and (105). this becomes

1Ba = - (”_llﬂ\' Kaobp + KoK + n_'ﬂnpﬂ") + ¢° (Rabed + Kb Ked -

= —q} LnKap — 2K, K — :'l_lDquu + Rap + KK 4.
Equating (118) and (120). and using

l-'-\'h_ub = l';‘_,*h?ab = l.'lh_,_,g, — L'_a]\‘ub :

12

KaaK &)

(115)

(116G)

(117)

(118)

(119)

(120)

Page 99/104




obe Acrobat Standard - [Lec.pdf]

k. Edit View Dooument Comments Tools Advanced Wndow Help
& H oS @ s ™ creaeror - &

[»seect g @ ovectbamTon - wr @ nen~

J

N

L4

| Comment & Markup ~ o7 Send for Review ~ _'erowe- ZS"II'I'

- I s o
l 1ﬂb=H:(hub—:'ub+h—,n) (118)
Now, from (62), we have
ﬁ"_" =
1 Ngh = — L NDgsibi T 9 LRm.M- (119)

Using (52) and (105). this becomes

1 Rap = - (u_il._\'!\'ub + Kach “p + n_'I.’,jf}bn) + ¢ (Rabed + KatKed — KedK &)
= —a Koy — 2K o K — a ' DoDya + Rop + KK s . (120)

Equating (118) and (120). and using
[',\'I\rub = l-l{—_“ﬁ.ub = E:I\rub - L-'L{I\rub . (121)

12

we solve for LK. to get our evolution equations for the extrinsic curvature:

Pirsa: 10030102

= g e s = 1 - :
£sKap = £3Kap — DaDyar + @ (Rah + KKa — 2Kac K — 87 ("'uh - H-'ub‘-" = f”)) || 29Page 1001104
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Ry . B . B P8

we have

L¢Yab L.\' Yab + L3Yab

= OLpYab+ L5%ab-

Oor

Etvab = —20Kas + L37ab -

8b) The Evolution Equations for the Extrinsic Curvature
We first observe that the Einstein equations

. 1 :
('uh o erh o TquftR = OF ab »

mayv be contracted to vield
may bhe contracted to vield

= 1 n = 1 :
H-‘-lb = H."fah L T;'JﬂhH = N7 (]nh = T;‘f.:hj ) -

Projecting onto the hypersurface, we have

e
Je,,,,z.w:( J,,b—;]-.a,,r) |

- LIS -

{ 10M)

{110}

(111)

(113)

(114
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we have

Lr-ub = t.\'-'ub"' t_.“-ub
= fiL,]“ub+ L..'fll.lb' ll'_'"_j]
Or
Etvadb = —2aKap + £37ab - (110)

8b) The Evolution Equations for the Extrinsic Curvature

We first observe that the Einstein equations

1
Gap = Hap — —gap B = ST, (111)
mayv ]'n* :'u[“'r.'n'h-e] to '.‘it-lll
G =—-—R=8#T. (112)

Thus. the field equations may be rewritten as

] |
Ry = S7Tay+ 50aR =57 (Tus — 0uT ) - (113)

Pirsa: 10030102 - g = Page 102/104
Projecting onto the hypersurface. we have
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or. using (56)
T=S5—-p. (117)
Thus, (114) becomes
]
1 Rep = ST(.B_Ob—:‘,,bhﬁ_—ﬂl) (118)
Now, from (62). we have
1Ry =— 1 Ry + y‘ﬂ 1 Ropd - (119)
Using (52) and (105), this becomes
— . - - g r ~C -1 ; l od 4 4 " 4
LRap = — (a7 "ENxKab + KacK b + a7 DaDya) + ¢ (Rabed + KatKed — KaaK )
= n_ll__vf\',,h 2K K% al D,Dyx + Rop + KK o . {120)
Equating (118) and (120). and using
EnKg =L 3Kap = £:K gy — LKy . (121)
12
| Pirsa: 10030102 o - - Page 103/104 |
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we solve for £ Kg to get our evolution equations for the extrinsic curvature:

EcKop = £53Kgp — Do Dyar + @ (.Rnh + KK — 2K oe Ky — 87 (Hnb 3““51.‘& pi)) . (122)
We can 1"h“I’i‘.T‘ an alternate version of Thiﬁ t"\'t'i-]l]l’il'bn H;l}:‘lt ion ‘Whil"h mvolves the “mixed”™ form. hﬁﬂh
of the extrinsic curvature, which has been used by several researchers in the past. and which we
will tend to use in the course. We start from

N ) . . T , 1 !
a ' ENKop — 2K oc Ky — 0 Do Dpx + Rap + KKop = 87 (h.,;. — =Yab (5 — ;..) _ (123)

and note that because all of the tensors appearing in this expression are spatial. we can raise indices
with +® to get:

: === il - |
rn_l*']ci_"\'f\ﬂb—'.!hﬂrhcb—rl ll.}uf.}btl-'— R% 4+ KK "b=a‘\'7(hﬂb— 3""'ﬂb + n“ng (S —;H) . 1124)

:\h W

. =il - B L
EnwK"s = Exy(Y"Kg) Page 104/104

= KaEnY" +1 M:[.I_\'h.d,




