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Abstract: In recent years the characterization of many-body ground states via the entanglement of their wave-function has attracted a lot of attention.
One useful measure of entanglement is provided by the entanglement entropy S.

The interest in this quantity has been sparked, in part, by the result that at one dimensional quantum critical points (QCPs) S scales logarithmically
with the subsystem size with a universal coefficient related to the central charge of the conformal field theory describing the QCP. On the other
hand, in spatial dimension d &gt; 1 the leading contribution to the entanglement entropy scales as the area of the boundary of the subsystem. The
coefficient of this & quot;area law& quot; is non-universal. However, in the neighbourhood of a QCP, S is believed to possess subleading universal
corrections. In thistalk, | will present the first field-theoretic study of entanglement entropy in dimension d &gt; 1 at a stable interacting QCP - the
guantum O(N) model. Our results confirm the presence of universal corrections to the entanglement entropy and exhibit a number of surprises such
as different epsilon -&gt; 0 limits of the Wilson-Fisher and Gaussian fixed points, violation of large N counting and subtle dependence on replica
index.
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The venerable Landau-Ginzburg-Wilson paradigm

+ Classical theory of phase transitions
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(Quantum criticality

* Landau-Gmzburg paradigm descnibes some. but not all quantum phase transitions
» Quantum cnifical pomts realize some of the most non-classical states of matter
- low energy excitations are neither particles nor waves

- ground state wave-function 1s lughly entangled
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Entanglement entropy

*  Goal to charactenze quantum cnifical pomts via entanelement

properties of the many-body wave-function
p = [¥)(¥] :
pa=1trpp
pa=Y pli)il  -mid sae
t

*  Distnbution of p; - entanglement spectrum

» Entanglement entropyv

Sa=—trpalogpa Sa =SB
- mherently quantum mechamcal. non-local observable

irsa: 10030032 Page 5/86



Entanglement entropy away from QCP

- Local Hanultoman

- fumte correlation length £ B
S x |0A]
1()A| - arca (lﬂlgﬂl) of the boundarv

- Area law: entanglement 1s local to the boundary

« For a genenc state m the Hilbert space

S ~ volume(A)

Ground states of local Hanultomans are very special!
(form set of measure zero m the Hilbert space)
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The effect of dimensionality: relation to DMRG

« pPA= ZPi|'5)(f|

How many states do we need fo keep to “saturate™ p 4 ?

N S eC-']i:i.-ll

A B

* Dmension d = 1 .
JA| - number of boundary pomts. NV - non-extensive

» Hicher dunensions

N, ~ e A
; @ A B
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Entanglement entropy away from QCP

- Local Hanultoman

- fumte correlation length £ B
S x |0A]
\JA| - area (length) of the boundary

- Area law: entanglement 1s local to the boundary

» For a genenc state m the Hilbert space

S ~ volume(A)

Ground states of local Hanultomans are very special!
(form set of measure zero m the Hilbert space)
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The effect of dimensionality; relation to DMRG

« PA= ZPilf)(-’:l

How many states do we need to keep to “saturate™ p 4 ?

N, ~ ES = eC]i;iAl
: , A B
* Dmmension d = 1 .

JA| - number of boundary pomts, N, - non-extensive

» Hicher dunensions

N, ~ CLE!
] @ A B
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The entanglement entropy at 1d QCPs

* How does the entanglement entropy behave near a QCP?
» Problem completely solved for QCPsmd=1withz=1
- system desenbed by a conformal field theory (CFT)

C - -

S

310gl/a

C - cenfral charge of the CFT
@ - short distance cut-off

S - unrversal

« Perturb the CFT shehtly away from cnticality

S==-log&/a
irsa: 10030032 3 €. HU].ZhE?, F. Larsen Bﬂd F. WI.IEZCLE (&a&%a
P. Calabrese and J. L. Cardy (2004).
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Higher dimensional QCPs

* For QCPs descannbed by local field theones -

A
S—:CJI“'II - area law v

» The coefficient (' - non-unrversal

« Violations of the area law: syvstems wath a Feru surface
1

S  (kpL)* ' log(ksL) e

One-dimensional modes N, ~ (ka)d_I
w = vrlk — kp|

1
g — %log[/a. e=_ S0 5
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Bevond the leading term

*  Any non-unrversal contnbutions to S must come from the boundary

Ld_l Ld—:Z :
S — Gd—1 = + ga-2 g + oo T @B log([./a) -+ SO(L/f)

gkLk - mfegrals of local geometne quantiies over the boundary

— C[ 1 = C|oA| E
9A v

gi. k>0 - non-umversal

9o - unrversal
So - umversal function. up to additrve contnibutions ~ go[JA]
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Bevond the leading term

*  Any non-unrversal contnbutions to S must come from the boundary

Ld-l Ld*—z
S=gi-1—35 +9i-2—3—5 +---+golog(L/a) + Se(L/E)
a a
»  Straght closed boundary: & % 3 =
9A k ;A i B (
S = Cld__ll + So(L/€) 2 : \x |
a

- also beheved to be true for general smooth closed boundanes m d=2

- Jo ?é 0 for
- boundanes wath comers/endpomts m d =2,

- boundanes with mtrnsic/extrmsic curvatire m d =3
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Universal geometric correction

B

*  Smooth. closed bomndary1 < d <3 v
OA|

§ = C5 + SolL/€)

- AtQCP
dA| _ _
S=C—oH=+7 - unrversal geometnie constant
a ¥ 4
Akm to Prrivman-Fisher correction to free-energy: IF =V £+ 1
Only corrections to scalmg, L~ "

* 7 captures the non-local entanglement present at the QCP
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Relation to massive topological phases

L
S=C—+7 d=2 -
a
* v=—logD -umversal constant
r—a - Eataev model
1
D=.,/q -FQHE V= E
* 7 - topological mvanant (unlike at QCP)

« 7 =10 fornon-topological gapped phases

A Kitaev and J. Preskll (2006
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Away trom QCP

*  Smooth, closed boundary 1 < d <3 v
OA

S =C = + So(L/§)

« Away from QCP (L > §)

dA| DA|

S:C(t)ad_l-l-rsd_l. Emt"f t=g—gc
£ X
C+C o m

r — umversal (up to defuution of ¢)
No subleadng constant term for ordmary (non-topolomcal) gapped phases
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Explicit calculations to date

*  Free theones (straicht boundanes)
1 2 2 .2 —
L= 3(9u0)" +m7¢’ L = ¢(id v, — m)v
P. Calabrese and J. L. Cardy (2004), Fursaev (2006)
H. Casini and M. Huerta (2005), (2007), H. Casini, M. Huerta and L. Leitao (2009)
*  Specal multi-erifical QCPsm d =2 wath z=2 (e.g REK pomt)
- correlation functions reduce to those of a classical d = 2 CFT

E. Fradkin and J. E. Moore (2006),
B. Hsu M. Mulligan, E. Fradkm, and Eun-Ah K1im(2009)

»  Holographic calculations (AdS/CFT)

S. Ryu and T. Takayanagi (2006)
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The quantum O(N) model

«  Smmplest mteractmg QCPmd=2 (z=1)

S = /ddxd- ( (8,0)> ?(vé’)? - %52 + E(J’-)E)

—

© - N component order parameter -- -

*  Mhcroscopic Hanultonians:

N =1 — transverse field Ismg model
N = 2 — Bose-Hubbard model at mtecer filline
N =3 —bilaver S ='- antiferromaenet on a square lattice

«  Cnfical properties accessible usme expansions m

f=3*‘d, l/;\r
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Entanglement entropy in the O(N) model

(ta ()

* %, #
i . L

* Unrversal geometne correction at QCP

Ld-l

S=C

+7

X= -0 x=0 X = o0
Boundary — d-1 dunensional torus of side L (cucle m d =2)
Twisted boundary conditions: &(x + n; L) = €' o(x)

* Numencal evidence for fumte 7 at QCP m the transverse field

Isme model (N =1)
- Tree tensor networks

- Half-t o try
orus geometry A B

irsa:
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Entanglement entropy in the O(N) model
*  Umversal correlation length correchion (L 5 §£)

Ld—l Ld—l A B
qd—1 *r gd—1

S =C(t)

C
Use €= = m - gap to lowest excaitation ( O( V) - multiplet)
svmmetry unbroken phase
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Entanglement entropy in the O(N) model

* Untversal geometne correction at QCP < y =
L4 | A e (
S=C—= +7 % Vi E
2
X = —o0 x=0 X = o0

Boundary — d-1 dumensional torus of side L (cucle m d =2)
Twisted boundary conditions: o(x + n; L) = e'7o(x)
+ Numencal evidence for fuute 7 at QCP m the transverse field
Isme model (N =1)
- Tree tensor networks

- Half-t o try
orus geomefry A B
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Entanglement entropy in the O(N) model

*  Universal correlation length correcion (L > §)
e A B
S = C(t)ad-l +r€d_l
c
Use €= =5 m - gap to lowest excitation ( O( V) - multiplet)

syvmmetry unbroken phase
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Results: v

* Result of expansionm ¢ =3 —d

= Ne (1 +1)

vy = “eN T3 (log Iﬂl — I)I - - logq(a)) Wilson — Fisher FP
Ne

N =7 =—n+8 °52
Ne

W =0 = -5 8% - breaksdownfor ¢ <€/’
Ne -

Me=0)=— 2(N +8) log € - hypothesis

-Conmrctnﬁmsim&edpohthl: d=3—¢

N 1
g ( 01 i L ') | ~ ¥ og ;,(;)), Goussian FP roecws




Entanglement entropy in the O(N) model

* Untversal geometne correction at QCP i
| | a B ( |
e \/ =
S§=C—=+1 = ;-
i
X= -0 x=0 X = o0

Boundary — d-1 dumensional torus of side L (cucle m d =2)
Twisted boundary conditions: o&(x + n; L) = €' o(x)
» Numencal evidence for fumte 7 at QCP m the transverse field

Isme model (N =1)
- Tree tensor networks

- Half-torus geometry
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Results: v

» Result of expansionm ¢ =3 —d

;VE
6(N +8)
Ne
e 2
WNe=7) =Nt °82
.;\’—6

7(9?_}0)_}_6(‘”_'_3) log », - breaks down for ;_ﬁfuz

.;VE

12(N + 8) 8 —Nygaiians

MNe=0)=—

-Conmwctnﬁmsm&:dpohth: d=3—¢

N l +1
E e ( ‘91 "‘( ) ; | - logn(i )) Gaussian FP




Entanglement entropy in the O(N) model

* Unrversal geometne correction at QCP < =%
[d—1 ( A B
S=¢C + ; w

X=—o0o x=0 X = o0
Boundary — d-1 dunensional torus of side L (cucle m d =2)
Twisted boundary conditions: o&(x + n; L) = €' o(x)
» Numencal evidence for fumte 7 at QCP m the transverse field

Isme model (N =1)
- Tree tensor networks

- Half-t e '
orus geomefry A B
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The quantum O(N) model

*  Smplest mteractmg QCPmd=2 (z=1)

= /ddrdf (%(8-.-5)2 - %(Vo)g + ;53 ~ ;(52)2)

—_—

© - N component order parameter -

*  Mhcroscopic Hanultonmans:

N =1 — transverse field Ismeg model
N = 2 — Bose-Hubbard model at mteger fillne
N =3 —bilaver S ='- antiferromaenet on a square lattice

«  Cnfical properties accessible usme expansions m
[ — 3 — d.. .l / ;\"r
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Microsoft PowerPoint - [Entanglement5. ppt]
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Bevond the leading term

*  Any non-unrversal contnbutions to S must come from the boundary

Ld-l Ldu!
S =gi-1—— +9a—2——5 +---+ golog(L/a) + So(L/§)
a a
«  Straght closed boundary: ( < / S
~ |64| \u = -

- also beheved to be true for general smooth closed boundanes m d=2

« @go70 for
- boundanes wath comers’endpomts m d =2,

- boundanes with mtrmsic/extrmsic curvatirem d =3
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Entanglement entropy in the O(N) model

» Unrversal geometnic correction at QCP (, < r
5=Ca“—1 + LS B

X=—o0 x=0 X = o0
Boundary — d-1 dumensional torus of side L (cucle m d =2)
Twisted boundary conditions: &(x + n; L) = €' o(x)

» Numencal evidence for fuute 7 at QCP m the transverse held

Isme model (N =1)
- Tree tensor networks

- Half-torus geometry

irsa:

Page 36/86

™. Tagliacozzo, G. Evenbly, G. Vidal (2009)




Results: v

* Result of expansionm ¢ =3 —d

Ne o(1+1) . o _ :
v =- T = A _ Wilhom—
Y (N +8) (log‘ﬂ;( = x)I - logq{:)) ilson — Fisher FP
Ne
Ve

e =0) = -5 5 8% - breaksdownfor ¢ < e'/?

Ne .
MNe=0)=— 2(V + 8) log e - hvpothesis

« Compare to Gaussian fixed pomtm: d =3 — ¢

N 1+12) . o= _ =
g (log oy (2 - ).i)| - = - logn(t)) . Gaussian FP e




Results: r

* Result of expansionm ¢ =3 —d

Ld—l Ld—l
S=C(t)ad—l +r‘$d—l
Y Wilson-Fisher FP
r=———_ W -
144+ HSONn-r isner

* Analvtic correction:  ~ ¢
Smeular correcionm d=2: ~¢ rv <1 -wms!
» Compare to Gaussian fixed pomt m d =3 — ¢

N
r=— . Gaussian FP
irsa: 10030032 24#6 Page 38/86




Results: v

* Result of expansionm ¢ =3 —d

: 1.0 | o 5’9
v = - e log‘el(‘:(l_*_i),i)'—f—logq{i) . Wilson — Fisher FP
6(N +8) 2w g
Ne
Ne=7) =N +8) o5
Ve

We =0 =~ 5189 - bresksdownfor ¢ < e'/2

Ne

N =0 =N T3

log ¢ - hyvpothesis

« Compare to Gaussian fixed pomtm : d =3 — ¢

Dafferent ¢ — 0 Lnmts

N

. 2(1
..... 0030 6 (log‘ﬂl(

2

7':-" t) ’ l)| — g = log ﬂ(‘)) = Gaussian FP Page 39/86



Results: r

* Result of expansionm ¢ =3 —d

Ld—l Ld—l
.f')'=(f'(t)ﬂm,_1 +r€d—l
o Wil Pk TP
r = 14417 LISO-r 1sher

* Analyvtic correctionr  ~ ¢
Smeular correcionm d=2: ~¢" v <1 -wms!
» Compare to Gaussian fixed pomt m d =3 — ¢

N
r= — . Gaussian FP
irsa: 10030032 24#6 Page 40/86




Results: r

* Result of expansionm ¢ =3 —d

Ld—l Ld—l
= T Entanelement largest at the QCP!
e S Tl P
r — 144# LSOnN-r 1sner

* Analyvtic correction:  ~ ¢

Smeular correctionm d=2: ~¢* v <1 -wms!

« Compare to Gaussian fixed pomtm d =3 — ¢

N _ =
= — . Gaussian FP Different ¢ — 0 lmuts
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Reny1 entropy

1
= Sn = I—' logtr 4p4 T —t]"_.lp‘..l logp‘_i = liIIl1 Sn
- n—s
 Imd=1,
C

1
Sn =2 (1 + ;) log(l/a)

* Ind~> 1, area law + subleadng unrversal corrections
Ld-—- 1
Cn P =+ + Tn

Ld—l Ld—l
S = C(t) +i"n‘$dl

"
|
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Results: r

* Result of expansionm ¢ =3 —d

Ld—l Ld—l
F=C)——=+ gz Entanglement largest at the QCP!
T Tl PP
- — 144?1-. LSOnN-r isner

* Analyvtic correction:  ~ ¢

Smeular correcionm d=2: ~¢" v <1 -wms!

» Compare to Gaussian fixed pomtm d =3 — ¢

N . =
r—_=— . Gaussian FP Dafferent ¢ — 0 lmuts

—
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Reny1 entropy

1

B - i_ log tl",{pA S = —~trapalogps = liIIll e
+ Ind=1,
c 1
S (1 + —) log(1/a)
6 n

* Ind~> 1, arealaw + subleading unrversal corrections

Ld-—-l
Sn — Cn ad— 1+7n
Ld— Ld—l
Sn p— C (t) +rﬂ
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Reny1 entropy - results

Ld-l
Sn —_— Cnﬂd_l +'YI"1
Ld—l Ld—l
Sn — C"'(t)ad—l + Tn {d‘l

« Violation of (naive) large N countng

Expect: r,, ~ O(N) Instead: 7, ~ O(N*) (but r ~ O(N)

*»  Computed r,, m large-N expansionm d =2

= = == 37*N? na; rn~n—1, n—1
2 |-0.16515 0 u—1
3 -0.265594
4 |-0.32905
s |-0.36743
is? 1onoko ) compare I, to lathice Monte-Carlo simulations of O(N) model  roe s

< Tr %" % __""1+ _ - ‘*®& T 1A 11%.___ ___ i 'Y oo\ F ~___ 1. _ - 1Ty w4 ____ " =Dy



Reny1 entropy - results

Ld—l
=5 = G, n—7 T n
Ld—l Ld—l

Sn = Cal)—= d—1 +r"§d 1

* Indmension d = 3 — ¢, ~,,. r,, have a discontinuty at

IN+8
New length scale emerges as n — n,.. “phase transition™

» Large N expansion shows that thus phenomena ocorsm 274 < d < 3
(hkely absent m d = 2)
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Replica Trick

1 N -
. S" = Tﬂf logtr_.ip_,i o= —trApA logpA — HSH
r
FL I
, gy =
= B e 24
.. 1
4 p= e (e alplos. o) = 7 X |~‘T
oB DA
0 -
B  — A
o'y
L
5 1 3
pa =1rpp (Palpaloa) = 7 X
DA
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Reny1 entropy - results

Ld—l
S Sn — Cnﬁ + Vn
(a

Ld—l Ld—l
Spn = G, (t) g e e Ed ]

« Indmension d = 3 — ¢, ~,,. r, have a discontunuty at

AIN+8
New leneth scale emerges as n — n,, “phase transihon™

» Large N expansion shows that thus phenomena occorsm 274 < d < 3

(hikely absent m d=2)
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1
. Sn = Tﬂ log t?‘,;pi
FL,
X
A p=_1"_e—.'fﬁ <o.f o.fl '@Bﬁ" )= —
z B:9AlP + YA 7
0
pa =1rpp (Oalpaloa) =

irsa: 10030032

Replica Trick

1

= x
Z

S = —trapalogps = lim S,
n—1

@B ° 0_4_
|3
OB DA
1
B e A
o
L
|3
- Pa
B x=10 A
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Replica Trick
1

= Sp = —— lo‘g tl"_,qp:; S = —trapalogps = lim S,
- n n—l
T
o'y I
1 : F =
Pa =1trpp (0slpaloa) = 7 X o
= QA
B A
tras = [ [Ldois(6hloalot) .. (6lpaléd) (@Alpalol) =
i=1] = -
3
1 = t
— x -
Zn 3 n times
> :
| 3
irsa: 10030032 - 4 Page 50/86




Riemann surtace

1

- Sn = — l()g tT_.tp: S = —t‘."__;p__-l lOg paA = lim S"
- n n—1
S — n-sheeted Riemann surface (',
3
) 1 B i 3 — 20 (x.7) = (0.0)
APA = E_"' v | - Y
» :
3 -
- ¥
B A v /[—‘x
(x.7) = r{cos@,.sinf)
irapa = Zn
YAPA= Zm ds® = dr* + r*d6® + dz*

irsa: 10030032
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Why 1s d = 1 easy?

« Conformal group m 1+1d consists of all analvtic (or anti-analvtic) mappmes
can map the n-sheeted Riemann surface to ordmary complex plane via

=
F:Co € w=—2""
92 = dw g du -
dsz = dwdw = = dzdz = dsc_‘ =
» Ths 1s no-longer a conformal symmetry ford > 1 =
-}
- B = dw |* 2
dsz = dwdw + dz7 = = dzdz + dx7
Have to work harder! -

Expheit calculations on an n-sheeted surface

Pirsa: 10030032 Page 53/86



Finite s1ze correction

2 1
Sp = C"at!_-i + Tn Sp = m log trapa
trpy = Zn
A= Zn

» Twasted boundary conditions

olx+ Ln;) = e o(x) : A

i=1..d—-1

« Momentum along the boundary 1s quantized

21'rni -+ i

K= T

irsa: 10030032
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Finite size correction: Gaussian theory

! >
L= E(ap(?)'
» Tower of decoupled 1+1 dimensional massive theories: m” = k2

log%— = -3-;: (Trlog(—d*%), — nTrlog(—d*),)

N .

* Inamassrve d =1 Gaussian theory

Z,
IOEF

d=1 24

irsa: 10030032 Page 55/86
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Finite size correction: Gaussian theory

d-1
Sn - C“ad_-l + In

- d =2
-l log(2| sin ¢/2])
™ = -3 og @
N :
T = —FIOS(QISIH&Q/?U
s d=3

-
b
I
m‘f*
P,
=
S
=
—
b

N
s =— _ TQ(@")

‘-~ i oo ?‘.2 '
(2 =~ 5= (1ow |61 (2222, - 22— togn(i)
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Interacting theory

e B 1
* L=—(0:0)*+=(Vo)* + =
5(9-9)" +35(Vo)" + 3

du (.‘r + 8) z -
d(u) = —E —€U + 372 u u, u
- — 872€
>~ N+8

« Can we do mean-field at leading order m €?

ﬂ'.'\" 1
w o= I (1+3)9@
n
. No!
7w N
E = =3

1

= o1 +ip2 | ¥3 :
Pirsa: 10030032 —_— e l |9 1 ' - \ — 1 Page 57/86
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“Boundary ™ perturbations

(N+8) ,

u

« Boundary camnot renormahze bulk:  J(u) = —eu +

872

« New operators can be mduced at the boundary!

5N = g[d"'_'.rL o*(r=0.z,)
* Analogy: classical boundary enfical phenomena m O(N) model

Sy, = E/df’-':wz(x =0,7;)

« Surface unrversality classes

c>e¢,, - ordmary
c<e,, - extra-ordmary

rsa; 10030032 €7 == €0, = Spﬁc.iﬂl (nlllh-cmc al) Page 58/86



“Boundary ™ perturbations

o
= (N -‘-8) 2
« Boundary camnot renormahze bulk:  J(u) = —eu + 32
« New operators can be mduced at the boundary!
X
— g/(f’_'.rLoz(r=(].r*)
- margmal at the Gaussian fixed pomt
+ In the mteracting theory m the absence of comcal smeularity
.= 1 1 de 1
b - B -3 = — - gk
0°] =D = c] = <0 3(c) I (u )r

¢ — urelevant

» Comcal smeulanty can change the flow!

Pirsa: 10030032 Page 59/86



Boundary tlow

8(e) = (N +2)u (n = _) (N + 2)uc = c

24w n 8n2 27n
i M S e(p) = ;
* Non-mteractng theory:  J(¢) = = 1+ .= logA/p
1 e} >
3£c) L= 5(3,9)" + 5V(.:.-).;S‘z V(z) = ed*(zy)

~-V?6+ V(z)o = Eo

* Repulsve ¢ >0
- loganthmic flow to weak couplng
c « Aftractve ¢ < 0

4

N X
By yds bound state fooms F « —A e

Page 60/86



Boundary tlow

(N+2ue ¢
+

« Interactme theory, n =1 B(c) = Q72 I

B(c) 3(c)

« Stable fixed pomt ] =0

« Unstable fixed pomt ¢, =

irsa: 10030032 Page 61/86

» Flow ¢ — — 15 towards another fixed pomt (laree N)



Boundary tlow: full theory

(N +2)u ( l) (N+2ue ¢
= n + —— +

Page 62/86



Boundary tlow: tull theory

n < neg n>n,

v T 4

= 3N+2
Must have a“phase transthon™ at n=n.., l<n,<n.=1+-—
4N +8
Ld—l
Sﬂ = Cﬂﬁ + ‘:"n i X
a FnsTn discontmuous at n = n,
Ld—l Ld—l
Sn — Cn t ——— + l",.—
irsa: 10030032 ( )ﬂd*l gd*l L — o and n — N, dOIl‘t C c

age 63/86
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Boundary tlow: full theory + large N

n<ng n>ng

3(c) , 3(c) |

{ = c re

e 3N +2
Must have a“phasetransthon™ at n=n,. l<n,.<n.=1+ ——
4N +8
« Comecal smeulanty unrversality classes:
n<N,: €
BN
irsa: 10030032 Page 64/86
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Finite size correction: s-expansion

Cannot use Gaussian result at leadng order! (boundary correction)

5= g/dd".rj_oz(r={l..r;)

c
Ln + S l_n _Lg(- 5)
logF= |6 \ n T ek

free theory boundary correction

« Set ¢ to the fixed pomt value ¢ =¢]

l-n>e: ¢ ~y/(l—n)e -boundary comection is subleadme

1-n|<e: ¢ =~—"~(n—1) -boundary comection cancels with free theory!

irsa: 10030032 Page 65/86



Beyond leading order in ¢

»  Need partiion function m finte geometry to O(u')

de
= + -
ogzn_ @

*» Need 3(c) to O(u”)

B(e,) = (N + 2)u, (1—z = ) L+ (1—5 - )c,

28%2 )] 12n 872

irsa: 10030032 Page 66/86



Calculating B(c) to O(2#)

=-/dd 'z, ¢*(r=0,x2;)

Calculations simplify m the mut, n — | relevant for entanglement entropy
el ~n—1 (keeponlylneartermsm ¢, n—1)

» Can use dumensional regulanzation (and nummal subtraction)!

Cr) — 4("7') 2 ’r’(ur)rr

EaR

effect of comcal smeulanity bulk renormahzation of ©° operator

U, . D U,
8w 2 872

‘-.l o rl l l
—_—=24+ (.

ne(u,) =

Pirsa: 10030032 Page 67/86



Calculating B(¢) to O(u#)

B(er) = Alu,) + m(uy)e,

» Candetermme A(u,) from (0°(r),). atthe cnfical pomt

O(u°) O(u')
Q +
o
: 8

dc
+ @
I
- g - f
Page 68/

Pirsa: 10030032 ‘r



Calculating B(¢) to O(14)

» Need propagators m D = 4 — ¢ onn-sheeted Riemann surface
D=4:

' =) — sinh(n/n) P+ 2
e il e e e Y T e

48722

(0*(z))n — (&*(x) = (n[.z - 1) - only mput of Riemann surface to O(u')

» Insufficient for present O(u”)

irsa: 10030032 I Page 69/86



Expansion in n-1

t
S = fd”.r det (g*"'a 00,0 + 2¢'+ Ea‘)

(x.7) = r{cosf,.sin @)

ds® = dr® + r*df* + dz~ 6~ 80 +27n
» Rescale coordmates
F=+vnr, ¢=0/n g ~@+2r
F=Fcosy, X=rFsing - normal one-sheeted plane
1 ZaZs
Gag =Mag+ | ——n | — detg =
n =

00§ (2, 2) = (- 1)/dﬂ ( B — 2yﬂyd) DaGr(x — y)95G, (2" —rgy

yr



Finite size correction: beyond leading order in

«  Contnibutions to partiton function to O( u')

de
e = - -
ngn_ @

Nwe
=N+ 8)9(?- 2) - Wilson-Fisher FP
.-Vn' - -
r52: 10030082 % o e g( &2, ;) - Gaussian FP d = 3 Page 71/86



Finite size correction: beyond leading order in

+  Contnbutions to partition function to O(u')

dc
- - -
ngn_ O

Nme
N= : ==
rsa: 10030032 = T g( @, 1:) - Gausstan FP d =3 Page 72/86



Twist dependence

== 4\' NE
" 3(N +8)

gle. ¢

1
glw,x) = = log2
g

1
T I bty
g(e. ) 5r 0B ¥

Breakdown of perturbation theorv for - — 0
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Zero twist

» Breakdown of perturbation theory for - — 0

1 . -
Ar) = T2 oo(zy)e = "/E + o(x)

=

“quasi-zero mode” all other modes

« Effectrve action for the zero mode

<1 ST L un~e

Ne

1 a 7 2\2 1 , Up=2,6 ~2
So= [ oy (5507 + gmbasdl + B2
2 2 4
,
TS Py ™ . p—
i . perturbatrve if ug -
mp_»
u
Up=2" T5
L"'
irsa: 10030032 GI]:SS: 7=

€ Page 74/86
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Correlation length correction

Ld—l Ld—l -
. S, = Cn(t)ﬂd—_l & r“gd_—l rn ~ O(N*)
C.+Cl gv(d—1) vid—1)=1-—1n
e 32
= - = 3 — E. = F) = e N
24 N + 8 d=3—¢€ i (d =2) 32N — 00

. -Use RG to separate smeular and analytic contnbutions

Z

log Z—: ~N - at each order m I'N
‘ limits N = oo and £ — oo
= do not commute!
irsa: 10030032 log —IIZ'-i ~ +v,_ - ﬁ‘ﬂm R‘G’ Page-75/86
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Violation of large N counting

« Violations of naive large N counfing are quite rare

- Witten's resolution of U(1) problem m QCD:

E. Witten (1979)

~ . N3a? N
— ' — n
U—fd (FF(x)FF(0)) = - E T30 E
glueballs o

m
mesons
> 1
m,l, ~ ?

:IHL‘-

I

- Theones mvolme fernu surfaces mteracting with bosome modes

irsa: 10030032

S. S. Lee (2009)
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To do list

« Upper cntical dimension (d=3) v = %
Ld-l Ld-l
S =Cl g +
C-{-—C’f t#[d—“l) —?t

» Additional log 1s possible

> __F
5=C'(t)? -i-—b?logffu bh— unrversal
Gaussian theory: b = i Interactme theory?

24w

irsa: 10030032 Page 78/86






To do list

[ S

» Upper entical dmension (d = 3) p =

Ld-l Ld-l
1 + rgd*I

£ \

C 7 Cv!'t tlﬂ'[d-ll = t

S =CI(t)

ad—

» Additional log 1s possible

L* Ao
S=C(t)§ +—b?log£/u b— umrversal

- N ;
Gaussian theory: b = —— Interactme theory?
24x
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To do list

* 7 m large-N expansion (solve gap equation numencally)
«  Comers/endpomts

[d-1 A B

S=¢C +clogL/a

¢ -unrversal

irsa: 10030032 Page 81/86


















