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String-net condensation and new states of matter

Michael Levin and Xiao-Gang Wen

http://dao.mit.edu/ wen

Artificial light and quantum orders ..., PRB 68 115413 (2003)
Fermions, strings, and gauge fields ..., PRB 67 245316 (2003)
Strings-net condensation ..., cond-mat/0404001
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An exactly soluble 7> gauge theory kituev 03
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e Down spin state = state with no string. String = line of up-spins
e [ -term — closed strings as low energy states
e g-term — string fluctuations
e J-term — string tension. We will set J = 0 from now on.
e [Q1.Bp] =0 — exact eigenstates = common eigenstates of Q= +1
and Bp = x1. Energy = —U3Xj1q1—93,bp

o.riNd state |Q; = B; = 1) = }_ |all closed-strings) has string-ngt.£on-
densation.
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Down spin state = state with no string. String = line of up-spins
[ -term — closed strings as low energy states

g-term — string fluctuations

J-term — string tension. We will set ./ = 0 from now on.
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and Bp = x1. Energy = —U Y 1q1 — g bp

o.Of@iNd state |Q; = B; = 1) = }_ |all closed-strings) has string-ngt.gon-
densation.



Properties of Hz,

e The ground state of H», has four fold topological degeneracy on
torus, characterized by even/odd number of loops which go all the
way around the torus In x- or y-direction.

i

e On genus g surface — 4Y degenerate ground states.
— the ground state contains a new kind of order beyond the Landau
symmetry description.

e L ow energy effective theory = Z> gauge theory
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Down spin state = state with no string. String = line of up-spins

['-term — closed strings as low energy states

g-term — string fluctuations

J-term — string tension. We will set .J = 0 from now on.

Q1. Bp] = 0 — exact eigenstates = common eigenstates of Q= £1
and Bp = £1. Energy = —U Y1q1 — 9> bp
Closed-strings) has string-ngt.gon-

densation.



Properties of H .

e The ground state of H», has four fold topological degeneracy on
torus, characterized by even/odd number of loops which go all the
way around the torus in x- or y-direction.

e On genus ¢ surface — 4Y degenerate ground states.
— the ground state contains a new kind of order beyond the Landau

symmetry description.
e L ow energy effective theory = Z> gauge theory N
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Two Kinds of quasiparticles

e Strings are unobservable in string condensed state.
Ends of strings behave like independent particles.
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e Ground state ©(X) = 1, Vortex state ©,.(X) = ('__'}”_\'. \)
Wx(X) number of closed strings that wind around x.

e Two Kind of open-string operators create two kinds of particles-like
excitations at their ends:
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Two kinds of quasiparticles

e Strings are unobservable in string condensed state.
Ends of strings behave like independent particles.
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e Ground state ®(X) = 1, Vortex state ®,(X) = (=)' x(})
Wx(X) number of closed strings that wind around x.

e Two kind of open-string operators create two kinds of particles-like
excitations at their ends:

16
O~ = = -
e 2l G+ 1 QA
U-
03 G X c*
ﬁ.
Pirsa: 10010067 agt Page 13/26
Q= —1 and B, = —1 -







3D topological order on Cubic lattice

e Untwisted-string model: H = —U 3 1Q1— g3, By
f__JI — H o, Bl’ —— .'Tir“'-‘—i,ﬂ'_—:jc"rl;l
1 next to 1

Can get 3D fermions for free (almost) Levin & wen

Just add a little twist
e Twisted-string model: H =U 101 — ;;‘jl,b’[.
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e Rebranching relation and 6j-symbol:

) = S K m( Ay )

Topological string-net condensation is described by a set of data
{. \ | r\.l . I-_.Irll_ { :
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3D topological order on Cubic lattice

X

e Untwisted-string model: H = —U 3 1Q1— g3, By

l")I = H 1"Ti ) 1’__;1, — (T]‘r_(‘rif‘fé(ﬂ*li
1 next to 1

Can get 3D fermions for free (almost) Levin & wen

Just add a little twist
e Twisted-string model: H =U31Qy—g¢93, Bp
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String operators and artificial charges Levin & wen

e A pair of artificial charges is created by an open string operator which
commute with the Hamiltonian except at its two ends.
Strings cost no energy and IS unobservable.

crossed leg @ » @

dressed string

e In twisted-string model — twisted-string operator
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String operators and artificial charges Levin & wen

e A pair of artificial charges is created by an open string operator which
commute with the Hamiltonian except at its two ends.
Strings cost no energy and is unobservable.
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crossed leg @ . @

dressed string

e In untwisted-string model — untwisted-string operator
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e In twisted-string model — twisted-string operator
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String operators and artificial charges Levin & wen

e A pair of artificial charges is created by an open string operator which
commute with the Hamiltonian except at its two ends.
Strings cost no energy and is unobservable.

crossed leg @ . @

dressed string

e In untwisted-string model — untwisted-string operator
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e In twisted-string model — twisted-string operator
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Statistics of ends of strings

e [ he statistics is determined by particle hopping operators Levin & wen:
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e An open string operator is a hopping operator of the artificial charges.
Open string operator determine the statistics.

e For untwisted-string model: t;,, = o5, ., = 03, tpg = 03
WC‘ f”_]d fr’ru{'- -'Ff'r.r' — 'f-"u-'_ f»rm'
The ends of untwisted-string are bosons
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We find t,4% .11, = —t3,t 1t1d



Statistics of ends of strings

e [ he statistics is determined by particle hopping operators L.
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e An open string operator is a hopping operator of the artificial charges.

Open string operator determine the statistics.

e For untwisted-string model: t;,, = o5, ., = 03, tpg = 03
We find tpgt itha = thatontnd
The ends of untwisted-string are bosons

o For twisted-string model: t,, = 00705, {., = 003, thg = o3

We find t,47 .1, = —tp.t. 1tnd
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Statistics of ends of strings

e [ he statistics is determined by particle hopping operators Levin & wen:
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e An open string operator is a hopping operator of the artificial charges.
Open string operator determine the statistics.

e For untwisted-string model: t;,, = o5, ., = 03, tpg = 03
We find tpgt itr, = thatoatnd
The ends of untwisted-string are bosons
e For twisted-string model: t;,, = 030705, T, = 0503, thd = O .0 sens

We find ty f ..t = —tp.t 1tnd




3D topological order on Cubic lattice
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a crossed leg
e Untwisted-string model: H = —-U Y 1Q1 — .'ff\_:[, L’,,
(‘JI — H rTi . f;ll — ;Ti;‘?i“r:"‘rl
1 next to 1

Can get 3D fermions for free (almost) vLevin &\

Just add a little twist
e Twisted-string model: H =U Y 1Qy—9gX
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