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Contextuality
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Problems with the traditional definition of noncontextuality:
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y to deterministic hidden variable models
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Problems with the traditional definition of noncontextuality:

- applies only to sharp measurements
- applies only to deterministic hidden variable models

- applies only to models of quantum theory

A better notion of noncontextuality would determine

- whether any given theory admits a noncontextual model

- whether any given experimental data can be explained by
a noncontextual model
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Operational Quantum Mechanics

e
@ ) " ) )
©
Preparation Measurement
P M
Density operator Positive operator-valued
o measure (POVM)
{Ex}

Pr(k|P,M) = Tr[E.p]
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General Operational Theories

-

A
@ ) = L @ )
Preparation Measurement
P \V/
Element of a Set of elements
convex set of a positive cone
P {7}

PriklP.M) =7 -p
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A realist model of an operational theory

Preparation
P

0 (=) e~

/

@ :) — 4 » A

[up(A)dr =1
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A realist model of an operational theory

Preparation
: P [pup(N)dh =1
- <:> pp () T
O<&uir =<1
Measurement * M,k
M Y rEmr(A) =1 for all A
. Em.1(A) N P
— D S <:> Em.2(A) el =y

© Em.3(A) y- 2
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A realist model of an operational theory

Preparation
P

; & e

\.

@ :) s f/ N > \

0<&émi=1

[ rp(A)dA =1

Measurement i

M Lﬂ.‘ ‘EMA(A) =1 for all A

.. Em.1(A) AVEN -
— O LA (D &maO) A T

@ Em.3(A)

—
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A realist model of an operational theory

Preparation
8 [up(Ndr =1
P
ﬁ <:> pp(A) e
@ :) " z/ N\ > A\
O<&mi =<1
Measurement )
},..J.EM&(’\) =1 tor all A
M
) Em.1(A) AV e
— (1) Q) <::‘J> Em.2(A) e Iy

@ Em.3(A)
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Tirsa: 09120074 Page 10/102 ‘

e ro i Y e Y . XN sl NN



Generalized definition of noncontextuality:

A realist model of an operational theory is noncontextual if

Operational equivalence Equivalent
of two experimental ——  representations

procedures in the HV model
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Generalized definition of noncontextuality:

A realist model of an operational theory is noncontextual if

Operational equivalence Equivalent
of two experimental ——  representations

procedures inthe HV model
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Generalized definition of noncontextuality:

A realist model of an operational theory is noncontextual if

Operational equivalence Equivalent
of two experimental ——  representations

procedures inthe HV model

—— —_— ——
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Operational equivalence
classes




Operational equivalence
classes




Operational equivalence
classes

P is equivalent to P’ if
VMVE .
p(k|P,M) = p(k|P’,M)




Difference of
Equivalence class







Example from quantum theory

Different density op’s




Example from quantum theory

1 1
I'= 310)(0] + 5|1} (1]

1 1
S 1) (H + 5 1-) (-
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Example from quantum theory

1 1
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Example from quantum theory

; = Tr,,[-\;ﬁ(|o>|o>+|1>|1))1

2! = Tral75(0)1+) + 1))

|
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Preparation noncontextual
model

Page 23/102




Preparation noncontextual
model

()

[\,




Preparation noncontextual
model

()

[N,




Definition of preparation
noncontextual model:

VM : p(k|P, M) = p(k|P’/,M)
—  p(A|P) = p(A|P)
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of these
(Kochen-Specker, 1967)

0 (b) © . .
f1g.(A) /[ —\
@ ) @ (a) Some states of a qubit
1721373
jr1.(A) Pt
@ TTatala ™4 @
= \ (b) A preparation noncontextual
\ /iy, (A)
: — model of these
@ B T, (RWS, PRA 75, 032110, 2007)
- T5ts > A '::_ { 3
-' y |‘.x['-{i
— ) e (c) A preparation contextual mode
S

Pirsar 1@

ol _'(-‘\}

1 1 _
— ?.l"'._'. (A) + ?jJ] (A)

1 1
== ?.u + (A) 4 ?;.r (A)

1'}342
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(a) Some states of a qubit

(b) A preparation noncontextual
model of these

(RWS, PRA 75, 032110, 2007)

D (b) €
~ pp (A) N
@ WYL
g (A)
1
__ﬂ_‘\\ 1 (A)
+@ 5t » A

(c) A preparation contextual mode
of these

(Kochen-Specker, 1967)

/ N 1 1
j = 50 (A) + 51 (A)
W ._.-'

; h\ ppmap. (A)

/.ﬁ"_‘\\ ]" l:\]
/ﬂ—D’A
1'2'3°4
\___/{
11y 2(A) . 124N
1
= 10/ (A) + iy (A)
1 1
= _).u i {"‘.) . ._,;.r ('l}
1/2 ) : T
xS TaTsTg1"A
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Difference of context
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I — 1) (¥ I — |¥1)(¥1]
= [Y2)(V2l + |[¥3) (V3] = |yb)(wh| + [¥5)(x
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Measurement










universal noncontextuality
= noncontextuality for preparations and measurements
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Preparation-based proof
of contextuality

(1.e. of the impossibility of a noncontextual
realist model of quantum theory)
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Important features of realist models

Let P — u()\)
P' < u'(X)
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then () /(M) =0

,l(A)/ ”K /() 1) / \ ,ﬂ()\)
/ /

A
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~ #1j0,(A)
@ (a) Some states of a qubit
@ (b) A preparation noncontextual
\ /111, (A)
model of these
: : (RWS, PRA 75, 032110, 2007)
,,;f’i}
o~ (c) A preparation contextual mode
@g of these
2 (Kochen-Specker, 1967)
iy 20/ ’ _’___\ #1205, (A)
S 5. (A) + :1}“] () @= ;Jn_J[-\H- :l,m (A)
= A) 4 1: (Xx) \:\\_—/
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universal noncontextuality
= noncontextuality for preparations and measurements
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Preparation-based proof
of contextuality

(1.e. of the impossibility of a noncontextual
realist model of quantum theory)
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Measurement






universal noncontextuality
= noncontextuality for preparations and measurements
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Preparation-based proof
of contextuality

(1.e. of the Impossibility of a noncontextual
realist model of quantum theory)
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Important features of realist models
Let P — u(N)
P’ — u/())
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then () /(M) =0

w(N) / \\< \ p'(X) g1 ( )\7' i \ / a ‘\'\[L, ()
/ - A \, A

Pirsa: 09120074 Page 53/102



Important features of realist models

Let P < u(\)
P’ — u/'())
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then () /(M) =0

u(x) /.~ X ) ,uo%“\ /“\\m)
. " A

Representing convex combination:

If P” = P with prob. p and P’ with prob. 1 —p
alsfien p'(A) = p p(X) + (1 —p) ©'(N)






Proof based on finite construction in 2d

L =G

Pq " (1,0) S
P A — YA = (0~ 1) f

: vy L ¥p

) ”Q‘JC 1 ’I,UC]
PB - d;B — (\/5/2"_1/2) w(i
P, < e = (1/23_\/5/2)
P Yo = (\/5/2 1/2)
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Proof based on finite construction in 2d

|
o

0
0 ) Ta0 A
0
1

Ep
P1 - on = ( ) OB — 0
Y. 1 1 ,§
P, < (13’3 3 ) oG = K
_( 1 -1v3
oy o - (s V)
1 1\;’§
P(: «—> O = ( “‘114\,{{3 42 )
3 1./ Og a,
P(’ L oc = (53;3 43‘3) “
Pa and P, are distinguishable with certainty - G,
P, and Pp are distinguishable with certainty
P. and P are distinguishable with certainty T4
pa(A) pa(A) = 0
s W) r(A) = 0
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1l

M

11

P, and P4 with prob. 1/2 each

P, and P with prob. 1/2 each

P. and P with prob. 1/2 each

P., P, and P, with prob. 1/3 each
P4, Pp and P with prob. 1/3 each
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P,1 = Pq and P4 with prob. 1/2 each
Py = P, and Pg with prob. 1/2 each
P.c. = P.and Py with prob. 1/2 each
P... = Pa, P, and P. with prob. 1/3 each
Papc = P4, Pp and P with prob. 1/3 each
| 1
ﬂu.—l()\) S— 5!"(1(’\)_'—5/-{;1(’\)
3 1
upp(A) = 5!*:,(/\)4‘5!113(/\)
— 1 1
nec(A) = Spe(A) + Suc(A)
ape(A) = %nu(/\w ;inbmwt ;;u-(f\)
napc(A) = 3!1.-1(/\)+éﬁfzs()\)+-3ﬂo(f\)
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!2 pa— — U T i
/ %+ 504

|
|
S
-
|
q
W+

Pa.-—l =~ PbB =~ P('(.-'
= P(.'b{? = PABC'
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[2 == — Uy . y
/ 0a+ 504

P(:A =~ PbB = P((_.-'
= Pnbr‘ — P4B('

By preparation noncontextuality

taA(A) = ppp(A) = pec(A)
= Hab( (A) = papc(N)

Page 63/102



irsa: 09120074

Il

P, and P, with prob. 1/2 each

P, and P with prob. 1/2 each

P. and P with prob. 1/2 each

P., P, and P. with prob. 1/3 each
P4, Pp and P¢ with prob. 1/3 each

parQ) = () + A

upp(A) = ;m,(f\)-l-;ﬂn(f\)

peeQ) = Spe(N) + e

pane) = 3 F 3 (N) + e
paBcO) = ZuaQ) + ZupO) + SreO)
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v(A)

Our task is to find
H'H()‘)! ﬂ.-l(A)! J“b(A)l

nB(A), pe(A), po(A),
and v(\) such that

|

.“u(/\) J”,-‘l()‘) 0
p(A) up(A) = 0
pe(A) pe(A) 0

-

1
Sta(A) + Spa(A)

1p(A) + Sip(A)

e + (V)

1 1
pa(A) + g!‘h(/\) - = é.“r'('\)
1

| Il
N =N

W =N =N =N

1
irsa:09120074= }t‘(A) + 3“1;(’\) + 3!'{('(/\)'

W
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Our task is to find
ﬂ-u(}\), ﬂ'.-l(/\)n ﬂb(A),

np(A), me(A), pe(A),
and v(\) such that

.“ﬂ()\) H-.-l(/\)
p(N) ()
pe(A) pe(X)

09120074

= 0

= )

= 0
1 1
ﬁﬂu('\) o 5!‘.-1()\)
1 |
Em,()i) + 5111;()\)
1 1
Eﬂr'(f\) ¥ 5!‘(‘(/\)
1 |

1
5}&1()\) - = éﬂb()\) 4 _;“'l"(’\)
1 1
—paA(A) +

3+ 3;”!3(/\) +

.“( '(A).

i.e., paralleling the
quantum structure:

Oa0 A

9B

TcO(Cr

1/2

I
O ©

|
o

1 1
50'” -+ “é'ﬂ'_-l
1 1
—op + —o
% 1+% B
—O ¢

2 + 2
5

1
?a” -+ Uh + 3fr
oAt gt goc.

—U( '



v(A)

Pi

IIIII

Our task is to find
””(/\)r “.-\(’\)r r“‘f)(/\)'

(X)), (), pe(r),
and v()\) such that

pa(A) pa(A) = 0
pp(A) up(A) = 0
pe(A) pe(A) = 0

salA) + =pa(N)
1p(A) + —pp(A)

pe(X) + %ﬂ('(/\)

1

| [l
N =N

Wl =W D—*I\JIE—'I\JH—‘M —

3
1

09120074

—ta(A) + Zpp(A) + —;n (A)

—pA(X) + 3»”:;(/\) -+ 3.“('(}\)

From decompositions (1)-(3), for A= N

.”u(X')
pp (')
Hr'(’\’)

0 or 2v(\)

= 0 or 2v(\)

0 or 2v(\)
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QOur task is to find
ta(A), pa(A), pp(A),

n(A), me(A), po(r),
and v()) such that

pa(A) pa(A) = 0
pp(N) pp(A) = 0
pe(A) pe(A) = 0

= 1a() + =4 ()
sy + =ua(A)

pe) + e ()

1

N =N

|
WIHWIFN] =N RN =

3
1

09120074

fr:(/\) = _ﬂb()\) — L]_;,!fr'()\)

1
—pA(A) + 3,”:3(/\) + 33!(*()«)

From decompositions (1)-(3), for A= N
ol X)) = 0 or 2u(X)
i, (N) = 0 or 2v(\)
(N 0 or 2v(\)

|

But then the RHS of decomposition (4) is

31.»'()\) du(\), 2v(\)
S Pt

for )M such that v(\) # 0

CONTRADICTION
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Measurement contextuality

New definition versus traditional definition
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How to formulate the traditional notion of noncontextuality:

lwy)
T\ Iw x1(\)
=
< _,,-j lys) <:> x2(A)
\_/,// ;’(3()\)
|\P1>

xlf"'” x1(A)

(’/ 7) — Xo(V)

Pirsa: 09120074

Page 70/102



This is equivalent to assuming:

— M x1(A)
© X-1(A)
/
coarse-grain \)
\Eieisure lws) aw

{|w1><w1|§ I — |¥1)(¥1]}

M (\)
. C@ - X1

X-i2{A)

/F v Iz} \

— ( W coarse-grain )

Pi 20074 |l|j, > and Iw’ > —-/.
M"“‘w s} ; //”3//'//

e




How to formulate the traditional notion of noncontextuality:
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This is equivalent to assuming:

M x1(A)
© X-1(A)
/fﬂ_ﬁ h » - e
UR—— v  coarse-grain \
e lyz) @and |ys)
hﬁ"““-——-__h___T___T‘__ _ﬁ_ﬁfﬁ_ﬂ/

(o) (@rl, T — [$1) (1))

(Dﬁ M . x1(\)

X-1(A)

e S

coarse-grain
ly'5) and |y’s)

\

measure
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But recall that the most general representation was

{Pr} i Ep(A) L N =
— ([N (A <i > Ep,(A) g s RS
@ £P3(’\) > o ’_L A
Therefore:
traditional notion of revised notion of

noncontextuality for sharp

noncontextuality measurements

and

outcome determinism for
sharp measurements
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This is equivalent to assuming:

M x1(A)
@ X-1(A)
—_

w  coarse-grain

v W>

{v1) (Y1l T — [¥1){(¥1]}

(Dﬁ M . x1(A)

X-1{A)

——

e

/,

S

Page 75/102




But recall that the most general representation was

=

— .
©

Therefore:

traditional notion of
noncontextuality
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(—

Epy(A) o -
Ep,(A) 7~ > A
éf’3(A) s ’_L A

revised notion of
noncontextuality for sharp
measurements

and

outcome determinism for
sharp measurements
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So, the new definition of noncontextuality is not simply a
generalization of the traditional notion

For sharp measurements, it is a revision of the
traditional notion
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Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)7

Bell's local causality:
We ask: Does the probability of the outcome depend on space-like

separated events (in addition to local settings and 7.)?
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Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)7

Bell's local causality:
We ask: Does the probability of the outcome depend on space-like

separated events (in addition to local settings and 7.)7?

Traditional notion of measurement noncontextuality:
We ask: Does the outcome depend on the measurement context
(in addition to the observable and 7.)7?

The revised notion of measurement noncontextuality:
We ask: Does the probability of the outcome depend on the
measurement context (in addition to the observable and 7.)?
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Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)7

Bell's local causality:
We ask: Does the probability of the outcome depend on space-like

separated events (in addition to local settings and 7.)7?

Traditional notion of measurement noncontextuality:
We ask: Does the outcome depend on the measurement context
(in addition to the observable and 7.)?

The revised notion of measurement noncontextuality:
We ask: Does the probability of the outcome depend on the
measurement context (in addition to the observable and 7.)?
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traditional not ¢ revised notion of
L noncontextuality for sharp

noncontextuality measurements

and

outcome determinism for
sharp measurements

No-go theorems for previous notion are not necessarily
no-go theorems for the new notion!

In face of contradiction, could give up ODSM
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However, one can prove that

preparation outcome determinism for
—

noncontextuality sharp measurements
Therefore:
measurement measuremen_t
noncontextuality noncontextuality
and g and
preparation outcome determinism for

noncontextuality sharp measurements
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However, one can prove that

preparation outcome determinism for
-

noncontextuality sharp measurements
Therefore:
measurement measuremen't
noncontextuality noncontextuality
and " and
preparation outcome determinism for

noncontextuality sharp measurements
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However, one can prove that

preparation outcome determinism for
noncontextuality sharp measurements
Therefore:
measurement
noncontextuality Traditional notion of
and noncontextuality
preparation

noncontextuality

Pirsa: 09120074 Page 84/102



However, one can prove that

preparation outcome determinism for
noncontextuality sharp measurements
Therefore:
measurement
noncontextuality Traditional notion of
and noncontextuality
preparation

noncontextuality

no-go theorems for the traditional notion of honcontextuality can
P& salvaged as no-go theorems for the generalized notion ™=



Measurement-based proof
of contextuality

(1.e. of the Impossibility of a noncontextual
realist model of quantum theory)
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Proof of contextuality for unsharp
measurements in 2d

Mo  —  {MNg, Ny}
M, = {My,Npg}
M. < {MNe Nc}
M., projects onto ¢, [,

Ma + n,-l
nh =+ nB
Pl - Tl

| T
—

o

=

3
) W >
|
o O
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Proof of contextuality for unsharp

measurements in 2d
Mg *_*{Xu()\)s.)(;-l()‘)}

Mg - {r'm ﬂ_,\} M, < {_Xf,(/\)- X'B(A)}
mh — i”b- ”Bi Me < {Xc0) xe(A)}
c — I—I('. n('
| By definition
M. projects onto v, [ 1,

Xa(A) +xa(A) =1

Ma+Mly = 1 |‘|B |'|C Xh('\) h XH(’\) =1
Np+MNp = 1 Xc(A) + xc(A) =1
Ne+MNe = I

i Iy,
Mally = O
MM = 0 Ma
N.Ne = 0
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Proof of contextuality for unsharp

measurements in 2d

Mﬂ =
M, —
Mrt b

{rlﬂ? nl}
{My, Np}
{Me, Ne}

M. projects onto ¢,

rl(’! + n,-l
nb + nB
Ne+ MNe

I_I“rl-.‘
MNyNp =
I_I(-I_I('

Pirsa: 09120074
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M

Ma < {xa(A),xa(A)}

My < {xp(A), xB(A)}

Me < {Xc00): xc(A)}

By definition
Xn('\) a3 X.—l()‘) =1
xp(A) +xp(A) =1
Xc(A) +xc(A) =1



Proof of contextuality for unsharp
measurements in 2d

M, < {Xa()\)ﬂ X‘-l(’\)}

Mu =
{MNa, M4} My < {xp(A). xp(A\)}
Mh L {rlb.' nB} M(_. o 2 {X((A) X('(/\)}
M(t — {rl(-. rl('} e
. , By definition
M, projects onto v, 11, xa(A) + x4(2) = 1
Na+MNy = I e xp(A) +xB(A) =1
N+ Ng = 1 xe(A) + xc(A) =1
MNe+MNey = 1 2
amle By outcome determinism for
b sharp measurements
allas = O
n‘n-‘ . xa(A)xa(A) = 0
i xp(MDxp(A) = 0
I_l(_'l_l(' — 0

Xr'()\).\’('(/\) = 0
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M = implement one of My, M; and M, with
prob. 1/3 each, register only whether first or
second outcome ocurred
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M = implement one of M,, M; and M, with
prob. 1/3 each, register only whether first or
second outcome ocurred

M e {%nn +%nz)+%ﬂ(%ﬂ4+%ﬂ5+%ﬂ(}
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M = implement one of M,, M; and M, with

prob. 1/3 each, register only whether first or
second outcome ocurred
M o ExaQ)+IxeN)+Exe(), 2xaW)+Exp(W)+ixc(M)}

Page 93/102
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Proof of contextuality for unsharp

measurements in 2d

Mn =
M, -
M(? —

{l'lu, ﬂ--l}
{My, Np}
{Me, Ner}

[, projects onto v,

rlrr + n_—1
My +MNp
N:+ Ne

Mall 4
nl)rlh‘ —
MN:MNe

Pirsa: 09120074

o

Ma < {xa(A),xa(N)}

My < {xp(N), xB(AN)}

M < {X(-(,\)- X('(A)}

By definition
Xa(A) +xa(A) =1
xp(A) + xp(A) =1
Xc(A) + xc(A) =1



M = implement one of M,, M; and M, with

—

prob. 1/3 each, register only whether first or
second outcome ocurred

M o {30+ 3+ 3N 304+ 3M5 + 30c¢)
Mo e BxaM+HIeM+Hixe®). SxaM)+3xsM)+ixe()
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—_—

prob. 1/3 each, register only whether first or

second outcome ocurred
M o  {3Ma+3Mp+ 3N, 3N4+3Np+ 3N} ={

M o {3xaMN)+F3xN)+H3x(N), 3xa(N)+3x8(N)+3xc (W)}

M = implement one of M,, M; and M. with

1
1,31}

I\JI:—-
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M = implement one of My, M; and M, with

—_—

prob. 1/3 each, register only whether first or
second outcome ocurred

aMad il 2N aMa 4+ 2Tl 2Nt =i 1]
M « {3 a 3’0 3''c,J' 1A 3 D 3 (.} —{2 ) }
M o {3xa)+F3)+F3xeN), 3xa)+3xsN)+3xc(V)

M = ignore the system, flip a fair coin
= =i
v g
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M = implement one of M,, M; and M. with

—

prob. 1/3 each, register only whether first or
second outcome ocurred
M {3MNa+ 3N+ 3N, 3Ns+ 3N+ 3iNc} = {31,311}

M o {§Xﬂ(’\)+§Xb(A)+§Xf'()\)a§Xi-l()\)+§XB(A)+%§X(_T'()\)}

M = ignore the system, flip a fair coin
= - (171
M {51,51}

M =4 {za 2}
By the assumption of measurement noncontextuality

= 1 1 1 1 1 1 i A |
M~M — {3Xxa+ 3Xp + 3Xe: 3x4 + 3xB + 3x0} = {55}
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M = implement one of My, M; and M. with
prob. 1/3 each, register only whether first or
second outcome ocurred
iMa+im+in,iNis+ N+ 1N = {1117
M e {3 a 311 3''cy 31 1A 3 D 3 (-} —{232}
M o {3xaM)+3x6(N)+F3xcN), 3xaN)+3x8(N)+3xc (W)}
M = ignore the system, flip a fair coin
M~ {3Ii1}
~ 11
M > {js‘z'}
By the assumption of measurement noncontextuality
v 1 1 1 1 1 3 — 1 1
M=~M — {3Xxa+ 3Xp + 3Xe: 3x4 + 3xB + 3x0} = {53}
2 1 11
But {01 1}* {§s§}1 {1~0}~ {g- g} # {_2‘~§

CONTRADICTION

irsa: 09120074 Page 99/102



Proof of contextuality for unsharp
measurements in 2d

Mo < {xa(A),xa(A)}

Mg — :
r {Ma, M4} My < {xp(A).xB(N)}
ﬁh = inf,.ngi Me o {xeoy XeO}
e — I_I,('. I_I("
| | By definition
M., projects onto 1, [,

Mg +My = 1 I_'B Ne xo(A) + xp(A) =1

Mpy+Np = 1 Xc(A) + xc(\) =1

n | I-I ‘ - ] - .

Sk M By outcome determinism for

Me b sharp measurements

nn”,\ = 0

n,Ng = 0O M4 Xa(M)xa(A) = 0

e = i =0

Xﬂ(/\) -+ XA (A) = 1

irsa: 09120074 Page 100/102

Tl Ta, £AYN o XYY



M = implement one of M,, M; and M, with
prob. 1/3 each, register only whether first or
second outcome ocurred

M - {%l_la.-l-%nb-l-%I’lc,%l'l_q—l—%l'l5+%ﬂ(;} — {%I,lf}
M o BxaW)+H3xN)+H3xe(V). 3xaMN)+3x(N)+ixc(V))

M = ignore the system, flip a fair coin
M~ (31,11
- 11
M > {ja 7}
By the assumption of measurement noncontextuality
~ 1 1. 1 1 1 i | — g1 1
M>~M — {3xa+ 3+ 35X 3X4 + 3XB T 3XC} = 15 5}
1 2 2 1 1 1
But {01 1}! {§! 3}1 {1! 0}, {gs §} # {j? §}

CONMTRADICTION
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The mystery of contextuality

There Is a tension between

1) the dependence of representation on certain details of
the experimental procedure

and

2) the independence of outcome statistics on those details
of the experimental procedure



