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Towards a purely
operational formulation of
quantum theory
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Preparation Measurement
= M
_ Projection valued
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Operational Quantum Mechanics

.
B
Preparation Measurement
= M
_ Position operator valued
Density operator measure (POVM)
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Standard
Measurements

(Generalized
Measurements

{1L; }

(W |¥) >0, V|v)

Y I, =1
Fls) = tr(pll)

I,11; = &;; 11,

{Ea}

W|Eq|v) 2 0, VY

2aka=1

P(d) = tr(pEy)
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Mixtures of
measurements
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Standard
Measurements

Generalized
Measurements

UL

W|TL|v) >0, V)

I =1
Fls) = telpllk)

IL,11; = &;; T,

1Ea}

_!.'!1‘,‘(,"!.’- >0, Vv,

Z”l ]:‘,[ — ]

P(d) = tr(pEy)
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Mixtures of
measurements

d

103, 7) = p(3li)p(i)
= Tr(l gz)P)Pz‘

= Tr(piN{"p)
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Mixtures of
measurements

@

i, 3) = p(ili)p(i)
= Tr(I _.EZ)P)Pz'
= Tr(p:N{"p)
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Mixtures of -
k=(i.7) / ~
measurements Pl //7\

®

G, 3) = p(i1)p(0) o "
= "Tr(I J(-Z)P)Pz'

. k)= Tr(&
@) P(.) r(Exp) .
-Halle Positive (V|Ei|Y) >0 V) € H




Mixtures of
measurements

’®

1(%,7) = p(J Ii)?(i)
= Tr(Mn J(-Z)P)Pz'

p(k) = Tr(Egp)
. Positive (V'|E|v) > 0 YY) € 'H

= Tr(p:M}"p)

E,;.,j Sum to identity Z;‘, e — 1







Mixtures of
measurements

1(%, 7) = p(4]2)p(2)

= Tr(N$p)p;
* p(k) = Tr(Egp)
-l * Positive (U'|Ej.[v) >0 Y|v) € H
E,;_,J' Sum to identity Z;‘. e —r

Pirsa: 09120067 Page 18/106

i L TR - T L SRt N ey prupnperee . - w T, ¥




Mixtures of .
k=(i.7) /"~ »
measurements (,7) /7\

d

(i, 7) = p(ili)p(E) on'"

= Tf(ﬂ(-i)P)Pz'
* 5 p(k) = Tr(Egp)
Tl * Positive (V'|E)[v) >0 Y|v) € H
E; ; Sum to identity Z,‘. iy — 1
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Recall
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Coarse-graining
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Coarse-graining




Coarse-graining

- - .
kedl,:
L - L] § e e

p() = 3 pG)
JESE
Tr(Egp) = ) Tr(Fjp) Vp
JESk

=Trl( >_ Fjpl Vp
JESE
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Coarse-graining

ke {24, /”7\ {E;}

I e

< {1,2,3,4,5,67,8,9,.}
O {F;}

p(k) = > p(4)

JESE
Tr(Byp) = Y_ Tr(Fjp) Vp
JES
=Tr[( ) Fj)pl Vp
JESk
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Example 1
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Another
example
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{q|0){0], q|1){1], (1 —q)=I, (1—q)
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Another
example

1¢10) (0| + (1 — (})31 ,q|1){1] 4+ (1 — q)7f_:-

L]
—

{q0){0, ql1)(1], A —q)5I, (1 —q)5I}
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Another
example
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Another
example
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Another
example
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Measurement by coupling to an ancilla
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Measurement by coupling to an ancilla

p(k) = TraalN (ps ® 7)]
— TrS[Tra(I_IJ(tsa)Ta) psl
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Measurement by coupling to an ancilla

p(k) = TraalM (ps ® 7)]
— TrS[Tra(I‘IJ(f“)'ra) pPsl




Measurement by coupling to an ancilla

p(k) = TraalN (ps ® 7)]
— TrS[Tl’a(I—Iﬁm)Ta) pPsl

p(k) = Tro(EL® p,)
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Measurement by coupling to an ancilla

p(k) = TraalN (ps ® 7)]

— Tr‘,_;["ll'ra(I_IJ](:M)Ta)l ps] p(k) = Trs(E,gs)ps)

Y
(s) /1. ‘(3) NV AU
L k Positive \ ¥ E L 1Y) 20 v ]L ) €9
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Measurement by coupling to an ancilla

T Eh A N
(l
—{) (A
@ EH( sa) |L.

p(k) = TraalN (ps ® 7)]
- TrS[Tra(I_Il(tm)'ra) psl

p(k) = Trs(EL ps)
ELS) Positive 1|E ;(H) y) > 0 "]L & 7
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Measurement by coupling to an ancilla

p(k) = TraalN (ps ® 7)]
— TrS[Tra(I_I,(cm)'ra) psl

p(k) = Tra(E) ps)
S / ('-? \ . \/ —
12 ,1( } Positive | Y| E 3 ) Y) 20 v ’ y) €9
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Example

U —

) = cos(#/2)|0) 4 sin(6/2)|1) &
o
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Measurement by coupling to an ancilla

p(k) = TraalN (ps ® 7)]

_ (sa)
- T S —I_ a I_I a S S
r [‘L_(_ﬁ_T_). Pl p(k) = Trs(E,E ) ps)

E LS) Positive { L|E;M ) >0 V|yY) €7
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Example

& N
— A {21),[22),|®3), [®4)}
© = {v271(|0)j0) + [1)]1)),
v2-1(j0)[0) - 1)[1)),
)
)

) = cos(0/2)|0) 4+ sin(6/2)|1)

v2-1(jo)[1) + [1)|o)),
v2-1(j0)[1) - [1}|0))}




Measurement by coupling to an ancilla

p(k) = TraalN° (ps ® 7)]

— TrS[TI’a(nﬁsa)Ta)l ps] p(k) — Trs(E,gs)Ps)

(s) /. () ;.\ & R IR g
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PPPPP : 09120067 S um tO |de ntlty Z f‘- E}“ :Pag%g{loes




Example

) = cos(0/2)|0) + sin(8/2)|1) N ‘

= {V27X(

§ 2

Ps 2 ¢
© V2 Y(
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D—O A UP1),[22),
©

|ch-' |{I) ) }
0}|0) + [1}[1)),
0)(0) — 1)[1)),
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0}[1) — [1}[0))}




Example
oS EROE TSI D — DITA {181),[92), [03), [84)}
© = {V271(|0}[0) + [1)[1)),
ol v2-1(|0)[0) — 1)[1)),
Ds v2-1(jo)[1) + [1)[0)),
© vZ2-1(j0}|1) - [1)[0})}




Example

) = cos(0/2)[0) + sin(6/2)|1) N ‘

B =TIl 75)
— H ‘ a ‘(I).’ sa ' (I)a'-‘ | sa Iﬁ a
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gy (17 192): 122), [2))

= {V271(|0)[0) + [1)]1}),

- ﬁ_i(O)O)— 1)1},

04 VZ-1(j0)[1) + |1)[0),
© V2-1(j0)|1) — [1}|0}))









Example

e

) = c0s(6/2)|0) +sin(6/2)|1) o0 F A {121),[®2),[®3),|®4)}

‘{f‘1(0>0>+|1ﬂ1>),
e v271(0jj0) — 1)[1)),
D v27i([0)[1) +[1)[0)),
© V2 1(j0}[1) - [1)[0))}
B =TI 7)
— ﬁ‘u ‘(I)k sa (I))'l | sa |H Ii'
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Example

) = cos(6/2)[0) + sin(6/2)|1)
— {V21(|0)|0) + [1}]1)),

)
- v27([0)]0) - 1)I1)),
Ps v2=i(jo)|1) + [1)[0)),
© v2-1(j0)|1) - [1}[0))}

S (s
EY = Tra (I 7,)
= 0 ‘ a ‘(I)k sa T’L‘ | sa IH a

gl ——l. N = " 3 f—
6]al®12)sa = VI [cos(6/2)[0) % sin(6/2)[1)s] = V2 | £ 6),
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Example

W

= cos(0/2)|0) +sin(6/2)|1) —0 7 A .::|<I)I”;,‘¢[} ‘ |(I).- |(I) )}
© — (VEL(0)0) + L)1),

N v2-(jo}j0) - 1)]1)),
Ps V27 (o) >+|1no)
© ©, vZ2-1(j0}[1) - [1)[0))}
(s) (sa)
By =Tu(l"m)
— 0 ‘ a ‘(I) k)sa' (:[)L‘ | sa IH a
(0|a|P1(2)) sa = »’TL[U-,Q 0/2)|0)s £ sin(8/2)[1),] = V2 | £ 6),
H|(J‘I’-{(4) sa — \ ["\111 9 ))|U + cos( (7“_ |l ] E‘E_liﬂ_$9;’q
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Example

= c0s(0/2)|0) 4+ sin(6/2)|1)

—0 R A 1[P1),[D2),|D3), |P4)}
© = {v2=1(|0}|0) + [1}[1)),
v2-1(j0)j0) - 1)11)),
v2-1(|0)[1) + [1)[o)),
v2~1(jo)|1) -

11)10))}

E.” = Tr, (I 70)
— H ‘ a ‘ (I)L‘ sa (I) I8 | sa IH a

s |

0la |(I)1(2’] )sa = \;—T [( 0s( |O + sin(6/2 )| ] — /2 | - 7y
” .. 2 i 4 |
(0)a|P3(4))sa = V [am 2)[0)s £ cos(8/2)|1)s] = V2 |7 FO),
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1 | 1
(Z16)(0], =| - 6)(-06|, =
I_,-) ) )

| |
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Internalizing the probe system (a la von Neumann)




Internalizing the probe system (a la von Neumann)




Operational Quantum Mechanics

= Y ) @
© B ) B )
© ©
Preparation Transformation Measurement
P T M
‘ | Positive operator-valued
Density operator Unitary measure (POVM)
p U {E}}

— Pr(k|P, T,M) = Tr[EUpUT]




Operational Quantum Mechanics

= Y A
© ) 0 ) )
© ©
Preparation Transformation Measurement
E T M

Trace-preserving
, completely positive  Positive operator-valued
Density operator linearmap (CP map) measure (POVM)

p T {E;)
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Mixtures of
Unitaries

~C—
p ®
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Mixtures of
Unitaries

~C—
p o

p(k) = Zp(kli)p(i)
= Y TrEU;pU] 1p;

1
= Y TrE, Y. pilipU]]
i i
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Mixtures of
Unitaries

~C—
p ®

p(k) = Zp(kli)p(i)

— Z Tr[ExUipU]1p;

Pirsa:



Mixtures of
Unitaries
BTN
’ o
© ©

p(k) = Zp(in)p(i)

Positive: 7(p) >0 if p> 0
= ZT"[EJCU;'PUJ]P';

1
= ) Tr[E; ZP:’U'EPUJ]
T |1 )
_ . 7 (p)



Mixtures of | Pif
Unitaries

~C—
p ®

p(k) = Zp(kli)p(i)

Positive: 7(p) >0 if p> 0
= Y TrEUpU,1p;
1 ; Completely positive:
= >_TrlEy 3 pilipU;] Ts @ Za(psa) > 0 if psa >0
(] L
N
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Mixtures of
Unitaries

p(k) = Zp(kli)p(z')

Positive: 7(p) >0 if p>0
= 3" Tr[EwU;pU]1p;
L T Completely positive:
= Z TrEy ZPiUiPU;*] Ts ® Za(psa) > 0 if psa >0
1 1
A

Trace-preserving. Tr(7(p)) = Tr(p
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Mixtures of | 12ir
Unitaries

p(k) = > p(kli)p(i)
= " TrEU;pU]1p;

1
= ) Tr[E; ZP:’U'EPUJ]
; U ,
irsa: 09120067 T ( p)

Positive: 7(p) >0 if p> 0

Completely positive:

Ts ® Ia(psa) > 0 if psg >0

Trace-preserving: Tr(7(p)) = Tr(p

- g QR e s s e



Transformation by coupling to an ancilla




Transformation by coupling to an ancilla

plk) = __rsa[(E;gs) X Ia)Usa(Ps ® Ta) U;a]
= TralE{) T (ps)]
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General transformations

Kraus decomposition

T(p) = ¥, KupK),

Linear map: T : E((Cd_) — L(Cy)

Completely -
positive: Ts ® Za(psa) > O if psa >0 K, linear operators
ace-preserving:  Tr(7(p)) = Tr(p) > KiK, =1

T(P) — Ei(\/ITiUi)P(UJ\/ITi) Mixture of unitaries
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Operational Quantum Mechanics

Cm
b ) @5
© ©
Preparation Measurement
P T

|

Effective preparation

= k




General transformations due to measurements

Kraus decomposition

T(p) = X, KupK),
Completely - H ;
positive: Ts ® Za(psa) > O if psa >0 K, linear operators

race-decreasing: Tr(T(p))@Tr(p) > Kﬁh},@l

Linear map: T : L(Cy) — L(Cp)
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Transformation by coupling to an ancilla

p(k) = “rsa[(E;gs) ® Ia)Usa(ps @ 7a) U;a]

= "rs[E’Es) T(Ps)] Completely positive:
(s _(8)+ Ts ®Za(psa) >0 if psg >0
I lbs) = Z“ IxL‘ )pSI\ LS] ! ‘G i
. () et i Trace-preserving:
.Wlth K, "' = (tlaUsald)ar/W; Tr (T (p)) = Tr(p)

N /o -(8)7 -(3)
where = = N w-11) {3l because Y KV''KY’ =1.



Transformation by coupling to an ancilla

p(k) = __rsa[(E;Ss) X Ia)Usa(Ps X Ta)U;a]
= Trs[ES) T (ps)]
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Transformation by coupling to an ancilla




Transformation by coupling to an ancilla

p(k) — __rsa[(E;Ss) X Ia)Usa(Ps ® Ta) U.Ia]
= Trs[ES) T (ps)]
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Transformation by coupling to an ancilla

P(k) = _ﬂrsa[(E;Ss) X Ia)Usa(Ps ® Ta) U;a]
= Trs[ES) T (ps)]

{8) ~-(s)7
T(ps) =D, Ku psKy'




Transformation by coupling to an ancilla

p(k) = _ﬂrsa[(E;Es) ® Ia)Usa(ps @ 7a) U;a]

— _'rs[EJES) T(Ps)] Completely positive:
e BNt Ts @ La(psa) > 0 if psa >0
T (ps) = Z,u AL_ ).”-SI\L_) Wil a
with K%' = (iaUsali)ay/T5

where - = N s liY (9]



Transformation by coupling to an ancilla

p(k) __rsa[(E;gs) ® Ia)Usalps @ Ta)U;a]

— "rs[E}ES) T(ps)] Completely positive:
(s -(8)7+ ﬁ@I(PH)>OIf05 >0
¢ (Ds) = Z“ [xL' ),0_9[\ :;) . _“ )
, (8} | o Trace-preserving:
Wlth K ,ub - ?|(£r's(1|] e \.-"fw\j TF(T(p)) — Tr(p)

. (8)1 7-(3)
where = = N w-131) {3l becauce Y KV''KY’ =1.



General transformations

Linear map: T : L(Cy) — L(Cy)

Completely
positive:

‘ace-preserving: T T (p))= Trip)

Ts ® Za(psa) > 0 if psqa >0

irsa: 09120067 Page 88/106




General transformations

Kraus decomposition

T(p) = ¥, KupK},
Completely e H ‘(
positive: Ts ® Ia(Psa) >0 if psa >0 K, linear operators

ace-preserving:  Tr(7 (p)) = Tr(p) S KLKy, =1

Linear map: T : L(Cy) — L(Cy)
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General transformations

Kraus decomposition

T(p) = 5, KupK},

Linear map: T : L(Cy) — L(Cy)

Completely :
positive: Ts ® Za(psa) > 0 if psa >0 K, linear operators
aoe-presenving:  TH(T(p)) = Tr(p) 5 KlK, = I

T(p) = Ei(\/ITiUi)P(Uj\/ITi) Mixture of unitaries
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General transformations

Kraus decomposition

T(p) = X KupKy,

Linear map: T : L(Cy) — L(Cy)

Completely -
positive: Ts @ Za(psa) > 0 if psa >0 K, linear operators
ace-preserving: Tr(7 (p)) = Tr(p) >, 1{;{,1{“ s

T(p) = Ei(\/ZTiUi)P(UJ\/?Ti) Mixture of unitaries
T(p) = > Npply Nonselective projective measurement
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General transformations

Kraus decomposition

T(p) = X KupKj,

Linearmap: 7 : £(C,) — L£(Cp)

Completely -
bositive: Ts @ Za(psa) > 0 if psa >0 K, linear operators
ace-preserving: Tr(T (p)) = Tk(p) 5 1{;(,1{“ sl

T(p) = E-i(\/ITiUi)P(UJ\/ITi) Mixture of unitaries
T(p) = X Npply Nonselective projective measurement

oo T (p) = UpUT <+ Reversible transformation Page s2ios
T( £ IT~AT7TT < lrreversible transformation



Operational Quantum Mechanics

e
= ) @5
© ©
Preparation Measurement
P M

|

Effective preparation

P




General transformations due to measurements

Kraus decomposition

T(p) = ¥, KupK},
Completely - REETEE
positive: Ts ® Ia(psa) > O if psa >0 K, linear operators

race-decreasing: Tr(T(p))@Tr(p) > 1\"“{“ @1

Linear map: T : L(Cy) — L(Cy)
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Linear map: ¢ il E((Cd) - E((Cd)

Completely
positive:

race-decreasing: Tr(T(p))@Tl’(p)

Ts @Ia(Psa) o2 i | Psa > 0

irsa: 09120067

General transformations due to measurements

Kraus decomposition

T — 5 KoK,

K, linear operators

3 KL, @I

T (p) = Mygpll,, Selective projective measurement
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General transformations due to measurements

Kraus decomposition

Linear map: T : L(Cy) — L(C,)
Completely : g /
positive: Ts ® Za(psa) > O if psa >0 K, linear operators
race-decreasing: Tr(T(p))@Tr(p) > 1\';';1{“@1

T (p) = Myply Selective projective measurement
T(p) = W(r)pWi(r) Photondetectedat positionr
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The non-independence of the
structure of preparations and
the structure of measurements

Pirsa: 09120067



A version of Gleason’s theorem

Consider a function on density operators

p+— f(p), satisfying:

1) 0< f(p) <1 forallp

2) flwp+ (1 —w)p') = wf(p) + (1 —w)f(p)
where 0 < w < 1.
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A version of Gleason’s theorem

Consider a function on density operators

p+— f(p), satisfying:

1) 0< f(p) <1 for all p

2) f(wp + (1 —w)p) = wf(p) + (1 —w)f(p)
where 0 < w < 1.
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Representing mixtures of preparations

If P” = P with prob. w and P’ with prob. 1 —w
Then p(k|P") = w p(k|P) + (1 — w) p(k|P’)
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A version of Gleason's theorem

Consider a function on density operators

p+— f(p), satisfying:

1) 0< f(p) <1 for all p

2) [k wrpr) = Xpwif(pr) where 0 < wy <1

and > pwi = 1. theindistinguishability of mixtures that are
iIndistinguishable in quantum mechanics
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I
A version of Gleason’s theorem

Consider a function on density operators

p— f(p), satisfying:

1) 0< f(p) <1 for all p

2) f(Xrwrpr) = Zpwrf(pr) where 0 < w, <1

and ) . wg = 1. theindistinguishability of mixtures that are
iIndistinguishable in quantum mechanics

The theorem:

f(p) =Tr (Ep)
for some effect F (i.e. 0< E <I).
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