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Abstract: Alongside the effort underway to build quantum computers, it is important to better understand which classes of problems they will find
easy and which others even they will find intractable. Inspired by the success of the statistical study of classical constraint optimization problems,
we study random ensembles of the QMA$ 1$-complete quantum satisfiability (QSAT) problem introduced by Bravyi. QSAT appropriately
generalizes the NP-complete classical satisfiability (SAT) problem. We show that, as the density of clauses/projectors is varied, the ensembles
exhibit quantum phase transitions between phases that are product satisfiable, entangled satisfiable and unsatisfiable. Remarkably, almost all
instances of QSAT for afixed interaction graph exhibit the same dimension of the satisfying manifold. This establishes the generic QSAT decision
problem as equivalent to a purely graph theoretic property and that the hardest typical instances are likely to be localized in a bounded range of
clause density.

Based on papers:
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G
Complexity theory: the lightning intro

Complexity theory classifies problems according to how
quickly computers can solve large examples

e P -- Efficiently solvable
¢ NP -- Efficiently checkable
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P#NP




G
Strong Church-Turing hypothesis

A computer can efficiently simulate any physical
model of computation.

e All physical models of computation are equivalent

® Any physical object undergoing natural dynamics
can be viewed as a computer.

e |f P # NP there must be glassy physical systems
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Classical 3-SAT: An ‘Ising’ model

N bits o cE {il}N
e M constraints £™ = 9%.., ¢p9%..,.0r%.,. or

H = Z E™(0m,>Tma: Oms;)
E meG

E™ is O for satisfying states

Is the ground state energy zero?
d6 s.t. E™(Om,>0ms,0m,) = 0 Vm € G?
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G
3-SAT: Worst-case complexity

Problem | > ;
Proof — i : G
Eq4s = 07?

Correct?

e 3-SAT can encode the operation of the verification
circuit.

e 3-SAT is NP-complete: solve 3-SAT efficiently and
you could solve all of NP efficiently (P=NP)

Cook 1971; Levin, 1973



Ensemble of 3-SAT: Average complexity

Random 3-SAT
e Which instances are hard?
= e Ensembles of ‘typical’ instances
e e Control parameters
Clause density o« = M /N ® Spin glass physics
Random graph

Disordered couplings

e Fu, Anderson 1985: Levin 1986
-




Glass theorist’'s phase diagram

_ ! '.- . ] " . =
L N L ] "

Oy + Uy O o

Krzakala, et al., PNAS 2007

—oar

e Qualitative phase diagram of random constraint satisfaction problems

e Phase transitions: clustering of satisfying assignments

e Based on cavity methods cf. Mezard, et al., Science, 2002

e Quantum cavity methods? cf. CRL, etal., PRB 2008

Hastings, PRB 2007
Leifer. Poulin, Ann Phys 2008
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G
Statistical physics of constraint satisfaction

Classical
Worst-ca; . NP-completeness
complexity
—— Satisfiability transitions
Sti“?::‘ Dynamical transitions
ey Clustering transitions
= Simulated annealing
a';';;:ﬁ?:ﬁ Belief propagation
Survey propagation
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G
Quantum Satisfiability

® Natural quantum generalization of classical satisfiability (k-SAT)
® Quantum ‘hard’ worst-case complexity: QMA1-complete
e Are ‘typical instances hard?

e Motivated by classical story, but has its own features...
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Quantum k-QSAT: A k-local qubit model

N qubits H = (C*)®"

M constraints II™ = |¢™){¢™|
= Z Hm

e meG

1™ penalizes 1 out 2* states

Is the ground state energy zero?
djy) € H st. IT™|Y) =0 Ym € G?




k-QSAT: Worst-case complexity

e 2-QSAT in P -- classical algorithm to solve -- Easy!
e k-QSAT (k > 3) is QMA+-complete -- Hard!
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Ensemble of k-QSAT: Average complexity

Random graph

e

Discrete

Clause density o = M / N
Place edges w.p. p = &/ (J;:)
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Ensemble of k-QSAT

Random graph Generic projectors
Discrete Continuous
IFE_
Clause density o = M /N o™ — CP* '

Place edges w.p. p = &/ (if)
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G
Ensemble of k-QSAT

Random graph

Discrete

Clause density o = M /N
Place edges w.p. p = «/ (1;:)




G
Geometrization

R(G.II) = dim(ker(Hg 11))
R(G,1I) = R,(G) w.p. 1

R,(G) < R(G,TI) VII
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Example: Generic 2-QSAT

Cluster G : R,(G)
Trees (N sites) '..: '. : N+1

One loop 'i{' . 2

More loops ;4: 0

e (QSAT factors over disconnected clusters

¢ Proof using nonorthogonal 'transfer basis’

== CRL. et al.,QIC 2009; Brayyi,,2006



Example: Random 2-QSAT Phase Diagram

€ = E{;/ i?\'r

® Generic 2-QSAT on Poissonian random graphs

e SAT-UNSAT phase transition at emergence of giant component

Page 19/29
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Existence of SAT-UNSAT phases at higher k

~

~

E y -
-

& 8 ~.
SAT UNSAT
I : -~
Construct SAT states: Upper bound R,(G)
Transfer matrix states ‘First moment bound’
Dimer covering states Classical bound

Quantum Lovasz states Sunflower bound




k-QSAT: ‘First moment’ bound

B =2~
L g
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k-QSAT: ‘First moment’ bound

o === Rg — 2N
& o = R, = R}(1—1/2%)
RER=Ri—1
o e g = Bg(1—1/27)
B e R} <R:(1-1/2*) wup.1

¢
RM<2*(1—1/7 " wp 1
Qwp = —1/log(1 — 1/2%) ~ 2k
UNSAT

l ¥
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Sunflowers and nosegays

® Best current upper bound on satisfiability transition in random k-QSAT

: =
g 1 o
i |-
= AT\ e
i ] B =] ] L
.

Figure I The (6. 3)-cuntlower Fignure * The (I 2 Ji-nosesasy

e— Qgf = 3.994 < @classical
2#: ln .

k— oo Qgf = < Olassical

UNSAT
Bravyi, Moore, Russell, 0907.1297, 2009  ag,f aygy b




Generic QSAT: dimer covering states

\ 0) = |01) ® |d2) R |d3)
:: < > ‘dec> = |'WI> Q- |U.N>
- (P1]11)(02[02) (@3]Y3) =0

Dimer covering Satisfying product state

® Simple argument for product projectors
® Product state perturbation theory for generic projectors
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G
Product state perturbation theory

Projectors Product States

(CP* )M (CPYHYN

LITE - W - Syt
¢l 0 o S ) R D S IR “

e |Linearization of product state satisfiability condition

¢ Generically solvable if and only if G has dimer covers
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Entanglement transition

PRODSAT, UNSAT $=
0.5 2

k=2

PRODSAT | o1 UNSAT =

0.92 3.59

k — 00

PRODSAT === (UNSAT |
= o —

® k=2 has direct PRODSAT-UNSAT transition
e k>2 bounds are well separated: an entangled SAT phase?

® Numerics for k=3 (small sizes): - = 1 £ 0.06
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Conclusion

e Quantum satisfiability is a quantum hard optimization problem. It can
encode any problem in the class QMA;.

e Generic QSAT is as frustrated as possible and is a graph property.
e Random QSAT provides insight into what makes QSAT hard.
e 2-QSAT: know the property Rq(G); get the SAT-UNSAT phase diagram
e Higher k: indirect arguments provide SAT-UNSAT phase
e Product satisfiability characterized by dimer coverings.
e Dimensional upper bounds produce UNSAT phase.

e Entangled SAT phase at higher k. Connections to Quantum Lovasz.
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Open questions

e Where's the SAT-UNSAT phase transition?

e \What is the complexity of computing Rq(G)? Does generic QSAT have
a classical test?

e Glass physics: Quantum analogs of clustering/dynamical phase
transitions from classical glass problems?

e Stat mech: Cavity methods for QSAT problem?

® Quantum algorithms: Quantum generalizations of belief propagation,
survey propagation? How does the adiabatic algorithm fare?
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Thanks for listening!
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