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Abstract: The basic structure of quantum mechanics was delineated in the early days of the theory and has not been modified since. Still it is
interesting to ask whether that basic structure can be altered or generalized. In the last decade Bender et a have shown that one of the fundamental
assumptions of quantum mechanics, that operators are represented by Hermitian matrices, can to an extent be relaxed. In this theory, the parity (P)
and time-reversal (T) operators play a role analogous to the Hermitian conjugate. Recently we have extended the realm of "PT quantum mechanics
to include systems that are odd under time-reversal (T~2 = - 1), in the interest of constructing the PT-analogue of the Dirac equation. We find that
the fundamental representation of the Dirac equation, which describes relativistic fermions, remains unchanged in the generalization to the
non-Hermitian theory. Higher dimensional representations, which ordinarily decouple into pairs of Dirac fermions in Hermitian quantum mechanics,
here describe new types of particles with extremely compelling properties. Most notably we have constructed a toy model representing two
generations of massless neutrinos that nonetheless undergo flavor oscillations; furthermore this model is Lorentz invariant and unitary in time. The

Standard Model requires that the neutrino be massive in order to accomodate the observed flavor oscillations, thus this toy model represents a
significant departure from Standard Model physics.
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Why Modify Quantum Mechanics?
Why Not?

e Weinberg: non-linear quantum mechanics , PRL 62, 485 (1989)

. Wilezek: fractional statistics in 2+1, PRL 49, 957 (1982)

* Bender: non-Hermitian quantum mechanics, PRL 80, 5243 (1998)
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Outline

[. Hermiticity in Quantum Mechanics
Intro to PT Quantum Mechanics

[I. Relativistic Non-Hermitian Quantum Mechanics
Hermitian, non-Hermitian Dirac Equation

[II. Non-Hermitian Quantum Field Theory
Looks Interesting
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Role of Hermiticity in Ordinary QM

I. Eigenvalues.
A=A" = eigenvalues € R

1. Inner Product
Hermitian operator defined as {0/ Av) = (Ao|v)

usually, this is (¢[v) Z OIY;

I[II. Unitary Time Evolution
d

ELH_ —"[}

(W (t)|e(t)) = ((0)|UTU¢(0)) = 1

g H=H = Uunitary
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Intro to PT QM: T-symmetry

e Reverse direction of motion

e Anti-linear, two types:

7 5
Even: T>=1 Odd: T>="1 -
— TY=Y* = TY=Z79*
Bosons Fermions

eExtension to Todd : KJS &Harsh Mathur arXiv:0908.4255
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Intro to PT QM: P-symmetry

e Reverse spatial, left/right components

eLinear, only one type: P°=1
=57

e Assume [P, T]=0

1 0
i (0 1)



Intro to PT QM: T-symmetry

e Reverse direction of motion

e Anti-linear, two types:

o .
Even: T=1 Odd: T2="1 -
— TY=P* = TY=Z¥*
Bosons Fermions

eExtension to Todd : KJS &Harsh Mathur arXiv:0908.4255
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Intro to PT QM: P-symmetry

e Reverse spatial, left/right components

eLinear, only one type: P=1
PY=SY

e Assume [P, T]=0

1 0
= (0 1)
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Intro to PT QM: P-symmetry

e Reverse spatial, left/right components

eLinear, only one type: P*=1
PY=SY

e Assume [P, T]=0

10
s (0 1)






Observable Operators

e PT inner product-- indefinite norm.

*Define “C” operator which changes negative states to positive:

CWY=s:¥=KY; (si=sign of ¥))

CPT Inner Product:
(@-'L )(*pfr — (CPTO - — @TJKTSZ&'

{ Tf.' yven
where Z=
] Oy TDdd

Observables are “CPT self-adjoint’ A=A*



Conditions for PT Hamiltonians

[. Invariant under PT
[H, PT]=0

[I. “Unbroken’ PT

Can find simultaneous eigenvectors of H and PT

III. H 1s self-adjoint wrt PT inner product
H=ZHTZT

1 TE YT

where /=3 .
iy Todd
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Kramers Degeneracy
Hermitian

o If Teven, 3 states ¢ that are invariantunderT: ¢ =Tg¢

o If Toda, # states @ that are invariantunder T: @ #T ¢

but we construct ‘Kramers doublets ( ¢, T ¢) that are the
eigenstates of H if [H,T|=0.

eThus, these states have a two-fold degeneracy . (‘Kramers degeneracy’)
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Kramers Degeneracy

PT QM

e  If Teven, 3 states ¢ that are invanant under PT: ¢ =PT ¢.
This 1s “unbroken PT’ symmetry and guarantees real eigenvalues.

® [fTodq, Astates ¢ that are invariant under PT: @ #PT ¢
so we need to generalize definition of unbroken PT in such a

way to guarantee real eigenvalues.

e We construct 'PT doublets’ ( ¢, PT ¢) ; if these are eigenstates of H
then we say PT is unbroken (and these states have a two-fold

degeneracy )
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Summary I

Hermitian QM
e real eigenvalues
e unitary time evolution wrt standard
inner product
® Teven, Todd
* observables are A=A
e Kramers degeneracy with Toad
* same ol” Hamiltonians

N
¥
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PT QM
e real eigenvalues
e unitary time evolution wrt CPT
inner product
= Terem Todd
e observables are A=A"

* Kramers degeneracy with Todd
e new Hamiltonians!
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Part 11
Relativistic Non-Hermitian Quantum Mechanics
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Relativistic Hermitian Quantum Mechanics

Dirac fermion: a pair of Weyl spinors vr vr
coupled by a mass term m

Familiar Dirac equation: 10" L = Mg
it aps Yp = miyg

Follows from Lagrangian:

L= L‘{ io" 9, + L'*Li&”f?# Vr + mi;g + m:t;.f;r? YL
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Relativistic Hermitian Quantum Mechanics
Multiple fermions: £ = z Uy 10" D a0p, + U 16" D0,

= j‘ A * I..,T {1
2.7

Add interactions, not all mass matrices
can be simultaneously diagonalized.

Non-diagonal mass matrices ~ ‘oscillations’
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Hermitian Dirac Equation: Solutions

1 x 4 : Fundamental representation (Dirac fermions)

o; 0O 0 m _ :
m—-(o —Eﬂ;) ,.i—r(m_ 0) - E::i:\/p2+;113

m real number

a pair of Weyl spinors coupled by mass m

Hp = -—Iﬂ"v+_-j HL'=='rj

a-V g e ( 0 m T

=i | 0 o-V ) g ¥ om0 L = I._F s
—ileo - V), [ Mg ' — i}_ iy
—i(—o - Vg ' mer ] ot \ Ur

: . ,ﬁ'L‘L . )
ile-Vivg +1 o = myp — 0" OWE = MUR
é 2
= ._ : {-)'L;'H 5 i
=0 Vi ot = mig — 16" 3#:.‘25’-& =muyg
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Hermitian Dirac Equation: Solutions

8 x 8 : Dirac ‘quartet’

note: dagger
o, 0 0 0 3 ( 0 M)
ﬁ_ 0 oo 0 0 G=f w9
g {[; —(f}?:' 0 v — [ Moo ma00 o= Lo
—0; = msCa  My0y mi € C

2 lefts and 2 nights coupled by more complicated mass terms-—-
what kind of beast s this?

Suitable decomposition
shows 2 independent Dirac
fermions:

= *Mpz + u3: £ vg'rp“]' + 13

1. iy singular values of M
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Non-Hermitian Dirac Equation: Solutions

What happens if we allow «, f to be non-Hermitian?

B e VT rD Ame) =%
fa. 3 = §

Plan: naively construct
PT Dirac theory.

Compare/contrast.
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Non-Hermitian Dirac Equation: Solutions

‘Model 4°

| a. 0 3 0 m ; Lo E
= On—0; ] ' m. 0 ) > E=xyp*+m?

m real number

a pair of Weyl spinors  coupled by mass m

Model 4 is exactly the same as Dirac fermions.

The PT Dirac equation 1s exactly the same as the Dirac
equation. This is a nice result. What is the underlying
symmetry of the Dirac equation, Hermuiticity, or PT? One

cannot tell yet (surprisingly).















Sheep in Wolf’s Clothing?

How do we know Model 8 is not Dirac quartet in disguise?

*Construct mapping between theories:

L:iT]:)ira,nr:(r) = ‘/dr}‘F L(I’ i r')-z;:-*g(r').
e Eigenfunctions 1 piac map onto eigenfunctions 1) g via
non-local coupling L , where range of L set by non-

Hermiticity parameter m>

e Model 8 P and T violating

= *Model 4 checks out (1s local)



Summary 11
Hermitian Dirac :

® The fermions we know and love-- a pair of Weyl spinors coupled by mass

e Direct sums of these decouple into independent particles

e Hermitian mass matrices:
‘massless neutrinos’ = trivial mass matrix = no mass differences

PT Dirac:

* The fermions we know and love-- a pair of Weyl spmors coupled by mass

* Direct sum maintains physics of single particle

e Non-Hermitian mass matrices:

~ipassless neutrinos’ = effective mass of zero from a non-zero T
ma<<e matriy






Hermitian Quantum Field Theory
Basic Entities

eHamiltonian Hp, and its eigenfunctions «; and v;
HD = —ia -V =+ g

e Fermionic creation/annihilation operators

{CP-S‘CL;’} = 0 (p—k )d,s
(o dl} = 6(p—K)du

eField operators

_ dp =
R — R a8 Apr ., = =TT
v (p) = / - [ g R T d, )
¥ (r) = dp (! e~ P Fd o o F Ty )
wolr) = 53 (U € €ps T Up€~ Gps
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Non-Hermitian Quantum Field Theory
Basic Entities

e Hamiltomian Hp, its eigenfunctions « and v;
its conjugate Hp', and its eigenfunctions #, !

e Fermionic creation/annihilation operators

{FP-"F' {is’} = 0 (p =1 )(5“’
{dp.. o} = 6(p— k)i~

*Field operators
d _
/ P (Up™ Cps + Ust _“”0“r )

.....,
P e
"3
i

93

y ([ P i : .
() = / )Hi (e ™ ¢ ' . U 8 e

i
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v () v ()}=0(r—1)



Is Nature Hermitian?
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