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Abstract: One of the main science objectives for the Laser Interferometer Space Antenna (LISA) is to quantitatively map the strong field regions
around compact objects using Extreme-Mass-Ratio Inspirals (EMRIS). This idea has been shown to be possible in principle, however in practice
only inspirals in a Kerr spacetime have been studied in detail. A spacetime mapping algorithm for an EMRI inspiral into a generic compact object is
formulated using ideas from integrable systems. | discuss several aspects of the theoretical development required to make the problem tractable.
Some recent results about particle orbits around & quot;Bumpy Black& quot; holes are highlighted.
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NASA's Beyond Einstein Program:
an architecture for Implementation

"On purely scientific grounds LISA is the mission that is most
promising and least scientifically riskyv. Even with pessimistic
assumptions about event rates, it should provide unambiguous
and clean tests of the theory of general relativity in the strong

field dynamical regime and be able to make detailed
maps of space time near black holes. Thus, the
committee gave LISA its highest scientific
ranking.” (Sep.2007)
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A Question: Spacetime Reconstruction Problem

= = LIGO
N ’ : =5
"' e N LISA

“' EMRI / IMRI probes
o= =~ background spacetime
— f Observational signature determined by
v 1?? - 1)Knowledge of geodesic structure
7  2)How the probe moves from geodesic to geodesic

3)Translation from strong to weak field

4)Detection and Noise N
Control
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Current ﬁﬂ'lachinery and No Hair Theorems

# (full set of isolating integrals)

EMRI/IMRI Wave Form Generation Machine

(Drasco/Hughes)
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Source(d(orbit)) J\NWVVU\

= — = e = >
Particle Motion in strong field region translates into waves

in the asymptotic r&gﬁn

Action variables E. L:, Q. p | - |
F';g“ﬁ!“*' 'ded"g{]Y thesurblt | ﬁﬁiﬁ{fﬁ’,{'ﬂﬂbi & || Observables have three
Cn%?ilr{'t:gm g: : ase opace Wave Equations fundamental frequencies |

Angle variables record where in the - (Woodhouse, Carter)
orbit your are |
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i)
More General Mathematical Formulation

The set of current and mass multipole moments of any
Axially Symmetric Stationary Asymptotically Flat Vacuum
Spacetime uniquely identify the spacetime (Geroch, HKX+C)
(WANTED)

. Ernst Equation R(E) vzg —VE-VE l

(OBSERVED) Particle orbits are effectively being observed by the detector.
Mathematically governed by the study of the Geodesic Equations.

Two degree of freedom probiem in dynamical systems
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Timeline of Analytic Results in Vacuum GR

y Saul A Tenkolsky (SA/US)

Albert Einstemn  (German) Ias:k hele perturbation theory

Formulated General Translates particle motion near
Relativity (1915) Black hole to wave region
1973 (Only Type D)
Karl Schwarzschild (German)
Spherically symmetric W. Kinnersley. D.M. Chitre,
static exact solution C. Hoenselaers and B.C. Xanthopoulos
Black hole solution 1916 Solution generating techniques for
solving for arbitrary SAV metrics.
1978
. Roy Kerr (New Zealand) V.S. Manko and LD Novikov (Russian)
Exact solution for an uncharged. Closed form expression for spacetime
rotating body. the Kerr metric metric parameterized by multipole
Only solved in 1963 moments. 1992

ﬁ Brandon Carter (Australian)

¥k Found the geodesics of the

Kerr metric to be mtegrable Scott Hughes. Steve Drasco (US)

Carter constant m 1968 Competing Japanese group

Existence of a 2™ order Numerical mmplementation of

Killing Tensor analytic results for practical
Q= Tler—am) Voo, “ g waveform generation gf the

Metric. 2006
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Timeline of Analytic Results in Vacuum GR
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Tycho's Tetrad

Petrov Orientator

8~ The Greats of
Planetary Astronomy
in a highly twisted
spacetime
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Direct Non-perturbative Algebraic Approach

SAV Field Eqgs. Killing Eqgs. (KE)

R.s =0 Specifies e PR o R MY
_— bf“ E— a;.” In teg rabil lty = g;;cfﬁes somérg;r ;otﬂgff"ll
derivatives of " abe con d iti ons deratives of T

Conditions for existence of all the Killing Tensor comp.
Massive overdetermined Linear System for T and

derivatives not fixed by KE (34 Unknowns)
Coefficients polynomial in Field Variables and
derivatives

Tranwweerse Tetrad. Solution Generation Tech.. Ordering of eq., choice of unknowns. NewmanriBewsose.
Pattern recognition. SAV, KE. Retain implicit coordinate freedom. Loeal manifold test. Ernst Potential
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@The 2 manifold checker

Back in the year 1889 ... (Koenigs) _—+—_
1'}.&“3’- 2 Manifold with #killing vectors .~
>1 is a space of constant curvature A

cC
& &orethan 3 Killing tensors => cc
3) 3 Killing tensors => space of
r&iolﬂtm' iié;t :

Exp ypes given.
Int&rpfetedt‘tgép segand invariant
as the Hamiltonian constant of a
related metric
Same picture proposed by Moser

20056
gediscpverergb t?ef Kalnins, Krsess, Miller
Super-i rable systems + Separation
of ﬁﬁ'e + Wave Equation

Manifolds with 4 th order Killin
tensors have 6 generators. But we
can't solve the equations to see what
they look like
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Direct methods for constructlng Q

Phase Space Angile

Hamiitonian Constraint

Compute conditions on V, Q.. Q- and Qs for guess to work
aq)

Complex functions IQ’” =Qc, —1Qs,., ¢=z2(p+ zi:)I N =
A little bit of Algebra

Generates a coordinate

transformation which maintains
Un o;:mg\r?alyt:c the structure of 2 metnc

Even and
d terms
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Geometric Interpretation

(Koenigs, Arnold, Knorrer)
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Equif‘}alent system to Intimidation Slide

] b i f Ay — Ay - 2-62*'

Pipzn ¢ = _f;'f P{i:i:&f == _f'?'--if L= {1“"‘1} e fa= 32
Pegposc= ) Cufplin.jn), x9+ Complex Conj _ 2y _ & (e — )
s Zn: ey =5 fa= TRz
fp{i*j} - _E[Pc:jﬂ}ﬁ)_f -E fEP{j:S:s_f n. i, and j, (integers) and ', (rational)

Analytic solution

&33:} / f friﬁ ,C-'-'.‘":J Ef,& dz.,
P{k:ﬂ}{p?z}: Cn (:f d,ﬁ d.f) ( f -/ dp d,.,) fi. (g 2) i (P 2) K(p 2.9, 2. P, 2)
= 4 — Py I:’

Greens Functions

2
=R 1
Glp. z.p.2) = —wd(z — 2)8(p— p) ( — )
sinh(2¢{ — 2¢)
: 7 1
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Equi\ﬂ}alent system to Intimidation Slide

. _ : o s : 26
P{LE}.‘: —_— _flf P{:J':-I;:bf — _f?{j P = {]_--"‘—]:} f|_ —_-[.‘-_’2- e f? = 3
Poposc= Cufolin.1,). %9+ Complex Conj _ 2w i
<k.0>.4 Zﬂ: nfp( neJn) P J e i o= = 2
fp{hjl = —Q(Pc:jﬂ}fi_)f = fiP{j;B.}_f n. i, and j, (integers) and ', (rational)

Analytic solution

L il S
Peipgs{pyz) = _/ filg. 2)Glp. =, p. 2) dp dz.
— -

!

i
1 o o n i 1 - ~ T " = S =g o =N
Poxox(p.z) = ZC (;f 1 dp a’.z) (;[ /ﬂ dp d:) Ji (0. 2) 15, (p. 2) K (p, 2, p, %, Z)
= bl — e J ’ —xa

Greens Functions

2
. : - = . 1
Glp.z.p.2) = —wdlz — 2)é(p — p) + ( — ) .
sinh(2( — 2()

(<]
i1

. o e e e o s a SR Rl 1
vt Kpz, .55 £) = 2605 5,5, )Glp. 5.5 2) + — (G5, 5. n( - )
- ] — edf€—4)



Zipoy-Voorhees ds’ =¢™ [ﬁ?{dp~+ i) LJrﬁifzﬁ] e

Tiosss = Tiaa3 = Tosas = —Tauas = —Tiazu = fi(2)




Equiiﬂ‘}alent system to Intimidation Slide

3 - Frp— Tl = 2 -:."-
Peezmo=Niz P =Fhsg 3€ fi---4] h=ET=V, fi= #
; —_r : - = I (P2 —4dy 3
Poroc= Z ColPli. 1), x 9 + Complex Conj g 3;:;?;‘ oo e’ (R fmg ad }‘
foli.7) = —Z[P{jﬂ}fij‘_,—— + fiP{j:S:;.-_' n. i, and j, (integers) and C,, (rational)

Analyt-ic solution

Peisgs(p j /frp 2.z, p. 2) dp dz.
P{k-ﬂ}fﬂ~z?*=ZC’n(;f i dﬁdf)([ [ &) 5.6.95.6.0K60.55589

Greens Functions 2
_p.2) :—r&{z—ﬁ}ﬁ{'p—ﬁ'}+( . hf"’%-—?fj) :

: . i . 8 e 1
Pirsa: 09120021 ﬁl.ﬁ’~3rp- e (9. 2, . o 1 *;"r:jj == Page 32/49
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Zipoy-Voorhees ds” =% [P (dp +df )LR‘%’] e-%zz
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Hamiltonian Constraint sets
allowed region for orbit
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Zipoy Voorhnees withE=098 L=7 u =1 3=3

10}

Pirsa: 09120021

T 3 = | €5 — 0. 05 B i oni)




Pirsa: 09120021

Knowledge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q — QEQ((S Ev L’:: - P, pp)

To solve for the momentum p}) in terms of P
dp o
dr BT

Substitute into one of Hamilton's equations
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Spectre Of Chaos Could
Swamp Mapping Project

Numerically Observed “chaos”
Gueron and Leteher
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E =098,

Pirsa: 09120021

P

Knowiedge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q = Qeq(9, E. L.. . p, p,)

To solve for the momentum e} in terms of P
dp iy
& ° ™
Substitute into one of Hamilton's equations
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Zipoy Voornees withE=038 L=7 p =1 8=3

J(0,E,L.,pu,p.z)
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. Hamiltonian Constraint sets
i allowed region for orbit
|

1}}%%‘“%&% p il :_?,r' | E _— 098‘ L; — ?

Etz (==l 'l"l”' o S -'*'f‘:
S4T > 1 {1y D 7 f iy [T ) 217
(B2 — 1 —(=2) (22(=) = (edyeadion” ) 1
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Equiiﬂ}alent system to Intimidation Slide

_ = ) 2_2‘.
P{i:.?r}‘t: — _fgf P{:J;:_I:}‘;‘—_ — _fi{: P = {]_ .. “-]:} fl -2 ._.5_2- = f? - 3}2 ;
= : . = By (R 3
Poapesc= Z Cofplin.jn). 9+ Complex Conj o 2:.;:3::‘ e (R ;m =)
e
File ) — —E[P{jﬂ}fi)_f 1 fiP{j:B}_f n, i, and j, (integers) and C,, (rational)

Analytic solution
1

P ) ] LG bt

?T—Z?C

0
1 e a2 — s ]- = i o~ -~ 0 i - s - - k= - - - -
Powos(p.z) = E Cy (:f 1 dg d:-:) (:/ -/n dp d:) L (7 2) i (o 2) K g 2, p, 2, P, 2)
= i — 0 A —

Greens Functions

2
; = ) 1
.ﬁ.i):—ﬁa{z—:}a[p—p}+( ) :

G p. £ =
sinh(2¢ — 20)

&

Pirsa: 09120021 I{{ﬂ et F‘}

Sl

— e s ;o 1
.0-2) =2G(p. %, 9. 2)Glp. 2, . Z) + = (G(p. 2. . £)) = e
C}t: 1 —ette—£)



= ¥ (i + &) - R e




Hamiltonian Constraint sets
allowed region for orbit
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P

Knowiedge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q= QEQ(& E,L.,pu, p*-pp)

To solve for the momentum [:}) in terms of 2
l Ei p Pal—
o

Pirsa: 09120021 I Page 49/49

Substitute into one of Hamilton's equations




