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Abstract: One of the main science objectives for the Laser Interferometer Space Antenna (LISA) is to quantitatively map the strong field regions
around compact objects using Extreme-Mass-Ratio Inspirals (EMRIS). This idea has been shown to be possible in principle, however in practice
only inspirals in a Kerr spacetime have been studied in detail. A spacetime mapping algorithm for an EMRI inspiral into a generic compact object is
formulated using ideas from integrable systems. | discuss several aspects of the theoretical development required to make the problem tractable.
Some recent results about particle orbits around & quot;Bumpy Black& quot; holes are highlighted.
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Noise Curve

18 Coalescence of Comparison

LISA Dual telescope
system for each
spacecratft in the
Constellation

Gravitational Wave Amplitude
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Their positions are very
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NASA's Beyond Einstein Program:
an architecture for Implementation

"On purely scientific grounds LISA is the mission that is most
promising and least scientifically risky. Even with pessimistic
assumptions about event rates, it should provide unambiguous
and clean tests of the theory of general relativity in the strong

field dynamical regime and be able to make detailed
maps of space time near black holes. Thus, the
committee gave LISA its highest scientific

ranking."” (Sep. 2007)
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Tools for Mappmg Spacetlme

Spacetime
Probe

Compact
Object

Description
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Trajectories

Impact EM, light

Method of
Observation
&-Petection




et

———————p
S million km = 20 light sec

10 Msun

.

1 million Msun

5 Gravity Feld Anomclies (milligois]

30 -20 -10 @ 10 X0 X0 L

)

lion km

L:::S iﬂ”

/



A Question: Spacetime Reconstruction Problem

| 3 LIGO
i *H‘ -.-.- LISA

EMRI / IMRI probes
background spacetime

= fff Observational signature determined by
—y——— =
S = v ﬁ}"’ 1) Knowledge of geodesic structure

A\W ‘_ &7  2)How the probe moves from geodesic to geodesic
3)Translation from strong to weak field

=i {huing

4)Detection and Noise \
Control _




Current machinery and No Hair Theorems

(full set of isolating integrals)

EMRIIIMRI Wave Form Generation Machine

(Drasco/Hughes)

OW™ -~ 00 =

| iy

so;rce(a‘(orbit)) MWN J‘ |

Particle Motion in strong field regmn

= - 3 - —
translates into waves in the asymptntlc region

Action variables E, L., Q p

uniquely identify the orbit Separability of
Phygma and P%se Space Hamilton Jacobi & Observables have three
Confinement

Wave Equations fundamental frequencies
g% yariables record where in the (Woodhouse, Carter)
orbit your are
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0
More General Mathematical Formulation

The set of current and mass multipole moments of any
Axially Symmetric Stationary Asymptotically Flat Vacuum
Spacetime uniquely identify the spacetime (Geroch, HKX+C)
(WANTED)

(OBSERVED) Particle orbits are effectively being observed by the detector.
Mathematically governed by the study of the Geodesic Equations.

Two degree of freedom problem in dynamical systems
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Mariko Novikov

Spacetime
Any set of mass
.6 multipole moments-
can be specified,
(an)as wells as the
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Orbital Description ?

Equatorially
Bagged Bunny

Hamilton Jacobi Method
*Painleve Check

Lax Pairs

‘Poincare Maps (2DoF)
*Killing Tensors (4D)
‘Serendipity ~ Guess




Timeline of Analytic Results in Vacuum GR

Saul A Tenkolsky (SA/US)

Albert Emstem (German) Ie"'-{BIa:c]s: hole perturbation theory

Formulated General Translates particle motion near
Relativity (1915) Black hole to wave region
1973 (Only Type D)
Karl Schwarzschild (German)
Spherically symmetric W. Kinnersley. D M. Chitre,
static exact solution C. Hoenselaers and B.C. Xanthopoulos
Black hole solution 1916 Solution generating techniques for
solving for arbitrary SAV metnics.
1978
Roy Kerr (New Zealand) V.S. Manko and LD Novikov (Russian)

EX&CI solution for an tmcha.rged_ Closed form expression for spacetime
rotating body. the Kerr metric metric parameterized by multipole
Only solved m 1963 moments. 1992

}:I Brandon Carter (Australian)

¥k Found the geodesics of the

Kerr metric to be mtegrable Scott Hughes_ Steve Drasco (US)

Carter constant in 1968 Competing Japanese group
Existence of a 2™ order Numerical mplementation of
Killing Tensor analytic results for practical

Q=Tlromp, ...p._

waveform generation gf the

% Metric. 2006
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Timeline of Analytic Results in Vacuum GR

Saul A Teukolsky (SA/US)

Albert Emstemn  (German) xszBIack hole perturbation theory

Formulated General Translates particle motion near
Relativity (1915) Black hole to wave region
1973 (Only Type D)
Karl Schwarzschild (German)
Spherically symmetric W. Kinnersley. DM. Chitre.
static exact 5011111011 C. Hoenselaers and B.C. Xanthopoulos
Black hole solution 1916 Solution generating techniques for
solving for arbitrary SAV metnics.
1978
Roy Kerr (New Zealand) V.S. Manko and I1.D Novikov (Russian)

EX&Ct solution for an Uﬂﬂhﬂ-fg‘l‘d- Closed form expression for spacetime
rotating body. the Kerr metric metric parameterized by multipole
Only solved m 1963 moments. 1992

IE:Z Brandon Carter (Australian)

¥k Found the geodesics of the

Kerr metric to be mtegrable Scott Hughes. Steve Drasco (US)
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Existence of a 2™ order Numerical implementation of
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Tycho's Tetrad

Petrov Orientator

The Greats of
Planetary Astronomy
in a highly twisted
spacetime

Kepler's Killing
Tensors

Newton's
ewman-Penrose



Direct Non-perturbative Algebraic Approach

SAV Field Eqgs. Killing Eqgs. (KE)

R.s =0 Specifies = [ E— ,rfj‘.‘ | das
ST b.“ t not a.” Integ ra b i Ilty £ §;écfﬁes som;rgﬁr f;'?otugﬂ ;
derivatives of " abe con d iti ons s ot T

Conditions for existence of all the Killing Tensor comp.
Massive overdetermined Linear System for T and
derivatives not fixed by KE (34 Unknowns)
Coefficients polynomial in Field Variables and
derivatives

Tranwweese Tetrad. Solution Generation Tech.. Ordering of eq., choice of unknowns. NewmanrBeawsose.
Pattern recognition. SAV, KE. Retain implicit coordinate freedom. Local manifold test. Ernst Potential



Mass moments




wThe 2 manifold checker

Back in the year 1889 ... (Koenigs) e
1) Any 2 Manifold with #killing vectors .~
>1 is a space of constant curvature G s e S

ccC
& %o[e_than 3 Killing tensors => cc
3) 3 Killing tensors => space of
rE‘ZO!E“xt:)?'n'it types gi

ic s given.
Interpreted the g.egond invariant
as the Hamiltonian constant of a
related metric
Same picture proposed by Moser

2006
Rediscovered by Kalnins, Kress, Miller
Super-i rable systems + Separation
of HJE + Wave Equation

Manifolds with 4 th order Killin
tensors have 6 generators. But we
can't solve the equations to see what
they look like
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Direct methods for constructlng Q

Phase Space Angle

Hamiltonian Constraint

Compute conditions on V, Q.. Q- and Qs for guess to work

: d
Complex functions IQ” =Qc, —1Qs,., (= %{jp - z'.,:)l % —
A little bit of Algebra
S Generates a coordinate

transformation which maintains
Un o;‘.:vn ér?alyhc the structure of 2 metric

Evan and

irsa: 09120021
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Geometric Interpretation

(Koenigs, Arnold, Knorrer)
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i = ¢ [ (dgt +d2%) - Rode?] — i

= {at* 61#}
o..0
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= ®[(dp? + d?) + R*do?] - e df?

R=\/(z*-1)(1—9?)
7 = Cos 2
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Full Sets“of Constants of motlon on equator

7
E=095 L =23

| Hamiltonian Constraint sets
. allowed region for orbit
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Knowledge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q — QE’Q((5~ E'.- L'?:: u" p':pp)

To solve for the momentum Elo in terms of P
dp .
&= >

Substitute into one of Hamilton's equations
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Spectre Of Chaos Could
Swamp Mapping Project

Numerically Observed “chaos”™
Gueron and Letelier

Pirsa: 09120021 Gair Mande
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Knowledge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q=Qgo(6,E,L,,pu.p,p,)

To solve for the momentum [}9 in terms of P
dp o o
& P

Substitute into one of Hamilton's equations
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Full Sets®of Constants of moﬂon on equator
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Hamiltonian Constraint sets
allowed region for orbit
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Full Sets“of Constants of motlon on equator
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T E=098, L, =7

Knowledge of Q on the equatorial plane,
allows the radial period of geodesic
motion to be determined analytically for any orbit
For a given Q associated with the orbit use :

Q = Qeq(6. E. L. . p. p,)

To solve for the momentum % in terms of P
dp 54 o,
P

Substitute into one of Hamilton's equations
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