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Abstract: In the context of AAS/CFT correspondence the AdS 3/CFT_2 instance of the duality stands apart from other well studied cases, like
AdS 5/CFT_4 or AdS_4/CFT_3. One of the reasons is that the CFT side of this duality is not a theory of matrices but rather a two dimensional
orbifold based on the group of permutations. In this talk we will discuss some aspects of this theory. In particular a diagrammatic language, akin to
Feynman diagrams used for gauge theories, will be developed. Moreover, we will compute a large set of protected quantities in a certain symmetric
product orbifold CFT, and show that these are elegantly given in terms of Hurwitz numbers.
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Motivation.

@ AdSs — CFT4 — SYM
@ AdSs — CFT3 — Chemn-Simons/Matter

@ AdS3 — CFT2 — |Symmetric product orbifold | + deformations
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Qutline.

@ Perturbative regime - Diagrams
A Poioman, L. Rastalll. S5R 0905 3448

@ Protected quantities - Extremal Correlators
A Pakman [ Rastefll. SSR (905 351

=
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Symmetric product CFT

The action is given by

= 2i_ f dodr G5(X) (95 Xj0,X] — 8. X[2.X{) + ... .

=01 N
and the fields are identified under the action of the symmetric group

hX) = X], h = Sy
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Twist fields

We can have twisted boundary conditions

Xj(e*™'z) = h X{(2).

Twisted sectors are labeled by conjugacy classes of Sy, [A]
Welhl — 3g=Sy ghg l=".
Twist fields, o, create a vacuum of twisted sector g,
Xj (e°™ z)o4(0) = g Xj(2)o4(0).

Gauge invariant twist fields are defined as,

= Y Thign

heS(N)
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Correlators of twist fields

@ An interesting quantity to consider is a corelator of twist fields

@ We can group different terms in the sum above into equivalence classes. identifving two
terms differing only by relabeleing the colors

L

T s Hag, — SheSy, Wi=1l...s. G=hg/h?t.

=t =3

@ Then we can write the above sum as

5

dlomgy =2 NalN.{g}) Hﬂgjtﬂ}{zj)

j= o

@ Assuming 11| < || < -+ < |zs the group elements have to satisfy

;u] fq:x] éa}




Diagrams

@ A cycle o, corresponds to a vertex with 2n (double line) edges
emanating from it,

Figure: An example of a vertex corresponding to o3 =(123).

@ To obtain the diagrams we Wick contract in all possible ways
“modulo two simple rules.




Example of a diagram
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Figure: On the left, the diagram corresponding to (132),(24),(34).(241),. A red (solid) dot is
drawn for clarity on the inside of each color (solid) loop and is labeled by a color index. Each
vertex (letter) comresponds to 3 twist field: going around the vertex counterclockwise one reads
off the color indices of the corresponding cyclic permutation. On the right, the (graph theoretic)
dual diagram, obtained as usual by dualizing vertices into faces. Each joop in the dual graph

corresponds to a3 twist field.
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Example of a correlator with all its diagrams.

= 4 HAE

af = (138)2(43 1)c{12)5(2 1}y a1 = (21 3)2(43 2)ci1 D)3 4)y ot = (21 3)5(43 2)c(3 pfl 2)4

gogigeniggian

a12 = (43 2):(381)c(3 2s(1 2} a13 = (143)2(23 8cf12)s(3 2g e = (341)3(1 42101 2141 T4

B

o6 =(129,0202D2T)y = = (123,12 313)432),
Figure: Connected diagrams contributing to oglalogiclopmlbloy(d); -
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Diagrams

@ A cycle o, corresponds to a vertex with 2n (double line) edges
emanating from it,

<

I
—t 3
£ oy
£ N
i

L]
=
*

Figure: An example of a vertex corresponding to o3 = (123).

@ To obtain the diagrams we Wick contract in all possible wavs
“modulo two simple rules.
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Symmetric product CFT

The action is given by

= 1_ / dodT G;(X) (aﬂ.x;a,x{ —8,.Xjo.X! ) T

where
=5 _-K
and the fields are identified under the action of the symmetric group

hXj = X, h € Sy




Twist fields

We can have twisted boundary conditions

Xi(e*™'z) = h Xi(z).

Twisted sectors are labeled by conjugacy classes of Sy, [A]
Welhl — 3g=sSy ghgl=".
Twist fields, o, create a vacuum of twisted sector g,
X (e 2)74(0) = g X{(2)a¢(0).

Gauge invariant twist fields are defined as,

Tgl = Z Th—1gh-

h=S(N)
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Correlators of twist fields

@ An interesting quantity to consider is a cormelator of twist fields

@ We can group different terms in the sum above into equivalence classes. identifving two
terms differing only by relabeleing the colors

5

5
1o} ~ .:Hag;; — 3k € Sy, Yi=1...s. & =hg/h L.
4_1 =

=1

@ Then we can write the sbove sum as

=3 Na(N.{g}) ':Hﬂr%[n){f}}}-
ox J=1

@ Assuming 21| < (22| < -+ < |zs the group elements have to satisfy

o fax)
o gl
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Diagrams

@ A cycle o, corresponds to 3 vertex with 2n (double line) edges
emanating from it,

Figure: An example of a vertex corresponding to o3 = (123}

@ To obtain the diagrams we Wick contract in all possible wavs
“modulo two simple rules.
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Example of a diagram

§
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P i
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d

a

Figure: On the left, the diagram corresponding to (132),(24),(34).(241),. A red (solid) dot is
drawn for clarity on the inside of each color (solid) loop and is labeled by 3 color index. Each
vertex (letter) corresponds to 3 twist field: going around the vertex counterclockwise one reads
off the color indices of the corresponding cyclic permutation. On the right, the (graph theoretic)
dual diagram, obtained as usual by dualizing vertices into faces. Each joop in the dual graph
corresponds to a3 twist field.
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Example of a correlator with all its diagrams.

— O

af = (138)2(43 1)c{1 2952 1y 210 = (21 3)a{43 2)ci1 2)si 34}y o1 = (213)5(432)c(3 Hp(1 Ny

oogignoy oo

a1z = (432)3(3481)c(3 Zp(1 2}y a3 = (14 3)ai2 311;{12},13 g a1e = (341)5(1 4211 Dipll 3)a

T“T

o =(129,0202023),; om= (12902 é),u 932,

Figure: Connected diagrams contributing to (opg(2)og{clop(blog(d)) .




Relation to covering maps.

@ We can compute the genus of each diagram (2g — 2 =e —v — ),

1 5
g=—2-Z(n;—1)-c+1.
i=1

This is the Riemann-Hurwitz relation determining the genus of 3 c-sheetad
cover of a sphere.

@ The actual computation of the correlator of twist fields is usually done on a
covering surface where the fields are single valued. Essentially, each diagram
corresponds to a particular map to a covering surface.

@ We thus can associate for each term in the expansion of the correlator a
genus parameter,




MOI"E on covering maps
@ Consider 3 sphare four podet function
Tyl T T (2230 [ (230 gy (28]
defined om the base sphere S2__. By an SL(2. C) transformation, we fix
=0 =1 m=uw, nma=-o.
@ The goal is to fmd all the comsring maps

- S_*
=

~ 2
v — IO = S

with four ramification polmts Z; of order 2. The ramification points Z; have enigue pre-images o migh,#, which v
another SL(2, O varsformation we fix 1o

@ W are locking for 3 map 2, - S5, — SZ__ with the following branching behavior:

lim_z, (%) byt .

Inlz,gr} 1+ it — 1772,
L=

—x)M
t!lqa.(r] byt —xy 2

bm z, (7}

T
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More on covering maps 2

From very gaparic considaanons one can show that the cowering map & gven by 3 ratio of twoe polvnomials
Z,it) = f(1) /1) both of which are solutions of Heun's differenmial 2quation

m—1 m—1 (& BT+ 9)
+ + £+
(t—1) (t—x)] tr — 141 — x)

=

the parameters | and - are foed by the sizes of the cvcles and are espectively the degrees of polvmomials /) and 7,

_Mmimimtny
L= 2

—1=uc, = — M

Ther = two parameers we still hawe o o, 5 and « These are ford v teo polmomial conditions
Plg.x) =0, ix)=w.

@  The first condition comes from demanding that e solutions to the Heun's aguation are podvnomial and the sscond by
demanding that the pre-image of the ramification pont a3t o is <

The diffesent solutions o these pobmomial squation gres the different cowering magps and are in ome-To-one
Correspondence with the diagrams




Map — Diagram

Figure: An sxample of the inverse-image method, applied to the correlator BeEoE - On
the left we show the base sphere with the twist-two fields inserted at z = 0. 1 and the twist-three
field at z = ~c. We connect the insertions by 2 line going through the real axis. On the right we
show the pre-image of this line on the covering sphere. The insertions are now at r = 0.1 and
= %-i- %;’ respectively. The explicit branched covering map is z(r) = rzi_j:"l::;

T
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Map — Diagram

Figu re. An =xample of the inverse-image method, applied to the correlator TMoEE On
the l=ft we show the base sphere with the twist-two fields inserted at z = 0. 1 and the twist-three
field at = = oc. We connect the insertions by a line going through the real axis. On the right we
show the pre-image of this line on the covering sphere. The insertions are now at r = 0.1 and
== %-i— %:‘ respectively. The explicit branched covering map is z(r) = 2 ‘,___5';:{11;:?[;;";.
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Symmetric product of Supersymmetric T4

- mmmmsm"r‘hmwcmﬂcwar‘wmhcm
endar the action of the parmutation group Sy. Eﬂmd#h&hﬂcmﬁuﬁxf‘nﬂﬂm
partners o, where | = 1.2 3. 4andi=1,. . N

The farmmions in 2ach cope “an be combined INto 3 complax palr and bosonized

-

wi=dtt, =49

The (antipchiral oparators are bullt by dressing the taist-fields with invariant contributions from the fermionic sector to
sanisfy the (antlichiral relationship A = +Q, whes Q is the chargs under the Uil of the A\ = 2 subal@bra. Themr
ar= thras types of chiral operstors: Gﬁ“‘n, OE,"#{:,:=1.Z} and Oiz'n.cawmﬂ,laﬂl-hm in T4,
mspectively, with o baing the length of the permetation cecle

@ Explicitly the operators 3= ghven by the foliowing

g y=m 5 ?-IM}-*?-*?-*?E,,E = 1 - aﬁﬂ.i’}{
' o mNYN —ay !ré_g[}l'j =412, .05k
(dredlyes Bl v 2.3 1 Sl 3e)
THOY T Ve e P T
(n i —ﬂ‘, !é?[m e v

R S S~ A S — _w;_ﬂ S
(12 .. ANUN — gl — &a—112. =%
* T AESING
g 1,.,2. 21 22 =
2l p gieleefestedh, =

{ o) s i — i_l“:ll.-ﬂ‘-
v NS SN










Symmetric product of Supersymmetric T*

- Ththtm-:ﬂbﬂﬁymuT‘hﬂmﬂt&caﬂtﬂ#cmﬁsdﬂmmmeﬂm
wnder the action of the parmutation group Sy Eﬂmd#ﬁhﬂcmxﬁ‘mﬂﬂm
partners o where | = 1.2, 3 4andi=1... . N

The farrmions in 2ach cope —an be combined Intc 3 complar palr and boscnized
i =e¢t, E=dot

The (antiy-hiral oparators are bullt by dressing the twist-fields with iwvariant contributions from the fermilonkc sector to
satisty the (antlichiral relationship A = +Q, wher Q s the chargs under the Uil) of the \ = 2 subslg@bra. Ther
ar= thras types of chiral operstors: G}F"]. O}g,"#{:h:=1.2} and %E’EF.Mmﬂ,lardZ-hmh T
respectively, with o being the length of the psrmetation cycle

@ Explicitly the cperators are ghen by the folicwing

0.0) P22l vy (e} eef-dhSh e e
"[1'2___ o =& . ... % m “E-Sr-ma:—l-;ll -

Bkl —m sal. thy,  B=1 il 59 1 = : =
| %5 Sl T T, ., —_ " i
! ' % n"l{” — HH n SN (12. ..m)
sA=1 . 2 i ;
of=23=0 _ JE VI R T, L N 232
a2 2. NN = =, a2 =
ASSIN)
] 1l 8 ral E 1 2 1 — 2
2B = N TN, 5 2D

54 Mz W e D e
i nj VB l oS 412 =]




3-point functions

@ The charges and conformal dimensions of the chiral operators are given by

P
@ The theee poine functions ame givan by
AT 0.0 0,
(05 g0 R o,
2.5% 2.3 08,
(023 gf23 o0,

¢ B, Bi 1 (3.3 HI0.0),
"Tr; o o{“: ;

: AL ol B ols B
.O},; 0‘,,2 O(n: :

(LI H0.08 (090
.4:7‘,,13 d,: O"‘: :
@ Lat us defime 3 more abstract set of oparators

o = gaTEietesfoitip,,




General method of computation
@ A geqenic four point function of these operators is given by
(05 MA. )O3 (2. 23) 02 (2. 202 21)) gy = G40, D)

- Snsdiy—=by -4 “Lo=ly-8y —4,-0,-8;-4y
.-azm‘bzzu*' e o e g ¥ T 3 X €.C.,

@ We can writs this 3 3 sum cver dagrams

L
(Ot (22)O 3 MO @O Mg = (3, 8) ~ 3 _ (o3t (=)o (ot (ol M)y =3 G(u.9),
J=1 J=-i

where in order To 2valuate cach term we use 3 different map Z;(T) 1o go to the covering surface.
@ To avaluswe Gplu. §) we use the sressenergy tansor method. One defines

{ T{Zi0ng (o= )ny (1)om (. Bhon (0F)
§iz.0 = L PR =T g ¥ »

and takes the OPE of 72 with ome of the operatoes to obtain 3 diffeatial aquation

. '&2 1 =
- = 7 ox 1y
Pt Z i =~ = _‘Q = +—-ﬂﬂ- 2;”"+___ — aahla- #;_ ‘:1u i L
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Example of a correlator

@ A corelator of twist » + 2, twist n and twc twist 2 fields with generic dressing is given by

r 3 e L
OV =yl e Ve mo ey = G 3 500 — 1 g0 g - —

- 2+

@ The cosficient g can be foed in g=r=ral by taking OPE limits, and the powers o 5~ are given by the following

2 24 2
+n| 2a5 — ba?oy +ay | — 2a5

P +2n— 2480 (af +a3 +a3) — 16(ayf (a2 +a3)+ 2nagagz )|
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A Non-Extremal correlator

@ Lot us apply the results o the follawing cormelator (o = 255, a2 = —a3 = —4%)

nll
e d

O () olP Ny ol M . 3ol Py = 3 prfu) — 17 (el Xy —
-]

24

@ To demimine Ci consider the OPE limit 0 — 0. In this limit

a42 4.1 n+2
x " o X o
n i)

¥~ —

The first solution corresponds o the s-cecle and the -cvcke janing 1o an » + 1-0vcle and the sscond © thes joining o
a double cede oparator

@ From hers we gat
Co in+ 1) = (ORI 0N G0, 2.3 RNt JEAY,

snd using The kncwn thiae podnt fencTions we gt

_ a+2 N — N —n—1)
R TS T v d NN —12
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Example of a correlator

@ A corlator of twist » + 2, twist » and twc twist 2 fields with generic diessing is given by

- ; —_ : pid
{ Di‘:‘_%}{-x 1022 (1y0i% (v, myol=eiey; = ¢ Y gtm —1 -
==

@ The coeficient Ty can be foed In g=neral by taking OPE limits, and the powers o 5~ are given by the following

1 5
'1:;+“.ﬂ3 — a2

— Ba3az

f 2504w

- e -
= +nl2as — dazal +a] | — 2ad

n"'+2n—2+ar1|-z§+u§+a§; —Iﬁ[qﬂzfug+¢;}+zhza;: :

= solurions o
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A Non-Extremal correlator

@ Lot us apply the results o the follawing cormelator (o) = 55, a2 = —a3 = — %)
2
il

H--z 2 b | .
(O (o) 0PN )0 M (w0 30RO = Ca 3 ed) — 177 Dot ) —
- R 2+ m

=1
@ To demrmine Ty consider the OPE limit & — 0. In this limit

A42 .3 n+2
i — N, o X o
n m

The first solution cormsponds to the -cvclke and the -cvcie jaining to an ~ + 1-<<wcle and the sscond © these joining o
3 double cvde opsrator.

@ From hers we got
Cgin+l)={ Oﬁf” 05_,“*“ Oi:_’f} ) :c},“?a._}f""’-"*oﬂ?*ﬁ .

and using The knecwn thrae podnt fencTions we got

e+ N — N —n—1)
A T e 22\ T e —-12
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Extremal correlators

J L2t us compure an axtremal comelator (o) = 1.__,5—1 a¥ = aj =}}

a2

08 (=30 P 10l Vw0 Py =ca 3
=1

Homewr ham casgarsthat &= = 3 =~ =011 This is to be axpactad as the OPEs of chirals as= pot singular and thes
the four point function should be 3 constare. Extremal cormistar does not depend on the aoss rate o

The general statemest for exxmmal four potnt feactions is (ag =M + M + 03 — 2)

@ Tofix Oy we can again uy compute OPE limits. However, now the OPEs are not singular and i grinciple it is not clear
how 10 dsemangle the single cvcle from muld cvcle comributions.

@ A natwral “sduacted” guess s That
g b= 3point) y S-poimtis .

where I is the number of diagrams producing the relevant theee point functions in the OPE limit. This guess can be
rigorously motivated by daforming the oparstor “away’ from the acoemal chiral point
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Extremal correlators 2.

@ How many maps diagrams contribute in an OPE Bmit?

@ A diagram is expectad 1o contribute n an DEE limit If neo twist fields brought together share 3 calor and do not
commuts. We can just count the diagrame with this property.

4 mmdﬂeﬁuﬁ&hdmmim:uatmmﬁsﬁuﬁ.a%a.tu!dcr,#_,_&_.g_z_:

(i

'l The diagrams which contribuse to OPE of ony, with on. 3@ (1) and (Iif} 2bove. Thus, the number of differeat OPE
Wmirs s B = pg +m. — L

@ From her= we gt that

0 105 P 1008 V. 305 P @) = 4 # (Dagrams) =

TN — py N — )N — gyt M




p-point extremal correlators

This picture @asrslizes to anv ppodnt axtemal <omslator
By OFE arguments one gts recurssion relstions of the following form

C; #{ Number of OPE diagrams) = (3-peint) {3 H,

MHF—JQ_; fty—‘ﬁf_: f; — 0+ 2) Is the number of dlagrams for the relevamt p-point 2xramal corralator
= | Numiber imm]cmhﬂmmueﬂm{m+q—l}ﬁg"
These poursions can be solved o gee

=2 12
7 mgdl o g MO s el s ey { =) £ (7a)
= e m e

o{l?-}tg-a ol o (x Bt (@) Ya, 472
I'l#.._l ﬂ’___‘ : N/ ‘%_: mE— ﬂlglf': =

2 F o R,
o;b&rdm olo-9) &, e 1 .%‘ (!p?"‘;- I:H'p-l!l'z _

Bl e g ! N (y_3---m ag )32

"'—5— mpr"" ! ‘In,_;n,_hj /2

C,p:}t ol i85} 0.6 s 3,1
N/ (mg_3- - -mp)2

By 3 Mg 3 Wp. 3 " -' ——
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Extremal correlators compute Hurwitz numbers

@ Rescaling the operators,

(0.0) H0.0) _ 172 0(0 .0)

n - n *
.‘f‘““ | ("-)jrﬂ.ﬁ}r N 20(0 O}T
O!?a.ﬁ} =3 {.-.-.3} a2 Ola a}_
jqr;;;a.ﬁ)'r ia 3T _ o i O(a 2N _
Og?_z} O,(?z.z) —a O,EH)_

(2.2)t 2208
n n ===

@ the p-point extremal correlators are proportional to Hurwitz numbers

(-,f-‘.-)zr Hol{m})




p-point extremal correlators

@  This pierurs @asralizes 1o sw ppolnt actemal <omelator
@ By OPE mgoments one gers recurssion ralations of the following form

C, #(Number of OPE diagrams) = (3-peint) <, H,_;
where Hy __‘g_; (Mg =7 e "n..- — P+ 2) is the number of diagrams for the relevant p-point exremal comrelator

@ = (Number of OPE diagrams) can be shown to be aqual 1o (m + M —1}%"'.
@ Thes mcursions can be sobved o give

OB} 0.0 .08 ~{8.8)
(O, O‘%-l - Oy OLI

(02T oA ot M ... ofhm, I L e e )
"5l Tp.Z M N (B2 ag )72 :

Z w572 W17
O‘bEﬂdﬂk o8 0.5, e l.k“ (9P =52y )2
EF 1 "P—‘ e ! N {"P_z — 31.12 ’

QRN a3 8 QW_H ot _ sl o (7P~ P ng_105_2)
s, S Sl .. 8- N/ (Ry_3- - - m)32

1|l'—
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Extremal correlators compute Hurwitz numbers

@ Rescaling the operators,
0.0 (0.0 2 ~(0.0
£ ) j} ]=n1,.20£ },
1(10.0)7 | }'ﬁ.ﬁ}i - n-3;‘2 O}'O.G}T-
(2.3) A(2.3) —1/2 AHl2.3)
n N = n n -

}!a-ﬁji' A r{‘aj)i = n—11_:‘2 Oﬁa'ﬁﬁ.

o(2-2) O22) _ 32 922

2.2)F A2.2)i
@2t _ i _,

@ the p-point extremal correlators are proportional to Hurwitz numbers

(,—t-)%l Ho({ni}) -




Summary and Outlook.

We have introduced a diagrammatic languags to discuss correlators of twist fields in
svmmetric product orbifold CFTs.

The diagrammatic language gives us 3 book-keeping tool to understand the structure of
these correlators, and in some cases to compute them.

We have computed a3 set of correlators in 3 specific theory. The correlators are protected
by supersymmetry and thus should be in principle reproducable on the string/ gravity side.
It will be very interesting to understand the symmetric product orbifolds bevond the
protected quantities.




Summary and Outlook.

We have introduced a3 diagrammatic languags to discuss correlators of twist fields in
svmmetric product orbifold CFTs.

The diagrammatic language gives us a book-keeping tool to understand the structure of
these correlators, and in some cases to compute them.

We have computed 3 set of correlators in 3 specific theory. The correlators are protected
by supersymmetry and thus should be in principle reproducable on the string/gravity side.

It will be very interesting to understand the symmetric product orbifolds bevond the
protected quantities.

Thank You!!




