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Table 8.13 Padé summation of the Taylor series for z ' In (1 + z) about z =0

In Sec. 8.5, it wilt be shown that the sequences of Pade approximants Pi(z) and P¥. (z) converge
rapidly, even beyond the drcle of convergence of the Taylor series |2] < 1. Observe that for ceal
posilive x the Padé approximants Py/x) monotonically decrease and Py , ,(x) monotonically increase
with N 10 the common limit In (I + x)/x. Thus, for any N. these Pade approximants supply upper and
lower bounds on In (| + x)x

P(x)

N x =05 x =] X =2

1 0812 500 000 O 0.700 000 000 0 057142851 4
2 DEID945 27} 6 0.693 333333 ) 0.550 724 617 1
) 0810930 365 ] 0.693 152454 8 0.549 402823 0
4 0810930 217 7 0693 147 332 4 0549 312819 5§
5 0810930 216 2 0.693 147 1850 0.549 306 618 4
6 0.810 930 216 2 0.693 147 180 7 0.549 306 177 9
7 0.810 930 216 2 0.69) 147 180 6 0.549 306 146 7
8 0810930 216 2 0.693 147 180 6 0.549 306 144 §

P:-;“l

N x =05 xe=] xm=2

i 0810 810 810 8 0692 307 692 ) 0.545 454 545 §
2 0810 928 961 7 0693 121693 1 0549019607 8
] 0.810 930 20} 2 069) 146417 4 0,549 285176 8
4 DBI0O9Y0 216 1 0691 147 1579 0.549 304 620 9
5 0OB10 910 216 2 0693 147 1799 0.549 306 034 1
6 0810930 216 2 0.693 147 IBOD 5 0.549 306 136 4
1 0.B10930 216 2 0.693 147 1BO 6 0.549 106 143 8
B 0.810 930 256 2 069) 147 180 6 0 549 306 144 3
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Table 815 Pade approximants PY(x) and P
Yo (~x)n! evaluated at x = [ and x = 10

[n contrast to these good results, the optimal asymptotic approximation o the
and x = |0 is worthless (the optimal truncation contains no
Pia(l) and P5(1) agree with the “sum™ of the series. &
places, while P{g(1) and P37(1) agree to ten decimal places

e—i

¥eulx) for the Stieltjes series

Stiekjes series at x = |

teems of the secies) On the other hand,

A1 + 1) di, 10 better than five deamal

x = | x =0
N PM(1) Pa.a(l) PR(10) Py (10)
0 1.0 0.5 L0 0090 9i
1 0666 67 0571 43 0.523 81 0.128 6
2 0615 18 0.588 24 0319 71} 0.149 65
] 0602 74 0.593 30 0.314 24 0.162 95
4 0.598 80 0.595 08 0278 47 017195
5 0.597 18 0.595 78 0.256 1) 0.178 16
6 0.59 82 0.596 08 0.242 56 0.183 06
7 0.596 57 0.596 21 0.232 84 0 (86 60
8 0.596 46 0.596 28 022593 0.189 2
9 0.596 41 0.596 11 0.220 86 0.191 45
10 0596 18 0.596 33 0.217 06 0193 1)
50 0596 35 0.596 35 0.201 56 0201 19
00 0.596 35 0.596 35 0.201 46 0.201 46
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Table 8.12 Padé summation of the Taylor series (5.4.4) for 1/T(x)

The entries in the table were computed as lollows. The truncated Taylor series for 1/[xT(x)] was used
10 consiruct the Padé approximants P¥{x) and P¥, ,(x); the resulting Padé approximants were then
inverted and multiplied by x. It is clear from the above table that the entries in the three columas are
approaching their correct limits: I(l)=1,T(2)= 1 and I'(4)= 6 Although Padé summation ¢n-
hances the convergence of the Taylor series, the effect is not dramatic: the Padé sequence requires
about half the number of terms that the Taylor series requires 10 achieve 1 percent accuracy (see Table
5.2). The slow convergence of the Taylor series is not due to the presence of singularities [1/T(x) is
entire], but rather to the enormous disparity of behavior of 1/T°(x) for positive and negative x. Padé
approximanis improve the convergence of series by mimicking the singularities of the function 10 be
represented; since 1/T(x) has no singularities, the benefits of Padé summation are marginal

1ixPi)]

N x=) x=2 x =4
1 0.787 279 606 6 0.369 614 402 3 0.176 506 593 3
2 0993 980 121 1 00983 777381 1 =1.076 767 507 8
3 1.002 208 342 % 1.148 824 428 2 =0.501 000 407 3
4 0.999 993 179 2 0996095931 1 1.662 143 630 6
5 0.999 992 416 9 0995977024 8 1.648 553 231 8
6 1.000 000 023 8 1.000 087 294 7 9.332 9382 540 2
1 0.999 999 998 & 0999 982 355 2 4271 068 387 3
] 1.000 000 000 0 0.999 999 507 & 5801 8614374
9 1.000 000 000 0 1.000 000 001 6 6016 004 972 |

10 1.000 000 000 © 1.000 000 000 1 6001 556 368 7

/[xPY ()]

N x=l xm=2 x=4
1 0938 583 793 1 0620 $21 0158 0.519 926 684 9
2 1.012 480 430 2 4152436398 17 0.085 466 8320
3 1.000 3179159 1.035 343 862 7 —~1.821 7724298
4 0.999 989 665 5 0.995 106 544 4 1.465 422 290 2

-mEasis nindy P38 0O

nooo e Y09 §

1277 815 515 R
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Table 8.12 Padé summation of the Taylor series (5.4.4) for 1/T(x)

The entries in the table were computed as follows. The truncated Taylor series for 1/{xT(x)] was used
10 consiruct the Padé approximants P¥{x) and P¥, ,(x); the resulting Padé approximants were then
inverted and multiplied by x. It is clear from the above table that the entries in the three columns are
approaching their correct limits: r(l)=1, I'(2)= I, and ['(4) = 6. Although Padé summasion en-
hances the convergence of the Taylor series, the effect is not dramatic: the Padé sequence requires
about half the number of terms that the Taylor series requires 10 achieve 1 percent accuracy (see Table
5.2). The slow convergence of the Taylor series is not due to the presence of singularities [1/T(x) is
entire], but rather to the enormous disparity of behavior of 1/T(x) for positive and negative x. Padé
approximants improve the convergence of series by mimicking the singularities of the function 10 be
represented; since 1/T(x) has no singularities, the benefits of Pade summation arc marginal

1ixPi(x)]

N x=\ x=2 x=4
1 0.787 279 606 6 0.369 614 402 3 0.176 506 593 3
2 0993980 121 1 0983 777381 1 =1.076 767 507 8
3 1.002 208 342 % 1.148 824 428 2 -=0.501 000 407 3
4 0.099 993 179 2 0996 095931 1 1.662 143 630 6
5 0.999 992 416 9 0995977024 8 1.648 553 231 8
6 1,000 000 023 8 1.000 087 294 7 9.332 982 540 2
7 0.999 999 998 8 0.999 982 355 2 .. 4271068 387 3
) 1.000 000 000 © 0.999 999 507 8 5,891 861 437 4
9 1.000 000 000 0 1.000 000 001 6 6016 004 972 |

10 1.000 000 000 0 1.000 000 000 1 6001 556 368 7

/[Py, (x)]

N x=1 x=2 x=4
1 0938 583 793 1 06205210158 0.519 926 684 9
P : 1012 480 430 2 4152436398 7 0.085 466 8320
3 1.000 3179159 1.035 343 862 7 —1.821 7724298
-+ 0.999 989 665 5 0,995 106 544 4 1.465 422 290 2

R AW FY9 O

NnohOO SNe 1009 €

1877 815 5158
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3 TO0Z2 U8 3342 5 T T¥0 O=T T=U =
4 0.999 993 179 2 0996 095931 1 1.662 143 630 6
3 0.999 992 416 9 0995977024 8 1.648 5532318
6 1.000 000 023 8 1.000 087 294 7 §.332 982 540 2
7 0.999 999 998 8 0.999 982 355 2 . 4271 068 387 3
8 1.000 000 000 O 0.999 999 507 8 5.891 861 437 4
2 1.000 000 000 0 1.000 000 001 6 6.016 004 972 |
10 1.000 000 000 0 1.000 000 00O 1 6001 556 368 7
YExPY 1)
N x=1 x=2 x=4
1 0938 583 793 1 0620 $21 015 8 0.519 926 684 9
2 1.012 480 430 2 4.152 436 398 7 0.085 466 8320
3 1.000 3179159 1.035 343 862 7 ~1.821 7724298
1 0.999 989 665 § 0.995 106 544 4 1.465 422 290 2
5 0.999 999 639 8 0.999 508 399 5 3.822 8155158
6 1.000 000 004 4 1.000 026 327 2 7.035 967 528 8
T 1.000 000 DOO 0 1.000 001 311 6 6.095 643 764 4
-} 1.000 000 000 0 0.999 999 B8O 7 5.960 840 282 9
Bl 1.000 000 000 0 1.000 000 001 ) 6002 325742 5
10 1.000 000 000 0 1.000 000 000 0 6.002 625 1620
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W) ‘ value of T(x)

e 16 Pade approximants  PN(x) to the Stirling seris for
', farjx] ~ | + 1/12x + 1/288x* — - (x = o0)
ihat the sign pattern of the error in Py(x}is + — + — -+ Therclore, more rapid convergence 10

be immediatcly achieved by averaging successive pairs of 1erms in the 1able. For companson
. we have also listed in the lable values of the optimal asymplotic approximanon ' (x ) and

(:.fel'f' Pi{1/x)

K
N £ =02 x =05 x=10
0 3.326 00 1520 35 0922 13701
1 5076 52 1.796 77 1.002 122 34
2 4171 29 1.761 14 0.999 582 32
3 4,850 31 1777 68 1.000 11300
4 4.)29 20 1768 90 0.999 954 49
5 4.774 21 1774 64 1.000 020 05
6 4.397 08 1770 75 0.999 989 1)
T 4,735 03 1773 64 1.000 005 97
g 4.435 34 1.771 46 0.999 996 23
9 4.710 8| 1.773 20 1000 002 35
10 4.460 10 1.771 BO 0.999 998 37
i 4.694 19 1.272 97 1.000 001 10
12 4,477 53 1.771 99 0999 999 18
13 4,682 03 1.7712 8} 1.000 000 58
14 4.490 52 1.772 11 0.999 999 55
15 4677 69 197772 74 1000 000 14
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s |6 Pade  approximants PN¥(x) to the Stirling series for
B ey /2/x] ~ |+ 1/12x + 1/288x — - {x = o0)
; hat the sign pattern of the esror in Pi(x}is + — + — -~ Therefore, more rapid convergence 1o

YL o be ;mmediatcly achieved by averaging successive pairs of terms in the table. For companson
gt . e have also listed in the Lable values of the optimal asymptotic approximauon T (x) and

(x/e) f" PA(1/x)
x

N x =02 x =05 x=10

0 3.326 00 1520 35 0922 13701
1 5076 52 1.796 77 1.002 322 84
2 4171 29 1.761 14 0.999 582 12
3 4 850 31 1777 68 1.000 11300
4 4,329 20 1768 90 0.999 §54 49
5 4.774 2| 1774 64 1.000 020 05
6 4,397 08 1770 75 0.999 989 1)
7 4,735 03 1773 64 1.000 005 97
8 4,435 14 1.771 46 0.999 9946 2}
9 4.710 81 1.773 X 1.000 002 35
i0 4.460 10 1.771 80 0.999 998§ 37
i1 4694 19 1.772 97 1.000 001 10
12 4477 53 1.771 99 0.999 999 18
13 4,682 03 1.772 83 1.000 000 58
14 4.490 52 1.772 11 0.999 999 55
15 467) 69 1.772 74 1.000 000 34
[olx) 4711 83 1.762 24 0.999 499 47
rix) 4.590 84 1772 45 10
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Table 8.17 Diagonal sequence of Padé upproximants for the functions D (x)
v=35and v=115atx=1and x =2

Thess Pade approxuimants were computed from the asymplotic expansion of 0 [x) [see (35.13) and
(3.5.14)] as follows. The expansion for w{x) in (3.5.14) was converted to 2 rational function with
argument x’. The approximation to D (x} was obtained by multiplying the Pade approxunanis by
x"e™"", Observe that the Padé sequences Py and P4, converge monotonically provided that N is
large enough. The comparnison between the Padé approximations in this table and the optimal asymptot
ic approximations «n Table J.2 is impressive. When « = 2, the optimal asymplotic approximations 1o
D, 42} and D, 4{2) are in error by 0.3 and 0.005 pereent, respecuively, while the Padé approximants
P{} are in error by about L part in 10*

v= 15§
x = | x=]
N Py P3. ” Y-
q ~2.031 BO - 2039 34 0 1B2 255 623 -0.182 267 983
5 -203503 -~ 2038 24 0 182 262 496 ~0.182 265 165
6 -2036 03 —-20376} 0 182 26) 761 ~0.182 264 459
7 =206 4} ~2037 28 0.182 264 054 ~0.182 264 262
B ~2036 61 —-203709 0 182 264 134 -0.182 264 201
9 - 2036 69 -2.036 97 O 182 264 158 —=0.182 264 182
10 ~2036 74 - 203691 0. 182 264 166 -0.182 264 175
11 -2036 17 — 2036 87 -0 182 264 169 -0.182 264 172
Exact -2036 81 = 2036 81 -0.182 264 170 -0 182 264 1720
v=|l5
x = | x=]
N P: 'P:'I P:: P:rl s
i . . T T ) Page 29/132
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Table 8.17 Diagonal sequence of Padé upproximants for the functions D (x)
v=35and v=115atx=1and x =2

These Pad¢ approximants were computed from the asymplotic expansion of 0 [x) (see (35.13) and
(3.5.14)] as follows. The expansion for w{x) in (3.5.14) was converted to 2 rational function with
argument x’. The approximation to D (x} was obtained by multplying the Pade approxumanis by
x"e™ "™, Observe that the Padé sequences Py and P4, converge monotonically provided that N is
large enough. The companison between the Padé approximations in this table and the optimal asymptot
ic approximations «n Table J.2 is impressive. When « = 2, the optimal asymplotic approximations 1o
D, 4(2) and D, 4{2) are in error by 0.3 and 0.005 pereent, respecuvely, while the Padé approximants
P} are i error by about t part in 10*

v= 1§
x= | Xwm)
N Py £E, - -
4 -2031 80 -2039 34 0 182 255 623 ~0.182 267 983
5 -2035 03 - 2038 24 0 182 262 496 ~0.182 265 165
6 —2.036 03 — 203763 0 182 26) 761 —0.182 264 459
? -2.036 43 — 203728 0.182 264 054 ~0.182 264 262
8 ~2036 61 ~2037 09 0 182 264 134 ~0.182 264 201
9 ~2036 69 ~203697 0182 264 158 ~0.182 264 182
10 ~2036 14 ~ 203691 0 182 264 166 -0.182 264 175
1 ~2036 17 —2.036 87 -0 182 264 169 ~0.182 264 172
Exact -2.036 81 ~2.036 81 -0.182 264 170 -0 182 264 170
vell$
x = | x=]
N P: P: w1 P: P: "t e
q - 1244 86 865.52 1438 851 67 1366.5)5 13

) — 2494 96 - 2926.67 13312 749 0) 1332.605 12
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