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Introduction

From a particle physics point of view, it is known that
theonies with higher denivative quadratic operators have
a better UV-behaviour with respect to standard theories,

thanks to the modified free particle propagator

However, Lorentz invariance + higher
derivative operators imply a lack of unitarity
due to the appearance of ghost (PV-like fields)

Lifshitz-like theories, explicitly breaking Lorentz
invariance, allow for the construction of unitary
otherwise non-renormalizable theories



An extensive study of Lifshitz-like theories for
scalars, fermions and gauge fields, as well as

applications to the SM, has been made by Anselmi
[ Anselmi&Helat, 0707.2480; Anselmi, 0808.3470;
0808.3474; 0808.3475; 0904.1849]

The main recent interest, however, comes from the
Horava proposal of applying this idea to build a
renormalizable theory of gravity [Horava, 0901.3775]
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I will not enter into the issue of if and how Horava theory is
phenomenologically acceptable, but focus instead on the
obvious general drawback of any Lifshitz-like theory:

How can we recover Lorentz invariance 1n the IR ?

Is there a possibility of an RGE of the Lorentz-violating

parameters such that they become all small in the IR ?
[Chadia, Nielsen, NPB 217 (1983)]

How much (if any) are these theories fine-tuned ?
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Our aim 1s to answer to these questions by looking at
simple Lifshitz-like theories with scalars only

The Lorentz violating order parameters we will consider
are the “speeds of light” of the scalar fields

The answer does not seem to be promising
for weakly coupled theories

There 1s no way, in general, to have a sufficient RGE
suppression, and the fine-tuned left is very severe ~ 10~

|Collins et al, gr-qc/0403053 ]

Our analysis will also clarify the IR-UV
structure of Lifshitz-like theories
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General properties of Lifshitz-like theories

Anisotropic scale invariance

z—10D

E=NF, =X, ol =X > Q’)"(;ri’, t').
[t 1s useful to introduce weighted scaling dimensions so that
D —z

2

This 1s equivalent, but makes physics more transparent,
than defining unusual natural units.

Renormalizability by power-counting still holds, substituting
standard scaling dimensions with weighted scaling dimensions

(07¢)? is standard irrelevant, but weighted marginal

-




For instance. in D = 3 with z = 2. the most general renormalizable Lagrangian.
invariant under anisotropic scaling, is (in a “preferred frame” where spatial
SO(3) rotations, translations and time-reversal are unbroken symmetries)

L= 152 & agy— 2 (agpet - g
P 2A2 AA4 T 101A86 "~

‘eighted relevant terms are

2 C2 h
—_— —— ————— 2 242 _1 =2 = 2
e 0* — —(8:0) +Z (2n+2)' e e e U

2

2

Free particle propagator is i(kg — %k — {iz B — m2)

Neglecting m. there are two regimes of interest.

—7

UV behaviour: E>A
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UV behaviour: D=4 Theory with 1 particle

= o ) = =W
(8:0)” — ?ﬂ.ﬁ’ T :104 = 1%(@(}-59)2 =

ke
6!34{3 '

The marginal couplings are a”, ¢ and k&

Once their RG flows are known. we can study the ¢? operator
We work at 1-loop level

Use DR to the spatial directions only (D = 4 — ¢) and renormalize
using MS scheme where the poles in 1/e are subtracted
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=

dg°dPq i°q°
(—igp° ) DY (.2 2.4 o, 213
2 (2m) Pt (g5 — a?q* — 2¢?2 — m?)
1519 ,u / /dq qu qﬁ —algs +a’q* +c7g” +m”)
9 D+1
%il + finite & — i
= 8 a e = (Q?T)D

By similar manipulations we get

150, gk 4514 ¢°

E — 4 — : _
. 8 a3 32 a°

) 3[1(}2

e
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=1 = K
Dﬁﬁﬂﬂ q = a—3 = k = a—4.
5 9o o _
g(t) — 1 354@ﬂt t—lﬂﬂ/ﬂgj H0>>'1
=
— = 2% ey W
i) = gﬂ(gft)) L 5% (gft‘)) [1 E (gft)) ]
do 4 \ 9 do
A Landau pole appears at E, ;. = uge Fas0 1< E< E
dc? l4g -

= b= — 2= C”(g;z))
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A—1

cmrs 205 P
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4 (dm?)? [, '

_3!4931 s =

By similar manipulations we get

151y gk 4514 ¢°

k = [Bp= | .
5 8 a3 32 a’

a — *3[1 = 0 Page 14/74
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UV behaviour: D=4 Theory with 1 particle

1, a g € oaay W o X 4 B oo
ﬁ—iﬁ?‘ —ZAQ(AC’) —E'(fl@) = —E(@ag@) =

k o
6IAZ" -

The marginal couplings are a®, ¢ and k&

Once their RG flows are known, we can study the ¢ operator
We work at 1-loop level

Use DR to the spatial directions only (D = 4 — ¢) and renormalize
using MS scheme where the poles in 1/e are subtracted
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Define g= a% . k= a% :
§(t) = l*i?fﬂt t = In i/ po, pto > 1
T o - a(3) E() |- ()]
A Landau pole appears at E, ;. = pgeﬁ 1< E<E, q.
dc l1g -

dee _ , _Lg 2. _ 2f 9(8)\°
It —362— 81’3 :> C(t)—CO( 90)
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x—1

dq®dPq i%q
(—igu® ) 2 -
2 J (2m)P+! (¢ — a?¢* — 2¢%2 — m2)3

15l'§' e dgsd”q Pe—(ata’a' teigt tm?)
‘)’T D+14
= — = — + finite i
8 a’ e D= (2x)D

By similar manipulations we get
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8 a3 32 d°
3[1 gj
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|
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UV behaviour: D=4 Theory with 1 particle

.
= 2% T 9pz

& e A g E s
E'(d ) — ¢ —nF e — o

5 (Ag)” —

The marginal couplings are a®, ¢ and k
Once their RG flows are known. we can study the ¢ operator
We work at 1-loop level

Use DR to the spatial directions only (D = 4 — ¢) and renormalize
using MS scheme where the poles in 1/¢ are subtracted
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=

= (—igu)’ f 2 Ses i’q°
== 9 (27)P+1 (g2 — a2¢* — 2q2 — m2)3

= 1515} p‘. dq {f g qﬁ —ﬂ(qa—‘—ﬂ.iqi—i—ﬂzqz—l—mi}
d‘mz (2 )P+1

397 1 0
——fi—a——f—ﬁmte e D

By similar manipulations we get

E— = — -
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=4 = K
Define g:a—g. A:a—'i.
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UV behaviour: D=4 Theory with 2 particles
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(Class of exact solutions:

90

1 — xiyt
ho

1 — xlyt

91(t) = g2(t) = g(t) =

hi(t) = ha(t) = h(t) =

g12.0
i} — -
912( ) 1 = .’1?1415

g0 +hg

A(t) = C_{L;(g(t)) =

90

gg—ho

2t) = ) -0 =si(L2) 7
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Study the RG evolution of the perturbed solutions at linear level

for z = 3/8 g12.0 — 0 h-g == 0? Jo = 1

G =g+og+ou, gr=g—dg+du
hy = h +68h + v . ho = h — dh + dv . g12 — g12 + 4g12

ie* ()

Pi

5w>fwﬂ_@@f

090 dug

fWﬂ__%w_@ﬂﬂ_@@f

5hg (3’11'[) 5,912 0

go

90

() 22 -4[(2)

—4%0

1. Not enough to start with de3 = 0 at po > 1 to get ¢ =0 near E ~ A

gengt her perturbations around fixed point must be fine-tuned
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Class of exact solutions:
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g1 =9g+0g+ou,

dg(t) _ 53&@)_(9(_&)2

990 Oug go

il i =y

o - (o)’ S (o) g

Study the RG evolution of the perturbed solutions at linear level

for = — 3/8 120 — 07 h-g = 0, o — 1

g2 = g —0g +du
hgzh—5h+5‘l} .

g(t)
go

gi12 — g12 + 0g12

) - 1]ahﬂ

Pl

1. Not enough to start with de3 = 0 at pg > 1 to get 6% =

legt her perturbations around fixed point must be fine-tuned

l)}tuz’ﬂrE-wA1
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(a) (b)
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UV behaviour: D=10 Theory with 1 particle
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(a)
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(a) eg =1, dgg = dhg =0, 6c5 = 107°
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Study the RG evolution of the perturbed solutions at linear level

for I=3/8' g12.0 =03 h‘{] =0: 9o = 1
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Study the RG evolution of the perturbed solutions at linear level

for = =3/8 gi120— 0 h{] = 03 Jo — 1

gr=g+0g+dou,  g2=g—0dg+ou
hy = h + 6h + v . hs = h —0h + ov . g12 — gi2 + 0412
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1. Not enough to start with de3 = 0 at pp > 1 to get ¢ = 0 near E ~ Al

2ther perturbations around fixed point must be fine-tuned T




Define gz%? E=
: 2 =

h h
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UV behaviour: D=4 Theory with 2 particles
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(Class of exact solutions:

71 (t) = g2(t) = g(t) = 5 _gi-m
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Study the RG evolution of the perturbed solutions at linear level

for x = 3/8 g12.0 =0, hg - 0; 99 — 1
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UV behaviour: D=10 Theory with 1 particle
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UV behaviour: D=10 Theory with 2 particles

. 2 X
(Ag)? - S (@:9)? — 6% — 56° +
| & > Ao
(An)~ — 5(31‘7?) =i @

' functions involved. Particular fixed-point solution and linear perturbations

)
a
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Mt)_)’“(rf))ﬁ- ﬂz(t)—ﬁ(@)_ﬁ. c=f“(t)—f:§(£))_ﬁ

0 Lo To
“iN
Tt e
SA(t) — a“)q,(‘r())
L0
. a2ddo\ (E(t)\TF  a2dde [E(t)\
sa’(t) = (aa— “/_\O )(fﬂ) + 330 (iﬂ

The RG evolution of d¢* in the UV does not help in alleviating the‘

fine-tuning needed to get dc small enough for energies near A.
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IR behaviour

n conventional theories the MS scheme has to be used with care in presence
f mass terms when E < m. since the decoupling of massive particles is not
nanifest. Indeed, the MS 3-functions. being mass—independent, are formally the
ame for any E. while for £ < m the physical coupling does not run anymore

For Lifshitz-like theories. situation more complicated

2 —1
i(k3 — K2 — S5kt —m?)

suggests that IR effects arise for & ~ e¢A/a. the scale ¢\ /a playing the role of m

—> use physical scheme (momentum subtraction)
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Recall 3 in usual ¢* theory

Let T'Y) be the tree+one-loop+counterterms 1PI four-point function

Define the physical coupling A as

FYs=t=u=—p?)=TH () = -

Thus  TW(s,t,u) = A+ TV (s, t,u) — T} ()

At one-loop level v = 0 and CS equation gives 3, =

3, 32 /1 prr(l — x)
0

— d
1672 “m2 + p?x(l —x)

m acts as an IR regulator to the one-loop graph. which
msaosnonss WOUld otherwise have an IR divergence when u — 0. page 40174



IR behaviour: D=10 Theory with 1 particle

Define the renormalized field ¢ and the couplings \. a® and ¢? as

e} _ 1S - dPeE
A(p°)* g 4 ap* | 2 9p* |
F(B)[(P{i})g = —w’(#g)rpg_g =23 =0] =T (p) =—A
2.4 8 74
| - - 4 = B a“p* (UV)
JJ(,LL)—{I]_L +Cﬂ —{CQHE (IR)
R VT e

p 1 arfa)mr === ] 1 al—-}:zu)u 5
[ = —pn— ya©., B.2=——p— - 2v¢
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P2 ()a?(1 — x)?

d°kdk &
p——— 3N° / /d > 2 2 1.2 -
(k2 + a2 k4+c k2 +w(p?)z(1 —z)]*
= lz}lm)‘« de/ Ik k ﬁf;: (e’ )= ;L x) —
0%kt + k% + w(p?)z(1 — x)]72
= LiaX> c
vy ... "W — A
L ~ 64a® = a
oA P ¢
Oy - SHiee R — A
! — oA ¥ e &

c*k? term is an IR regulator forbidding IR singularities for &£ — 0

IR finiteness is responsible for the freezing of the coupling

3

(IR) ﬂ(IR) B(IR)
A2
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Generalization straightforward

Lesson: weighted marginal operators become inoperative for u < A

Are ¢ and é¢? frozen in the IR ?

No. because in the IR their running is governed by weighted
relevant operators which become standard marginal in the IR

Example: Yukawa theory in D=3

2

| S ST % ey
L= (0)" — 5 (9:0)" + U(do — cud) — gUvod

\ssume only remnant of the non-Lorentz invariance of the UV theory is a tiny
lifference in the speed of light of fermion and scalar: ¢; = ¢, +9d¢, with de K< 1
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By simple exercise we get

2 = =aS
= ) - 3
3‘5:_ — — J QOC _.35::_ ggoc 39’ = gz
247 247 167
(87
ety — =
eyl
- B ( x| L) ) is
aclt) — % '
N g
: dco | £ alt)\ ]
CHlEF — — — ( — 1]
. {__}_” v :

F—

-

A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Fine-tuning

For ordinary particles de < 10~ (21523)

[ Coleman-Glashow, hep-ph/9812418]

For photons, FERMI observation of GRB 080916C gives

lc?(1MeV) — ¢*(10GeV)| < 10711

Severe tuning for each Lorentz-violating parameter in the theory
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By simple exercise we get

. = 2 =3
g - 9 3]
= oc s — ac £ —
= 24772 %€ g2 97 1672
@7y
atlt) = -
l —= ; CE |.IL

A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Generalization straightforward

Lesson: weighted marginal operators become immoperative for u < Al

Are ¢ and é¢? frozen in the IR ?

No. because in the IR their running is governed by weighted
relevant operators which become standard marginal in the IR

Example: Yukawa theory in D=3

2
.- €, - — % S
L=2(0)" — 5 (8:9)" + U@ — cyd¥) — gibd

\ssume only remnant of the non-Lorentz invariance of the UV theory is a tiny
lifference in the speed of light of fermion and scalar: ¢; = ¢, + d¢, with de < 1
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Fine-tuning

For ordinary particles de < 10~ (21523)

[ Coleman-Glashow, hep-ph/9812418]

For photons, FERMI observation of GRB 080916C gives

I2(1MeV) — ¢2(10GeV)| < 10717

Severe tuning for each Lorentz-violating parameter in the theory
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By simple exercise we get

2 2 e
g . 59~ 59
I oc e — oc 7 — ,
“b 2472 EoE T gy 97 1672
- f— | — r_'.qltr;

A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Generalization straightforward

Lesson: weighted marginal operators become inoperative for u < A

Are ¢ and é¢? frozen in the IR ?

No. because in the IR their running is governed by weighted
relevant operators which become standard marginal in the IR

Example: Yukawa theory in D=3

9
1 S C, | T % 4 T
L= 5(@)2 - ?@(51'@)2 + U(@o — cyd) — g

\ssume only remnant of the non-Lorentz invariance of the UV theory is a tiny
lifference in the speed of light of fermion and scalar: ¢; = ¢, +9d¢, with de < 1
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=5 /dmkdk‘E/d 2 ()2 (1 — )
| 2x ) (k% +£1}k4—'—c°k’—'—m(p) (1 —=)*

= 1')11{3)« /d.r/ Ik .u, 1 (2 —xf —
a? k*—i—c‘?k2+._u(p yx(l —x)]/2

y Lals c
vy . 18 = — A
L 64a° ’ B a
- Lia2 2 c
R 10 P -~
 480a3e¢2 A2 H<<G:A-

c?k? term is an IR regulator forbidding IR singularities for &£ — 0

IR finiteness is responsible for the freezing of the coupling

2
(IR) (IR} __ (IR) H
Ay~ Paz ~ A
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Recall 3 in usual ¢* theory

Let I''*) be the tree+one-loop+counterterms 1PI four-point function

Define the physical coupling A as

Fr(s=t=u=—p?)=TB(u) = -

Thus  TW(s,t,u) = A+ TV (s,t,u) — T} ()

At one-loop level v = 0 and CS equation gives 3, = —u

. 32 /ld:r prz(l — x)
2T 1672 o m2+p’z(l—x)

m acts as an IR regulator to the one-loop graph. which
msaosnonss WOUld otherwise have an IR divergence when u — 0. page 52174
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The RG evolution of d¢” in the UV does not help in alleviating thet

fine-tuning needed to get dc small enough for energies near A.
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By simple exercise we get

. = 2 3
g M 3L
g — ) A — ) s —
= ST T ¥
(¥
H!.f'_! — —
_L—‘ _f__‘.f_{_if

A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Fine-tuning

For ordinary particles de < 10— (21+23)

Coleman-Glashow, hep-ph/9812418]
[ p-P

For photons, FERMI observation of GRB 080916C gives

lc?(1MeV) — ¢*(10GeV)| < 10711

Severe tuning for each Lorentz-violating parameter in the theory
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Generalization straightforward

Lesson: weighted marginal operators become inoperative for p < Al

Are ¢ and éc? frozen in the IR ?

No. because in the IR their running is governed by weighted
relevant operators which become standard marginal in the IR

Example: Yukawa theory in D=3

2
1 " C ! . x T " - T - :
L= o — —2‘?“ (9:0)” + (@0 — c V) — gbo

\ssume only remnant of the non-Lorentz invariance of the UV theory is a tiny
lifference in the speed of light of fermion and scalar: ¢; = ¢, +d¢, with de < 1
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Fine-tuning

For ordinary particles de < 10~ (21+23)

[ Coleman-Glashow, hep-ph/9812418]

For photons, FERMI observation of GRB 080916C gives

l2(1MeV) — ¢(10GeV)| < 10717

Severe tuning for each Lorentz-violating parameter in the theory
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By simple exercise we get

2 . 5
g 9 2g
3, = — de T dc s —
€ 2472 9 gy 97 16x2
kg
ex(t) — =
== 1}_—'( {)

A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Qonelusions

Ve have analvzed the one-loop RG evolution of Lifshitz-like theories.

by focusing on specific Lorentz violating scalar field theories

and on the the spatial kinetic term ¢ (90, 2)* operators
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Two regimes of interest

D F S A UV regime

Operators classified by their weighted scaling dimensions

RGE governed by weighted marginal operators

Ny B = N IR regime

Operators classified by their standard scaling dimensions

RGE governed by standard marginal operators

Pirsa: 09110063

Weighted marginal couplings freeze



UV: ¢ and §¢? logarithmically run with the energy
(governed by weighted marginal operators)
IR: ¢? and ¢ logarithmically run with the energy

(governed by standard marginal operators)
unless

all sources of Lorentz symmetry breaking vanish

A dynamical mechanism to keep all Lorentz violating
parameters small, 1s necessary to make Lifshitz-like
theories promising theories of particle physics
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3 end
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UV: ¢? and d¢? logarithmically run with the energy

(governed by weighted marginal operators)

IR: ¢? and d¢? logarithmically run with the energy

(governed by standard marginal operators)
unless

all sources of Lorentz symmetry breaking vanish

A dynamical mechanism to keep all Lorentz violating
parameters small, is necessary to make Lifshitz-like
theories promising theories of particle physics
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Introduction

From a particle physics point of view, it is known that
theories with higher dertvative quadratic operators have
a better UV-behaviour with respect to standard theories,

thanks to the modified free particle propagator

However, Lorentz mmvariance + higher
derivative operators imply a lack of unitarity
due to the appearance of ghost (PV-like fields)

Lifshitz-like theories, explicitly breaking Lorentz
invariance, allow for the construction of unitary
otherwise non-renormalizable theories



An extensive study of Lifshitz-like theories for
scalars, fermions and gauge fields, as well as

applications to the SM, has been made by Anselmi
[ Anselmi&Helat, 0707.2480; Anselmi, 0808.3470;
0808.3474; 0808.3475: 0904.1849]

The main recent interest, however, comes from the
Horava proposal of applying this idea to build a
renormalizable theory of gravity [Horava, 0901 3775]
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Renormalization Group in Lifshitz-Type Theories

Marco Serone, SISSA, Trieste

IN COLLABORATION WITH JORGE G. RUSSO AND
ROBERTO IENGO, BASED ON 0906.3477 [HEP-TH]

Perimeter Institute, November 10 2009
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Introduction and brief review

UV behaviour

IR behaviour

Fine-tuning problem

Conclusions
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(a) & =1, 5gp = oo =0, 63 =103 (b) & = 1, dgo = ko = —10~2, dc =0
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By simple exercise we get

361_ ol 25(3 . 3@“«: - 25(3 39 — >
: 247 24w 167~
alt) = {T}__i
j_ = ~]_1__f_Lf_ it

y [ alt)’
et — oy '
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A Lorentz symmetry breaking term in the IR theory
(coming from the underlying UV theory) induces, by
quantum effects, an energy-dependent speed of light
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Fine-tuning

For ordinary particles de < 10— (21+23)

| Coleman-Glashow, hep-ph/9812418]

For photons, FERMI observation of GRB 080916C gives

lc?(1MeV) — ¢#(10GeV)| < 10717

Severe tuning for each Lorentz-violating parameter in the theory
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