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@ Brief review of Horava—Lifshitz gravity with detailed
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@ Brief review of Horava—Lifshitz gravity with detailed
balance.

@ Introduction of a minimally coupled scalar field and related
problems.

@ Cosmology.
@ Nonmimimally coupled case: more problems.
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@ Introduction of a minimally coupled scalar field and related
problems.

@ Cosmology.
@ Nonmimimally coupled case: more problems.
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ritical systems
ofava, arXivi0812.4287. arXiv:0901.3775

Example: Lifshitz scalar (1941) o

1 -5 | Eiee———
Stifshitz = 3 / drd”x [O' = 4(/;“-\0}’}
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ritical systems
ofava, arXiv:0812.4287, arXiv:0901.3775

Example: Lifshitz scalar (1941) o
S lfdrdD 2 I(;\-)E
ifshitz — X o — (@
Lifshiz = > 1
It defines an znsofropic scaling between time and space:

£F—- bt X — bx.
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ritical systems
ofava, arXiv:0812.4287. arXiv:0901.3775

Example: Lifshiiz scalar (1941) o
St ifshitz = 1fdrcrﬂ’ Z_ LA )
Lifshitz — 3 X |© 4\ O

It defines an znisofropic scaling between time and space:

D—z
e 9

S

t — bt X — bx. == B1— ¥ |

@ The critical exponent - determines the dim. D at which the
propagator becomes logarithmic, critical behaviour of
correlation functions near a phase transition. E
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V completion
ofava. arXiv:0812.4287. arXiv:0901.3775

@ The meeting point of phase boundaries in multicritical
phenomena is called Lifshitz point.
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Horava model (; = 3)

oliation symmetry

General action:

¢— / drd’x /e N(Lx — Lv)
o A
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Horava model (z = 3

oliation symmetry

General action:

S= | did’x /gN(Lg — Ly)
o+ M

@ Invariant under “foliated diffeomorphisms”, L.e.,
diffeomorphisms preserving the codimension-one foliation
of the manifold.
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Horava model (; = 3

Foliation symmetry

General action:

3 — / deE-’L‘ V’“?*'V(CK — .CL)
M

@ Invariant under “foliated diffeomeorphisms”, L.e.,
diffeomorphisms preserving the codimension-one foliation
of the manifold.

@ Time-dependent time reparametrizations and
spacetime-dependent spatial diffeomorphisms:

£t L), a1 Cen).
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Horava model (; = 3)

Foliation symmetry

General action:

3= / dl‘dEI w?f\f[ﬁg = .CL)
M

@ Invariant under “foliated diffeomorphisms”, L.e.,
diffeomorphisms preserving the codimension-one foliation
of the manifold.

@ Time-dependent time reparametrizations and
spacetime-dependent spatial diffeomorphisms:

£—t1f(), 2 2w

@ 3 d.o.f.: extra scalar A, trace of the graviton.
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Horava model (z = 3

rojectability and scalar mode
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Horava model (z = 3

rojectability and scalar mode

@ Projected N = N(r): 9 variables N' and Kj;, 6 first-class
local constraints.
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Horava model (z = 3)

rojectability and scalar mode

@ Projected N = N(r): 9 variables N* and Kj;, 6 first-class
local constraints. i unstable [Bizsetal 200020 ... curable?

@ Non-projected N = N(r.x): h unstable but curable

| — = 10 e aTalTarta E¥lis s T aTa o PR
harmousis et gl - 0- Hiae at a1 2008 |
e | 1L VLl i lnd S L = - L - S S = ¢ e et Mt g s
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Horava model (z =

rojectability and scalar mode

@ Projected N = N(z): 9 variables N' and K;;, 6 first-class
local constraints. i unstable [Bias et al 2000ab] ... curable?

@ Non- prolected N =N(.x): h unstable but c:urable
[Charmousis et al. 2009; Blas et al. 2009a.b] ['?]but non-closure of
constramt anebra [Li and Pang 2009; Klusof 2009¢]
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Horava model (z =

rojectability and scalar mode

@ Projected N = N(z): 9 variables N' and Kj;, 6 first-class
local constraints. & unstable [Biasetal 200925 ... curable?

@ Non- pro;ected N =N(t,x). h unstable but curable
Charmousis et al. 2009: Blas et al. 2009a.b] [‘)]but non-closure of

e i -ul'\u.l-'\-u-'\-u- il — s R el S —

-

constramt anebra [Li and Pang 2009; Klusof 2009c]

@ For simplicity we consider the projectable version but all
arguments below hold also in the non-projectable case.
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Hofava model (z = 3

Inetic term
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Horava model (z = 3)

Inetic term
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Hofava model (z = 3)

inetic term

]

2O NS F

E _
By — = [qgfj = VwN;r}

o— N’ 8,‘(3‘

™
>
|

|.e.4.
]
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Horava maodel (; = 3)

ompact notation
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Horava maodel (z = 3)

ompact notation

gfﬂm = Qf(t’ﬂm}j _ Aogg!m m

oy i

= e ¥ L |
5= 2( 0 1)
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Horava model (z = 3

ompact notation

gsﬂm =3

Gm’ m)j \gu [m o

1{ 56" ¢
2 0 1

gjj 0 s W,_'j 0
Q(O o)‘ H(O TD)
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Horava model (z = 3)

ompact notation

gfﬂm gf{s'ﬂm}j = )\g” ol m
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Horava model (z = 3)

rinciple of detailed balance

Definition
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Horava model (z = 3

rinciple of detailed balance

Definition

1 (W _6W
L:Vu-(‘[ e )
oq og
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Horava model (z = 3)

rinciple of detailed balance

Definition

g 0g dg 8

og

1 SW oW 2 = 1 (6W
Ly = H‘( (. ) = h— I;fg“‘r’”T;mﬁ- = (d )
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Hofava maodel (z = 3)

rinciple of detailed balance

Definition

- = 5 —

Hamiltonian constraint now global [vukohyama 20096

/d3.r7-f == (.
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Horava model (; = 3)

rinciple of detailed balance

Definition

tr MVGCEW :il _GiilmT, +1 oW
(5{1 jq g ¥ m >

Hamiltonian constraint now global [vukohyama 20096

/d3.fH — O 2
With detailed balance

| oW oW
H == itr (HGH ———— G = )
\/ g Dq (Jq
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Horava model (z = 3

rinciple of detailed balance

lassical solutions

ianluca Calcagni Max Planck Institute for Gravitational Physics (AEI) §



Hofava model (z = 3

rinciple of detailed balance

Definition

1 [(6W _6W £ . 1 (W)’
Lv=t&f —G— — F.GmF -
L (Oq ﬂq) 5’ ”ﬁflg(m)

Hamiltonian constraint now global [vukohyama 20096

/d3.f7‘f — D 2
With detailed balance

| oW oW
H=—tr | IGII — —G—
\/E og 0g

3
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Hofava model (z = 3)

rinciple of detailed balance

lassical solutions

Hamilton—Jacobi formalism Is naturally implemented;
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lassical solutions

Hamilton—Jacobi formalism is naturally implemented;
constraints admit a large class of simple solutions:
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Horava maodel (z = 3)

rinciple of detailed balance

lassical solutions

Hamilton—Jacobi formalism is naturally implemented;

constraints admit a large class of simple solutions: g
W
~ oq
This is the nonminimal case
W oW
g Gl ST
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Horava model (z = 3

rinciple of detailed balance

lassical solutions

Hamilton—Jacobi formalism is naturally implemented; &
constraints admit a large class of simple solutions:
oW
H —
0g
This is the nonminimal case
oW oW
T " B
Alternative: Minimal coupling prescription, scalar and gravity

sectors faciorize:
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Horava model (: = 3)

Principle of detailed balance
hy?
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Hofava model (z = 3)

Principle of detailed balance
hy?

@ Simple definition of §
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Horava maodel (z = 3)

Principle of detailed balance
hy?

@ Simple definition of 5, e.g., noterms suchas R - R - R.
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Horava model (z = 3

Principle of detailed balance
hy?

@ Simple definition of §, e.g., no terms suchas R - R - R.
@ Simple class of solutions.
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Horava model (z = 3

Principle of detailed balance
hy?

@ Simple definition of 5, e.g., noterms suchas R - R - R.
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Hofava model (z = 3)

Principle of detailed balance
hy?

@ Simple definition of 5, e.g., noterms suchas Rk - R - R.
@ Simple class of solutions.
© = Quantum inheritance: Simple quantum solutions
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Hofava model (z =

Principle of detailed balance
hy?

@ Simple definition of 5, e.g., noterms suchas R - R - R.
@ Simple class of solutions.

© = Quantum inheritance: Simple quantum solutions, if W is
renormalizable then also S is [Orlando and Reffert 2009.
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Hofrava madel (z =

rinciple of detailed balance
hy?

@ Simple definition of S, e.g., noterms suchas R - R - R.
@ Simple class of solutions.

© = Quantum inheritance: Simple quantum solutions, iIf W is
renormalizable then also S is  [Orlando and Refiert 20091.
Topological massive gravity is renormallzab[e Oda 2009].
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Horava model (; = 3)

L recipe
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Horava model (z = 3

L recipe

@ Anisotropic scaling and power-counting renormalizability:
=&
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Horawva model (z = 3)

L recipe

@ Anisotropic scaling and power-counting renormalizability:
e

@ Foliation-preserving diffeomorphisms.
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Horava model (z = 3

L recipe

@ Anisotropic scaling and power-counting renormalizability:
e X

@ Foliation-preserving diffeomorphisms.
© Principle of detailed balance.
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Horava model (z = 3)

L recipe

@ Anisotropic scaling and power-counting renormalizability:
>3

@ Foliation-preserving diffeomorphisms.

© Principle of detailed balance. This is the most restrictive
ingredient but it is by no means necessary.
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Hofrava model (z = 3

L recipe

@ Anisotropic scaling and power-counting renormalizability:
i

@ Foliation-preserving diffeomorphisms.

© Principle of detailed balance. This is the most restrictive
ingredient but it is by no means necessary.

Problems with detailed balance:
@ IR limit reached above cosmological scales [Nastase 2009].
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Horava model (z = 3

L recipe

@ Anisotropic scaling and power-counting renormalizability:
e

@ Foliation-preserving diffeomorphisms.
© Principle of detailed balance. This is the most restrictive
ingredient but it is by no means necessary.
Problems with detailed balance:
@ |R limit reached above cosmological scales [Nastase 2009].
@ Scalar sector difficult to implement, many issues.
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Horava model (; = 3)

L recipe

@ Anisotropic scaling and power-counting renormalizability:
e K

@ Foliation-preserving diffeomorphisms.
© Principle of detailed balance. This is the most restrictive
iIngredient but it is by no means necessary.
Problems with detailed balance:
@ IR limit reached above cosmological scales [Nastase 2009].
@ Scalar sector difficult to implement, many issues.
= |t may be desirable to abandon it.
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Minimaily coupled theory

inimally coupled theory — Gravity sector
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Minimaily coupled theory

inimally coupled theory — Gravity sector

ij i 7 i ij 41 —1 2
l:v_g == C]:‘f)ijC'j = f}jé'! !Rgmvjfi’ - + €ig |:R;;R‘F — 4(3/\ = 1)Rj}

“‘E“QI(IR — 3Aw )
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Minimailly coupled theory

inimally coupled theory — Gravity sector
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Minimaily coupled theory

inimally coupled theory — Gravity sector

Relevant deformations push the system towards the IR f.p.:

2 == = _——
S_gr ~ F /dfd‘j,'f \/g N [K{’;KU — AK- + (.‘“[R = 3f&w)]
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Minimaily coupled theory

inimally coupled theory — Gravity sector

~  ~ij m i 1 2
+as(R — 3Aw)
€Er = E“"”V; (Rj - _—]_ )j R) : C{,‘CU ~ RAR + . ..
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Minimally coupled theory

inimally coupled theory — Gravity sector

Relevant deformations push the system towards the IR f.p.:

2 > : e
S, ~ = /drd"x V&N |KiiK? — AK~ +¢“ (R — 3Aw)]
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Minimaily coupled theory

inimally coupled theory — Gravity sector

Relevant deformations push the system towards the IR f.p.:

2 3 — 1l 2 3
g~ = / did’x \/gN [K;K? — AK* + (R — 3Aw)]

where

/ hp Hl
4 \/1—1;\ — 32rc

™
|||
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Minimally coupled theory

inimally coupled theory — Scalar sector
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Minimally coupled theory

inimally coupled theory — Scalar sector

3D action:

1 = | ) _
W, = = /d‘;x\/’g [—J;@Alzo — OO + moz} :
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Minimally coupled theory

inimally coupled theory — Scalar sector

3D action:

1 = .
Wy = — / x /2 [_53@33 20— 2000 + f?!Oz] +

A term such as «‘9; Ao would generate a nonminimal, nontrivial
scalar-vector-tensor theory.
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Minimaily coupled theory

inimally coupled theory — Scalar sector

3D action:
1 == | _
W, = = /d3,r\/"g [—53013’20 — T2 OO + moz] :

A term such as «'9; Ao would generate a nonminimal, nontrivial
scalar-vector-tensor theory.

Pseudo-differential operators A“ = [g;i( x)V'V]¢, a € C,
studied since the late 60's [Seeley 1967: Harmander 1968].
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Minimaily coupled theory

ractional calculus
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Minimally coupled theory

Fractional calculus

@ Fractional calculus as old as ordinary calculus (Riemann.,
Liouville) but subtler.
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Minimally coupled theory

Fractional calculus

@ Fractional calculus as old as ordinary calculus (Riemann.
Liouville) but subtler.

@ Applications: statistics and long-memory processes such
as weather and stochastic financial models,
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Minimaily coupled theory

Fractional calculus

@ Fractional calculus as old as ordinary calculus (Riemann.
Liouville) but subtler.

@ Applications: statistics and long-memory processes such
as weather and stochastic financial models, system
modeling and control in engineering.
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Minimaily coupled theory

Fractional calculus

@ Fractional calculus as old as ordinary calculus (Riemann.
Liouville) but subtler.

@ Applications: statistics and long-memory processes such
as weather and stochastic financial models, system
modeling and control in engineering.

@ Difficult to represent fractional operators and define
functional calculus.
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Minimally coupled theory

Fractional calculus

@ Fractional calculus as old as ordinary calculus (Riemann.
Liouville) but subtler.

@ Applications: statistics and long-memory processes such
as weather and stochastic financial models, system
modeling and control in engineering.

@ Difficult to represent fractional operators and define
functional calculus. Initialized calculus [Lorenzo and Hartley

PN i — - Tl
LA (i TS AW
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Minimaily coupled theaory
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Minimaily coupled theory

@ Liouville derivative:

kl

—‘k_ (k — n)!

rk—rr
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Minimally coupled theory

@ Liouville derivaiive:

&« ;. M _ d* ; Eg+1)
de*m ~ (k—n)' e  T(B—a+tl)
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Minimally coupied theory

@ Liouville derivative:

B .. , 5 a
k—n)l' &=  T(B—a+l)

_‘ﬁ-_

@ 9%const # 0; A*t? £ A*AP unless a or 3 natural;
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Minimally coupled theory

a
@ Liouville derivative:
d“ 3 F(j’ + 1) 3

a . k! s & |
(i\:”xk = (k — rz)!xk T odee T '8 —a-+ I)I

—€¥

@ 9%const # 0; A7 £ A®AP unless a or 3 natural; solutions
of the fractional wave equation do not solve ordinary wave
equation, continuum spectrum of massive modes [Barc

(D

]

= 4 YL
3| e

0
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