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Renormalizable quantum gravity?

The main problem to quantize gravity is renormalization.

To cure divergencies one can =2dd symmetrics (supergravity, superstrings...)
or one can search for a UV completion of the theory (without new
symmetries or particles). Impressive progress have been reported in this
direction.
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The main problem to quantize gravity is renormalization.

To cure divergencies one can =cdd symmetrics (supergravity, superstrings...)
or one can search for a UV completion of the theory (without new
symmetries or particles). Impressive progress have been reported in this
direction.

@ Non Gaussian fixed points with approximately stable properties have
been found with increasing confidence by the FRG method. There is
an emerging consensus that such fixed points are indeed generic in this

approach.
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Renormalizable quantum gravity?

The main problem to quantize gravity is renormalization.

To cure divergencies one can =cc symmetries (supergravity, superstrings...)
or one can search for a UV completion of the theory (without new
symmetries or particles). Impressive progress have been reported in this
direction.

@ Non Gaussian fixed points with approximately stable properties have
been found with increasing confidence by the FRG method. There is
an emerging consensus that such fixed points are indeed generic in this

approach.

@ Regge sums have been better balanced in the 11 simulations to
avoid branchlng polymers or crumpled phases and produce >merging
manitolds of the right dimension.
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A more fundamental quantum gravity?

Is there a more fundamental theory of quantum gravity (non-local,
ackground independent), on which we could have some analytic rather
than nurnencal grasp, and which would explain the main features of the
FRG and CDT numencal expenments namely asymptotic safety and
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A more fundamental quantum gravity?

s there a more fundamental theory of quantum gravity (non-local,
Dackground independent), on which we could have some analytic rather
than numerical grasp, and which would explain the main features of the
FRG and CDT numerical experiments, namely asymptotic safety and

emergence of a Zii.”;l% and smooth SpacCe- tim :?

The Grosse-Wulkenhaar (GW) model is non-local but not background
independent.
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A more fundamental quantum gravity?

Is there a more fundamental theory of quantum gravity (non-local,
background independent), on which we could have some analytic rather
than numerical grasp, and which would explain the main features of the
FRG and CDT numerical expenrnents namely asymptotic safety and
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The Grosse-Wulkenhaar (GW) model is non-local but not background
independent.

It is renormalizable, asymptotically safe and the mechanism for its fixed
point can be studied in complete analytic detail.
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A more fundamental quantum gravity?

Is there a more fundamental theory of quantum gravity (non-local,
background independent), on which we could have some analytic rather
than numerical grasp, and which would explain the main features of the
FRG and CDT numerical experiments, namely asymptotic safety and

emergcence ~Af o “roca Ano smoaotn space-1j A?
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The Grosse-Wulkenhaar (GW) model is non-local but not background
independent.

It is renormalizable, asymptotically safe and the mechanism for its fixed
point can be studied in complete analytic detail.

.l!'

Group field theories are also non-local but backzround independent. They
may explain spacetime emerzence, hence their renormalization deserves
thorough investigation.

Pirsa: 09110049 Page 15/200






ntroduction The ordinary rzxﬁ Model The Grosse-Wulkenhaar Medei Gmup Field Theory

Renormalization

Renormalization is the framework to study how a physical system with
many degrees of freedom changes under change of the observation scale.
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Renormalization

Renormalization is the framework to study how a physical system with
many degrees of freedom changes under change of the observation scale.

According to the renormalization group (Wilson) this change of scale
should be studied step by step, like the trajectory of a dynamical system, in
which scale plays the role of time.
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Renormalization

Renormalization is the framework to study how a physical system with
many degrees of freedom changes under change of the observation scale.

According to the renormalization group (Wilson) this change of scale
should be studied step by step, like the trajectory of a dynamical system, in
which scale plays the role of time.

The flow of the RG, like the flow of time, is oriented. The RG should trim

out degrees of freedom, forgetting the small scale details of a system to
compute its effective, large scale description.
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Renormalization

Renormalization is the framework to study how a physical system with
many degrees of freedom changes under change of the observation scale.

According to the renormalization group (Wilson) this change of scale
should be studied step by step, like the trajectory of a dynamical system, in
which scale plays the role of time.

The flow of the RG, like the flow of time, is oriented. The RG should trim

out degrees of freedom, forgetting the small scale details of a system to
compute its effective, large scale description.

A renormalizable theory is a theory whose action essentially does not
change along this trajectory, only the coefficients or “couplings’ change.
This is a kind of approximate self-similarity.
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Ultraviolet and infrared scales

Our usual ordinary definition of === is intuitively related to a notion of
distance. There is a kilometer scale, a centimeter scale, a nanometer scale. ..
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Ultraviolet and infrared scales

Our usual ordinary definition of =<2/ is intuitively related to a notion of
distance. There is a kilometer scale, a centimeter scale, a nanometer scale...

We call ultraviolet the short distances and infra-red the long distances.
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Ultraviolet and infrared scales

Our usual ordinary definition of =< = is intuitively related to a notion of
distance. There is a kilometer scale, a centimeter scale, a nanometer scale...

We call ultraviolet the short distances and infra-red the long distances.

In this standard vision of scales, both ultraviolet and infrared directions in
the RG are infinite, hence i, the scale index belongs to Z.
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In background independent quantum gravity, this definition leads into
difficulties since there is no a priori notion of distances to start with. So
what is a scale in quantum gravity?
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What is a scale in quantum gravity?

In background independent quantum gravity, this definition leads into
difficulties since there is no a priori notion of distances to start with. So
what is a scale in quantum gravity?

In fact the existence of gravity with its associated Newton's constant means
that nature has a preferred scale, the Planck scale.
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What is a scale in quantum gravity?

In background independent quantum gravity, this definition leads into
difficulties since there is no a priori notion of distances to start with. So
what Is a scale in quantum gravity?

In fact the existence of gravity with its associated Newton's constant means
that nature has a preferred scale, the Planck scale.

Measuring distances smaller than the Planck scale may not make sense in

quantum gravity. Also the system of scales for quantum gravity might be
indexed by i € N, not i € Z.
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Scales in QFT

The basic perturbative objects in quantum field theory are the Feynman
graphs (or subgraphs). Their external legs correspond physically to
observation probes.
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Scales in QFT

The basic perturbative objects in quantum field theory are the Feynman
graphs (or subgraphs). Their external legs correspond physically to
observation probes.

Perturbative regime should decompose carefully the action into vertices and
‘opazators. We propose that vertices by definition should not involve any
scale.

b
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Scales in QFT

The basic perturbative objects in quantum field theory are the Feynman
graphs (or subgraphs). Their external legs correspond physically to
observation probes.

Perturbative regime should decompose carefully the action into vertices and

cropazators. We propose that vertices by definition should not involve any
scale.
“ropagators, and more precisely their spectrum, should contain all the

mforrnatlon about scales.
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A general definition of scale

Cuclidean propagators C are positive Hermitian operators H. We propose to
define the i-th scale as roughly the range of eigenvalues of C between M™'
and A2 g
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A general definition of scale

Cuciidean propagators O are positive Hermitian operators H. We propose to
define the /-th scale as roughly the range of eigenvalues of C between M™'
and M1 This is done conveniently in the parametric representation: ¢
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A general definition of scale

Cuclidean propagators C are positive Hermitian operators H. We propose to
define the /-th scale as roughly the range of eigenvalues of C between M™'

and M—"*1. This is done conveniently in the parametric representation: ¢
C = H'= / "ﬂHda_ZC
i=0
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A general definition of scale

Cuciidean propagators O are positive Hermitian operators H. We propose to
define the i-th scale as roughly the range of eigenvalues of C between M~'
and M—"*1_ This is done conveniently in the parametric representation: ¢
C = / e *Hda = Z G,
i=10

M—r+1
e — /me-_“Hda, C; :,[ e *Hda for i> 1
1 —¥
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A general definition of scale

.--

Cuciidean propagators O are positive Hermitian operators H. We propose to
deflne the i-th scale as roughly the range of eigenvalues of C between M—*
and M—"*1. This is done conveniently in the parametric representation:

o0
= s /m e Haga—N"C.
; 2,

M—H—l
€g = Fe_“Hda, C; =/ e *Hda for i > 1.
1 —F

(We assumed here that the spectrum of C is bounded; then it is not
necessary to further decompose the 0-th scale).
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Ordinary o)

The massive Euclidean ¢} theory corresponds to the probability measure

1
dv = Ee—/"«fcb“(x)dxd”c(qb)_
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Ordinary ¢,

The massive Euclidean ¢} theory corresponds to the probability measure

1 |
dv = Ee_)‘fd’4(x)d"duC(¢)~

where djic is the Gaussian measure with propagator
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Ordinary ¢,

The massive Euclidean ¢} theory corresponds to the probability measure

1
dv = Ee_""“"‘(x)‘b‘dﬂdﬁb)-

where dji¢ is the Gaussian measure with propagator

= 1 = e—;x—y|'-;44:r
C(P):p2+m2r C(X-}')I/:dﬂe i S
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Ordinary ¢,

The massive Euclidean ¢} theory corresponds to the probability measure

1

—e M #eWduc(9),

dv =

where dji¢ is the Gaussian measure with propagator

= 1 e rP/Ae
C(P):p2+m2? C(X-}'):/;dﬂe o ——

n which we recognize the heat kernel. The Schwinger functions are
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Ordinary ¢,

The massive Euclidean ¢} theory corresponds to the probability measure

1

dL-'=Z

e SN g (6).

where djic is the Gaussian measure with propagator

- 1 2 E—lx—y|:’—j44:r
C = —Ehryr= dae™ ™ ;
(p) - (x.¥) /ﬁ ae o —

n which we recognize the heat kernel. The Schwinger functions are
Su(z1...2w) = [ of@)..o(aw)du(o).
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Perturbative ¢;

Expanding in the coupling constant )\ yields (bare) perturbation theory:
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Perturbative ¢}

Expanding in the coupling constant )\ yields (bare) perturbation theory:

n=0

n!
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Perturbative ¢;

Expanding in the coupling constant )\ yields (bare) perturbation theory:

I

Sn(z1. ---- Zn)

1 = (*)\)" .4 o, .
o o*(x)dx]"o(z1)...0(zn)dp(0)
- E_j / [ f |"(21)...0(zn)dp

n!

— ZAG(ZI*.”' ?ZN)*.
G
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Perturbative ¢,

Expanding in the coupling constant )\ yields (bare) perturbation theory:

Sl ) = %; =L [1] #*ads(z)-- st dn(e)
= Y Al vk
G
Ac(z1 ZN) = f IT @9« ] Clxe. %)
v=1 ¢
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Scale decomposition

We perform the scale decomposition on the parametric representation of
the propagator:

C = Zc".

ieN
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Scale decomposition

We perform the scale decomposition on the parametric representation of
the propagator:

= 5 ¢,
ieN
. M—E(f+1) —|X—j’}2/40
Cilx.y) = j dae—m €
M—2i ¥
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Scale decomposition

We perform the scale decomposition on the parametric representation of
the propagator:

C:Zcf.

ieN

B —|x—y|*/4a
. e
C'iey) = f dae™ ™ .

M—2i (8

K M2 a—<M'|lx—y|

N\

where M is fixed.
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Scale decomposition

We perform the scale decomposition on the parametric representation of
the propagator:

C = Zcf.
icN
. 7 i —|x—y|? /4
Cey) = f dae‘“"’ze :
M—2i ¥

K M2 a—<M'|x—y|l

N\

where M is fixed.

Higher and higher values of the scale index i probe shorter and shorter
distances.
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A Recipe for Renormalization

Renormalization relies on the combination of three ingredients:
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A Recipe for Renormalization

Renormalization relies on the combination of three ingredients:

® A scale decomposition

@ A locality principle
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A Recipe for Renormalization

Renormalization relies on the combination of three ingredients:

® A scale decomposition
e A Iocality principle

. A [.-'..J '--Il : ~_.*-._J'L.'!_5'.:..‘!E

We have seen the scale decomposition, let's turn our attention to the two
other elements.
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High subgraphs

We have to sum over the scale index for each line of any graph.

Pirsa: 09110049 Page 59/200



niroduction The ordinary n#‘: Maodel The Grosse-Wulkenhaar Model Group Field Theory

High subgraphs

We have to sum over the scale index for each line of any graph.

At fixed such scale attribution, some subgraphs play an essential role. They
are the connected subgraphs whose internal lines have higher scale index
than all their external lines. Let's call them the “high” subgraphs.

Pirsa: 09110049 Page 60/200






ntroduction The ordinary :ﬂ Maodel The Grosse-Waullenhaar Model Group Field Theory

High subgraphs

We have to sum over the scale index for each line of any graph.

At fixed such scale attribution, some subgraphs play an essential role. They
are the connected subgraphs whose internal lines have higher scale index
than all their external lines. Let's call them the “high” subgraphs.
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Locality

The locality principle is independent of the dimension: it states that every
“high” subgraph looks more and more local as the gap between the internal
and external scales grows.
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Locality

The locality principle is independent of the dimension: it states that every
“high” subgraph looks more and more local as the gap between the internal
and external scales grows.

Small things seen from far away look like points...
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Power counting

Hower counting depends on the dimension d. After spatial integration of
the mtemal vertices of a high subgraph save one, the sum over the internal
scale of a high subgraph may converge or diverge.
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Power counting

s

“ower counting depends on the dimension d. After spatial integration of
the mtemal vertices of a high subgraph save one, the sum over the internal 4
scale of a high subgraph may converge or diverge.

In four dimensions using the prevmus estimates ef a single scale propagator

A i -

C; it is easy to check that only high subgraphs with N = 2 and 4 diverge.
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Power counting

|

“ower counting depends on the dimension d. After spatial integration of
the internal vertices of a high subgraph, save one, the sum over the internal ;
scale of a high subgraph may converge or diverge,

In four dimensions using the prevlous estimates of a smgle scale propagator

-,

C; it is easy to check that only ~ subgraphs with N = 2 and 4 diverge.

Using a Taylor expansion based on the locality principle these divergences
can be absorbed into a change of the three parameters (coupling constant,
mass and wave function) which appeared in the initial model.
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Power counting

“Yower counting depends on the dimension d. After spatial integration of
the mtemal vertices of a high subgraph save one, the sum over the internal 4
scale of a high subgraph may converge or diverge.

In four dimensions using the prevlous estimates of a single scale propagator

-

C; it is easy to check that only ~ subgraphs with N = 2 and 4 diverge.

Using a Taylor expansion based on the locality principle these divergences
can be absorbed into a change of the three parameters (coupling constant,
mass and wave function) which appeared in the initial model.

This means that the model is renormalizable.
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Noncommutative Field Theory
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Noncommutative Field Theory

The simplest noncommutative four dimensional space is the flat (Euclidean)
vector space R* with a constant commutator [x#, x”] = 1©0# between
coordinates.
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Noncommutative Field Theory

The simplest noncommutative four dimensional space is the flat (Euclidean)
vector space R* with a constant commutator [x*, x”] = 1©#" between
coordinates. Its Moyal-Weyl product writes:

d*yd*z
(27)*

f(x + y)g(x + z)e® "z

Fro)0 = [

where x A\ y = x*0,,y".
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Noncommutative Field Theory

The simplest noncommutative four dimensional space is the flat (Euclidean)
vector space R* with a constant commutator [x*, x| = 1©#” between
coordinates. Its Moyal-Weyl product writes:

d*yd*z
(2m)*

where x Ay = x"6,y". The ordinary ¢y

f(x + y)g(x + z)e® "=

(Fea)0 = [

4 on such Moyal space has action
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Noncommutative Field Theory

The simplest noncommutative four dimensional space is the flat (Euclidean)
vector space R* with a constant commutator [x#, x”] = 1©#" between
coordinates. Its Moyal-Weyl product writes:

(Fxg)(x) = T‘;:;:z f(x + y)g(x + z)e® "=

4

where x Ny = x¥8,,y". The ordinary ¢}~ on such Moyal space has action

2

A
%a“¢*8p¢+%g¢*@+z@*®*¢b*®.
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Ribbon Graphs

The relevant Feynman graphs are now ribbon graphs.
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Ribbon Graphs

The relevant Feynman graphs are now ribbon graphs.
@ V is the number of vertices,

@ L is the number of lines or propagators,
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Ribbon Graphs

The relevant Feynman graphs are now ribbon graphs.
@ V is the number of vertices,

@ L is the number of lines or propagators,
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Ribbon Graphs

The relevant Feynman graphs are now ribbon graphs.
@ V is the number of vertices,
@ L is the number of lines or propagators,

@ F is the number of faces (following the ribbons borders),
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Ribbon Graphs

The relevant Feynman graphs are now ribbon graphs.
@ V is the number of vertices,
@ L is the number of lines or propagators,
@ F is the number of faces (following the ribbons borders),

@ E is the number of external lines,
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The relevant Feynman graphs are now ribbon graphs.

@ V is the number of vertices,

@ L is the number of lines or propagators,

@ F is the number of faces (following the ribbons borders),

@ E is the number of external lines,
@ g is the genus defined by Euler's relation y =2 —-2g =V — L+ F,
%

£~ is the number of external faces (i.e. containing arriving external
lines).

A graph is called regular if g =0 and £F — 1.
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Ultraviolet-infrared mixing

@ Amplitudes of regular graphs remain unchanged.
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