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Abstract: Universal scaling behavior of the entanglement entropy in conformal field theories uncovered by a holographic calculation.
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entanglement entropy (von-Neumann entropy)

= a measure of entanglement in a given quantum state [|¥)

(i) bipartition the Hilbert space H =Ha @ HB
(i) take partial trace  Ptot = |¥)(¥| <—___ pure state

pa = tr|U)(¥| =3, pil¥;) a(¥sla (Ej p; = 1)
(ii1) entanglement entropy \ ok

-~ ~
[ '\I

Sa=—tralpalnpa] = -3 ;pjlnp; |

)

(iv) entanglment entropy spectrum
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e.g. two qubit system
¥) =2 (IDal e —|alT)8) —> Sa=h2
&) =|Nal l)B — S, =0

application to many-body systms and field theories:

A, B : submanifold of the total system
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(1) EE can be a good "order parameter” for quantum systems (?)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

Neel state Valence bond solid (VBS) state
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(1) EE can be a good "order parameter” for quantum systems (?7)

- quantum liquid phases: no LRO for _any_ local order parameter
-fractional quantum Hall effect

-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition
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(1) EE can be a good "order parameter” for quantum systems (?)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

- defined purely in terms of wavefunctions

- EE measures a response to external gravity

(2) useful for inventing efficient algorightms for
simulating quantum many-body systems

density matrix renomalization group (DMRG)
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FIG. 5: The discontinuity of the derivative of the entangle-
ment entropy over [ near [- ~ 0.5 fm.

Buividovich, Polikarpov (NPB802, pp458, 2008)

holographic calculations: Nishioka, Takayanagi (2006,2007),
Klebanov, Kutasov, Murugan (2007)
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von-Neumann entropy is defined for a region (geometric entropy)
natural object to look at is how EE depends on the size and shape of

the region for a given quantum system.

Area law (gapped system, CFT in (d+1)D with d>1, etc. )

S 4 = const. |— } — Srednicki (93)
a
Black Hole Entropy (Beckenstein-Hawking) m A

i Area of horizon ‘i‘\ [M ;
BH — _]: GJ\T
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detecting CFT QCP in 1D (Holzhey,Larsen & Wilczek)

S = ¢ : central charge
(b_-izglugf/ﬂ""fJ a : cut off

L=o0

-—lli

B A B
boundary entropy (Zhou, Barthel, Fjaerestad, Schollwock)
G;:EIWEI/Q+C'/2+Iﬂg(@ log(g)
= :Affleck-Ludwig’s boundary entropy
L = ~ (semi infinite)
- [ -
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- detecting topological order in (2+1)D Kitaev & Preskil Levin & Wen (2006)

(Sa=1i-10eD) ) D=yE &~ __ .

\ quasi-particie type

log D =log\/qd FQHE at nu = 1/q (Chern-Simons theory)
log D = log?2 Z2 lattice gauge theory

- z=2 Lifsitz critical point in (2+1)D  Fradkin & Moore (2006)

(SA — ’}'& + aclog(l/a) + - )

- free fermions with Fermi surface Gioev & Klich, Wolif (2006)
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. : : Peschel (03)
reduced density matrix for free fermions

PA =Nexp (— Z CIKijCj) B CieB

ijEA

CicA
K;; is obtained by diagonalizing A
the correlation matrix:

(C’ Cj)a ,JEA — Z ‘f)a(t)qﬁa(-?) 1 —I—EE
Ki; = Z 0a(1)0n(7)€a

entanglement entropy is given by

1
=~ =-Z[ca nCa+(1-Ca)In(1-Ca)]  Go= 7 rmm




H = Z [(1 + 6t)(:!-cio + cttuci-i-l' —I— h.C.]

1

Enlangle artropy
(%]

=]
) il i D i
A

0 100
MNumpar of gitas in the subsystem
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energy spectrum
with edges EE spectrum

[C}.Ii T ;

T

EE spectrum shows "edge states”.

Pirsa: 09100142

(although there is no real edge)

SR, Hatsugai (2006)
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c.f. for FQHE: Li, Haldane (2008)



- detecting topological order in (2+1)D Kitaev & Preskill Levin & Wen (2006)

(Sa=71i-1osD) | D=VE &~ o

\ quasi-particie type

log D =log\/q FQHE at nu = 1/q (Chern-Simons theory)
log D = log?2 Z2 lattice gauge theory

- z=2 Lifsitzcritical point in (2+1)D  Fradkin & Moore (2006)

[SA — ’}f& + aclog(l/a) + -- )

- free fermions with Fermi surface Gioev & Klich, Wolf (2006)
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(1) EE can be a good "order parameter” for quantum systems (?7)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

- defined purely in terms of wavefunctions

- EE measures a response to external gravity

(2) useful for inventing efficient algorightms for
simulating quantum many-body systems

density matrix renomalization group (DMRG)

irsa: 09100142 Page 15/68
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entanglement entropy (von-Neumann entropy)

= a measure of entanglement in a given quantum state |¥)

(i) bipartition the Hilbert space H =Ha @ HB
(ii) take partial trace  Prot = |¥)(¥| <—___ pure state
pa=trs|UN¥| = T, pils)attsla  (,p=1)

\ mixed state
(i11) entanglement entropy

-
{ N\

Sa=—tralpalnpa]=—-3%;pilnp, j

o

(iv) entanglment entropy spectrum

'f | Page 16/68
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e.g. two qubit system
¥) =2 (IDal e —|Dal T)8) —> Sa=In2
&) =[1al L)B —> S, =0

application to many-body systms and field theories:

A, B : submanifold of the total system
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(1) EE can be a good "order parameter” for quantum systems (?7)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect

-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

G TR Resonating valence bond (RVB) state LT



(1) EE can be a good "order parameter” for quantum systems (?)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

- defined purely in terms of wavefunctions

- EE measures a response to external gravity

(2) useful for inventing efficient algorightms for
simulating quantum many-body systems

density matrix renomalization group (DMRG)
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detecting CFT QCP in 1D  (Holzhey,Larsen & Wilczek)

s € = ¢ : central charge
(51=Siogt/a+ ) a: cn oft
E—on
l-—lli
e U - o o )
B = B
boundary entropy (Zhou, Barthel, Fjaerestad, Schollwock)
e E? /19 log(g)
G“ G ol b Lo Iﬂg(ga -Affleck-Ludwig’s boundary entropy
L =~ (semiinfinite)
- l -
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energy spectrum
with edges EE spectrum

EC}.Il T

T

EE spectrum shows "edge states”.

Pirsa: 09100142

(although there is no real edge)

SR, Hatsugai (2006)

EE

(e) T ; ;
15 L Ch=0 {Ch=—1¢ Ch=+1i Ch—0 |
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c.f. for FQHE: Li, Haldane (2008)



ground state wavefunctional:
t=0

Tpo(z)] =N " Doe™ > [] 6(6(0,z) — ¢o(z))

=G zEA

reduced density matrix:
g =T
e

x [] 8(e(+0,z) — ¢4 (2))é(6(—0,z) — 6_(x))

rEe A

™ — — Zﬂr
wash =207 [ Do = 25

QFT on a singular curved space

replica trick --> entanglement entropy

Plrsa.(S(EQ: _a trApiln:l — _a htr&p:lnzl

e
“+o0
o
o+ r\ﬂ-ﬂt‘\-r
0 &
—o
B A B

.
/
/
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SR, Hatsugai (2006)
energy spectrum

with edges EE spectrum

lﬂ,li T

(d) I EFE
1 = © : : ,

= 15 L Ch=0 {Ch——1¢ Ch=+1} Ch—0 |

3.4 / Nﬂ

T

EE spectrum shows "edge states”. ' s
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(although there is no real edge) c.f. for FQHE: Li, Haldane (2008)



. : _ Peschel (03)
reduced density matrix for free fermions

PA =Nexp (— Z C;[Kij{:j) B CieB

ijEA

K;; is obtained by diagonalizing
the correlation matrix:

(C CJ>1 ,JEA =— Z ¢'a(t)¢a(-7) 1 + e€a
K = Z ba(i)0a(j)€a

entanglement entropy is given by

1

1 + @ € Bage 24/68

== =-Z[calnca+(1 C)In(1 —C)] Ca=



- detecting topological order in (2+1)D Kitaev & Preskil Levin & Wen (2006)

(SA=7§—1og(D)] B—Jy & e

\ quasi-particie type

log D =log\/qd FQHE at nu = 1/q (Chern-Simons theory)
log D = log?2 Z2 lattice gauge theory

-z=2 Lifsitzcritical point in (2+1)D  Fradkin & Moore (2006)

(SA — ’yi + aclog(l/a) + -- )

- free fermions with Fermi surface Gioev & Klich, Wolf (2006)
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: . = Peschel (03)
reduced density matrix for free fermions

PA =Nexp (— Z cIK-gjcj) B CieB

ijEA

K;; is obtained by diagonalizing
the correlation matrix:

(C’ CJ>1 ,JEA — Z ¢’u(t)¢a(.7) + €a
Ky — Z‘?‘a’a(")‘?—"a (J)€a

entanglement entropy is given by

1
1 + © € @age 26/68
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ground state wavefunctional:
t=0

Y[po(z)| =N" Doe™ > [ 6(4(0, z) — do(z))

— TE A

reduced density matrix:
=y T =

x [] 8(e(+0,z) — ¢4 (2))d(6(—0,z) — 6_(x))

re A

=
n —n —S n
wasi =@ [ Do~ s

QFT on a singular curved space

replica trick --> entanglement entropy

o

= o
Plrsa.(S(ﬁ42=_ _a trApilﬂ.:]. — _a lntrAp:;.[-H.:l

——
+00
.
o+ ruvtﬂ-r
. R
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Weyl rescaling: guy = 6uve®® 1~ e2°

d ™ . d+1 ]
I{ﬂ Intrap, = 2fd mgpp(ﬂ:)rigp,,(a:) (InZ, —nln Z;)
1
My T
d 8

s - " hags P i T‘“‘> 1

Tt Ao oA 2wan <f ey =l
DCFT (T)=-2R —> [54=Sm’ |

- 3 & J

Holzhey,Larsen, Wilczek (94) (Calabrese, Cardy (04)

4D CFT <T;l> - _%vapdwpvpﬂ‘ = iﬁgppﬂﬁpppa

,

.
l
» Lsa—'n——l-'rzln - J

SR, Takayanagi (06)
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ground state wavefunctional:
t=0

Tlpo(z)| =N~ Doe™ > [] 6(6(0,z) — ¢o(z))

= zEA

reduced density matrix:
S i — =
[PAIqt'_g_,*i'_ =2 ./; Doe
x [] 8(6(+0,z) — ¢4 (2))é(6(—0,z) — 6_(x))
re A
Zn

trapy =(Z1) " [-R ‘Dd’e_s = (Z1)™

QFT on a singular curved space

replica trick --> entanglement entropy

a

= o)
Plrsa.(80£42: _a trApiln:l — _a lntrAp:‘;. In:l

-
+o00
o.
o+ rv:-ﬂ-:
0 &
—00
B A B

"H

-%ﬁ.';a i

NN

|

F
(e i B e

o RERUER B I

S
=

T
i
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Weyl rescaling: guw = 6uve®® 1~ e3¢

d n —= d+1 o
l‘ﬂ mtrap, = 2/(1 mgpp(m)égpy(x) (InZ, —nlnZ;)
1
= — <fd“+1;c\/§1‘;‘> + 1 (/d““zm:)
™ e
IdISA — Idla’nhltrApA_ Ziraﬂ(_/-dd m\/_T >Mn (n — 1)
20CFT  (Tf)=-R —> | e The |
b~ 3 a

Holzhey,Larsen, Wilczek (94) (Calabrese, Cardy (04)

c vpao & - Ll g
ADCFT  (Th) = — o WiwpaW""*" + — Ryupe R**?

( 12 l \\I

- Lsa—'n—-l-'rzln + - ;
~ SR, Takayanagi (06)
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Maldacena (97)

Poincare coordinate
RE g (dz)2 — (dzg)? + (dxy)2 + - - - + (dxy)?
> =
»
= = IR

z > d

uv

regularization
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Weyl rescaling: guw = 6ure®® [~ e2°

4 = +1 o
IE Intrap, = 2/.dd E0Ax) o (InZ, —nlnZ;)
< (fenm), (] )
T
d = d 9 n +1 '
IdISA = ldlan Intrap, = 213“ <fdd Iﬂ >M“ (n — 1)
20CFT  (Tf)=-—R —> [ s4=Sml |
_ - T Y

Holzhey,Larsen, Wilczek (94) Calabrese, Cardy (04)

c vpo & = SsLY po
4—D CFT <T:> - —gwpupdwp - S 2 aﬂpupa'ﬂ# 2

SR, Takayanagi (06)
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Maldacena (97)

Poincare coordinate

{3
If
Y/

(]

uv
regularization
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Weyl rescaling: guw = 8uve®® 1~ e3¢

d = e 5
lﬁlntrApA = Z/dd mgpp(m)ﬁgpy(z) (InZ, —nlnZ;)
1 i3 n +1
= ——ﬂ(fdd IME) -i-—(./-dd :c,,/g?.l’ﬁ)T
1
d 8
e Y e " e+t T‘“’> 1
Tt M o 21:'3‘n<f ey
/- =
2DCFT  (T¢)=-—R —> | ke
N 3 a

Holzhey,Larsen, Wilczek (94) Calabrese, Cardy (04)

c oo a — — L' par
Mmar (50)- — e WarpeW*P7 + —— Ryuypo R

7
12 l W
_)-LSA—’TI—‘I"TEIH + - =

SR, Takayanagi (06)
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Maldacena (97)

Poincare coordinate
5 > (=) —(dxe)® 1 (dry "+ - -- £ (dxy)?
dS) —_ Rz = :2
AdSy. 0 o
» =
uv = IR

z >d

uv

regularization
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A
/  Area of minimal surface v 4

Bi K Sa= 1G v
—"/

i
.
o
0 ,
||
=
|
||
H!
i
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A
/T‘ 5_1 = Area of minimal surface YA
: 1G y

I

L8}
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d=1 = AdS 3/CFT_2 minimal surf = geodesic
&
S4 = —log(l O(1
A 3ﬂg(/ﬂ)+ (1) 2R
= T 6D
finite system N
c Bl
T — §lﬂg (Esm f) ~0(1)
finite temperature
c g _ _ =l
Sy = glng (Ebmhj) +0(1)
BTZ BH
c.f.

Exact agreement between the log term of EE in 4D CFT (two central charges)
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A proof from the bulk-boundary relation (GKP-Witten relation) (Furusaev)






d=1 = AdS_3/CFT_2 minimal surf = geodesic
C
Sy ——log(l o1
A 3ﬂg(/ﬂ)+ (1) =5
S = = aritl)
finite system 26y
L wl
= Elng (ESIII 7 ) ~0(1)
finite temperature
Sy = Elﬂg (ibﬂ}h ﬂ:) + O(1)
BTZ BH

ct

Exact agreement between the log term of EE in 4D CFT (two central charges)
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A proof from the bulk-boundary relation (GKP-Witten relation) (Furusaev)



|

/ ’FT‘ Area of minimal surface v 4

| Bl[ ﬁ. [SA = 1G y J
CFT44

> :_ 0 F—n P -
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Weyl rescaling: guw = 0uve®® 1~ e2°

l%lntrAp:; = Z/dd"'l:rgm,(x)ég 6(1‘) (InZ, —nlnZy)
pv
= _Lﬂ<fd°‘+1z\/§'r;> +1<fdd+1r¢§T;>T
1
& = — +1 u> _
1S4 = o —Intrap] = 21ran<fdd /9T, = (n — 1)
: I I’
2D CFT (T")———H =S p e— b |

3 a J

Holzhey,Larsen, Wilczek (94) (Calabrese, Cardy (04)

4D CFT  (Tf) = — o WispoeW""P" + —Ryuupe R***°

( 12 l h
_)'kSA='?'IE+’]’le:+"' J

SR, Takayanagi (06)
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energy spectrum SR, Hatsugai (2006)

with edges EE spectrum
(c) 11 E
a 05
-
ﬂ*}t
0 n 2x
k}‘
5 rq‘.—.v-lf EE
.‘_ i :. (e ) I
E 32 15 L Ch=40 ;;Ch=—l?fft=—l Ch=0 4
2 05 = f';
i :1- :.: s .1:
| e S o
0 4 2n
ky 8 £
-8 -4 0 4 3
EE spectrum shows "edge states'. p
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(although there is no real edge) c.f. for FQHE: Li, Haldane (2008)



SR and Hatsugai (2006)

s (b)

1
-]
&
05 _ =
=
Ll
0
| 1 1
-1 0 1
C .
Sas=—"In— Dimenzation
= &
& 25 : : .
- e B 3
28 - S g " % 3 3{ -1
= 26 = ;__.' | g ;
§ 24 . 2 = 5. lﬂ =
E z2f 1 E
@ 2 E i a g 1 F =
£ 18l = - =
= 16} a . - = E =
= w5 : £ 0.5
2+ i - 0 I i
= W W 000 1 ©5 0 05 1
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ground state wavefunctional:

ioo@] =N [ Doe [T 6(6(0,2) — b0(=))

TE A

reduced density matrix:
T e —
palo,.o_ =2 f Dge

x ][] 8(e(+0,z) — ¢4 (2))é(6(—0,z) — 6_(x))

TE A

T — — Zﬂ-
wash =207 [ DoeT = 5

QFT on a singular curved space

replica trick --> entanglement entropy

Plrsa.(SOﬂ42_= _a trApiIn:l — _a mtr&p:'nzl

A‘E
—+00
o.
o+ rNNtﬂ-:
. ol
1] &
—o0
B A B
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i e e
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d=1 = AdS 3/CFT_2 minimal surf = geodesic
C
Sy = —log(l O(1
A 3ﬂg(/ﬂ)+ (1) 3R
= S
finite system 2Gy
c E . =l
. §lﬂg (Esm f) +O0(1)
finite temperature
L= %lﬂg (isinhﬂ) +O(1)
. na L
BTZ BH
=

Exact agreement between the log term of EE in 4D CFT (two central charges)
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A proof from the bulk-boundary relation (GKP-Witten relation) (Furusaev)



K £ ¢ : correlation length (< [)

02

\\i/i :
i-3 2 e

sl mfl) el o
W e . By a : cut off
+p|(E) +p3(E) +---+pd_2(;) +qlog&/a+0(1) '
summ el e 3
+p E)H +p (E)H b Py (E)I +p;+0(a/l) d: even
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= (i)d_l-l-pg (é]d_::—- ~=FP9 (i)g-l-q log l/a-f—O(I] d: odd

( (1
l d—1 I d—3 1 | _
S1=pi (E) +p (E) +- - 4Pa-i {E) +pa+0O(a/l) d: even
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a : cut off




K & ¢ : correlation length (< [)

/ \ij/ 8
d-1 d-3 2 R
Si=p (L) +p (L) + =P {1) + d: odd -
la) = ka}d__l a
+ }{E) +py (i) +--+Pg o (%} +qlog&/a+0(1) ==om ok
= I d—1 l d—3 [ 2
'S_-i:Pl {_] ‘1""P.?,(-) s Sy e | L (—) =
a a a
! 2 ’ & - r ‘ﬁl r
Py (i) +p3 (E) +"'+Pd—l(g) +pa+0la/l) d: even
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type I Bon AdS_5xS_5 - > 4D N=4 SU(N) SYM

(10)
== G;‘r

(10) _ o 6 1 (5)
i = 8T o gf Gy = T

R = (4mg.a”N)'/*

K=}

gravity calculation (strongly coupled SYM)
N272 N2F2

Sse—0C anst'.x f —0.051 D .L B S

| NS =

(!

free field calculation

N2f2 N2r2 v
Ss— Const.¥ _oomY k-
a 12

Pirsa: 09100142 c.f. 4/3 problem in thermal entropy, Gubser-Klevanov-Peet (96) Page 56/68



o

Si=p (i)d_lﬂ-p; (i]d_:j-i-- - +Dg_o (é)._-l-q logl/a+O(1) d: odd

(1 a
{l\d—l [\4-3 { \1 o
Ss—m 5] *Ps (;) +o - pa-1 | +pa+0O(a/l) d: even

I
1
e = e
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\ L ¢ : correlation length (< [)

0
h -~
d-1 d-3 . e e e e
Si=m (4) +m‘£) + +pd_w{i) + d:odd
\a/ la A a
= s - _
+p) (E) +ph (i) R (é} +qlog&/a+0(1) @ cutoff
a a a

+pi(;) +p§(£) +---+p&_1(§) +p;+0(a/l)  d: even
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type I Bon AdS_5xS_5 - > 4D N=4 SU(N) SYM

(10)
€

my 4 (5)
G119 = 8r%a"tg? Gy = 3

= (4mg,a’2N)1/4

Ei>1
gravity calculation (strongly coupled SYM)

r2 T2 R

Sa=Const' T L 001

a* Seten S

I e ey
TR S Fay
&

N2L2 N2L2
—— — 0.078—;

()

free field calculation

S4 = Const.
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- entanglement entropy and spectrum in topological insulators

- entanglement entropy in 4D CFTs from Weyl anomaly

- holographic calculation of entanglement entropy in CFTs

- holographic calculation of topological entanglement entropy ?

- EE may be a good test for a gravity dual of a CM system ?
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£y

'-|-----|-pd }(I) +qlogl/a+O(1) d: odd

l 1
o2l ) +pa+0O(a/l) d: even

—_—— —_— ——— i ——
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H — Z [(1 + Jt)c,!-ciu + c:uci-f-l- + h.C.]

T

Dinesizat
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SR and Hatsugai (2006)
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von-Neumann entropy is defined for a region (geometric entropy)
natural object to look at is how EE depends on the size and shape of

the region for a given quantum system.

Area law (gapped system, CFT in (d+1)D with d>1, etc. )

4 =2
S 4 = const. |— ,l o Srednicki (93)
a
Black Hole Entropy (Beckenstein-Hawking) » A

e Area of horizon ‘f‘\‘ [M ;
BH — —,I:G*\+
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(1) EE can be a good "order parameter” for quantum systems (?)

- quantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

- defined purely in terms of wavefunctions

- EE measures a response to external gravity

(2) useful for inventing efficient algorightms for
simulating quantum many-body systems

density matrix renomalization group (DMRG)
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. : 3 Peschel (03)
reduced density matrix for free fermions

PA =Nexp (— Z CIKijCj) B CieB

ijEA

K;; is obtained by diagonalizing
the correlation matrix:

( 3) L,JEA — Z qf’u(i)‘ba(J) 1 _I_eeﬂ
Kij =) _ 6a(i)oa(i)ea

entanglement entropy is given by

1

1 + © € Rage 6568
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- detecting topological order in (2+1)D Kitaev & Preskill Levin & Wen (2006)

(Sa=71i-1oeD) ) D=yE B~ __ o

\ quasi-particie type

log D =log+/q FQHE at nu = 1/q (Chern-Simons theory)
log D = log?2 Z2 lattice gauge theory

- z=2 Lifsitzcritical point in (2+1)D  Fradkin & Moore (2006)

[SA — ’yi + aclog(l/a) + -- )

- free fermions with Fermi surface Gioev & Klich, Wolif (2006)
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detecting CFT QCP in 1D  (Holzhey,Larsen & Wilczek)

- % = ¢ : central charge
(b_.lzglugl/ﬂ—rtj a:CUtOff

LE—on

-.—lli

e s |
B il B
boundary entropy (Zhou, Barthel, Fjaerestad, Schollwock)
g :E = !} o \ ].Dg(g)
[b" 6 e Iﬂg(ga :Affleck-Ludwig’'s boundary entropy

L =~ (semi infinite)
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(1) EE can be a good "order parameter” for quantum systems (?)

- gquantum liquid phases: no LRO for _any_ local order parameter

-fractional quantum Hall effect
-gappless/gapped quantum spin liquid
-quantum critical points, non-Landau-Ginzburg transition

- defined purely in terms of wavefunctions

- EE measures a response to external gravity

(2) useful for inventing efficient algorightms for
simulating quantum many-body systems

density matrix renomalization group (DMRG)
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