Title: Entanglement entropy in topological insulators
Date: Oct 08, 2009 04:00 PM

URL: http://pirsa.org/09100141

Abstract: Entanglement entropy and entanglement entropy spectrum in topological insulators and related systems.

Pirsa: 09100141 Page 1/64



result:

AZd 0 1 2 3 4 5 6 7 8 09
A Z 0 Z 0 Z 0 Z 0 Z
AT 0 Z 0 Z 0 Z 0 Z 0
Al Z 0 0 0 Z 0 Z; Z; Z
BDI Z, Z 0 0 0 Z 0 Zo Z,
D Z, Z, Z 0 0 0 Z 0 Z
DIm o Z, Zz Z 0 0 6 Z 0
AL Z 0 Z; Z=. Z Q0 G 0 Z
co 0 Z 0 Z; Zz Z 0 0 O
¢ @ 0 Z 0 % Z: Z 0 0O
CI O 0 0 Z 6 Z: %2 Z G

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)

Qi, Hughes, Zhang (cases with one discrete symmetry and
s field theory description, 2008)

Page 2/64



presence/absence
of topological band structure

spatial dimensions

T
e
G =
7

symmetry classes of quadratic fermionic Z integer classification
Hamiltonians (Altiaﬂd-Zirnbauer) 7 72 classification

Pirsa: 09100141 Page 3/64

0 no top. ins./SC



- discover a topological invariant

guantum phase transition

space of all ground states

e

- bulk-boundary correspondence
Anderson delocalization

non-linear sigma model on G/H
+ (discrete) topological term
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case study: Z2 topological insulator in d=3
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- discover a topological invariant

quantum phase transition

space of all ground states
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- bulk-boundary correspondence
Anderson delocalization

non-linear sigma model on G/H
+ (discrete) topological term
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Anderson delocalization
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non-linear sigma model on G/H
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no excitations
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SR, Mudry, Obuse, Furusaki (07)

(microsmpic model: ) H = s (G2ps + oypy) + V(r)

l ioyH* (—ioy) = H

(effectiwe field theory: non-linear sigma model)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons

5= o f Prir[0,Q0,Q]  m(O(AN)/O(2N) x O(2N)) = Zs

even number of Dirac {Z . /'D[Q]e_s }

odd number of Dirac

-> Z2 topological term [Z = / D[Q](-1)™ e n|Q] =0,1 J
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SR, Mudry, Obuse, Furusaki (07)

(microscopic model: ) H = vp (G2 + oypy) + V(E)

i oy H* (—ioy) = H

(effective field theory: non-linear sigma modei)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons
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odd number of Dirac
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SpeCtrEﬂ ﬂOW SR.Mudry, Obuse, Furusaki, PRL (07

sign of Pfaffian <= spectral flow

Q: :=(1-8)Q; +1tQ; trivial sector non-trivial sector

| #
- \_/8 >
DT e
Ai}ﬂ | ,.- o —
Pf D[Q] = H X E : :
i sign(A) = sign(Qop) sign(Qo) = —sign(Q )

DQ]l =0 -p—Ac:Q
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SR, Mudry, Obuse, Furusaki (07)

(microscopic model: ) H = vr (Gaps + Gypy) + V(r)

i o, H (—toy) = H

(effective field theory: non-linear sigma model)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons
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- Bernard-Le Clair: 13-fold symmetry classifcation of 2d Dirac fermions
- Alll, CI, DIlI; exact results
- "abnormal terms” in NLsM
WZW type Z :fﬂ[gifzzil'l_“’z“"e_:“--‘-'-? Cwzw = : futa tr [{g_zdg'}‘?]

-3
g Sl
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compler case:

classification at boundary G/H N\ d d=0 d=1 d=2 d=1
A UIN — M)/U(X) < UMy Z 0 7 0
Alll (N 0 7 0 7
real case:
GiH\ d d=0 d=1 4=2 d=3
Al Sp(N +3M)/Sp(N) <Sp(M} Z 0 0 0
BDI E{2N)/Sp(N) 0 = il ()
D ORN) /TN Za 0 T 0
DIl O(N) Fr 7o ( 7
All OLN L 301 /0(N) = O(M) 7 T Zn 0
Cll U{N) /Oy 0 Z Lo In
C Sp(N)/UN) 0 0 7 7
classifcation in bulk Cl Sp(N) 0 0 0 Z
AZ\d 0 1 2 3 4 5 6 7 8 9 NLSM target space = G/H
A Z 0 Z 0 Z 0 Z 0 Z
Al 0 Z 0 Z 0 Z 0 Z 0O Z2 = existence of Z2 topological term
Al Z 0 0 0 Z 0 Zp Z; Z in d dimensions
BOi Z. Z 0 6 0 Z 0 Zu Za
D 2 & Z © D 0 Z 0 o _
DII 0 Z, Z, Z 0 @ @ Z 0 Z = existence of WZW term
Al. Z 0 %z, Z, Z 0 0 0 Z -- in (d-1) dimensions
g;r!;[' 091 00191 E D EE Zz E u 0 u Page 23/64
¢ 6 0 Z 0 Z Z,. Z 0 O
Fl i N n n L i Ly S0 Ly Ly mn




classification of (1+1)-dimensional Anderson delocalization
Mg(L+6L)= Mg(dL)Mg(L)

B NN

= ~Brownian motion” of the transfer matrix
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12 transfer matrix ensembles

(not 10)
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presence/absence of end states
classification of (1+0)-dim.
systems

13 random matrix ensembles

(not 10)

(Ilvanov, zero modes in RMT, 2001)
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-classification of 2D Dirac Hamiitonians
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o+ 4 V.-V
TR |SU(2)| description
Wigner-Dyson A X | © X | unmary
(standard) Al & O orthogonal
All O 2 symplectic (spin-orbit}
chiral Alll X | © X | chiral unitary
(sublattice) Alll X | © X | chralunitary exira
BDI | O O chiral orthogonal
Cll = X chiral symplectic
8dG & % @] singlet SC
D 3 X singiet/tripiet SC
Cl O G | singletSC
Cl ® ® singlet SC extra
Dill Q 1 singletfiripiet SC
DIl | © X | singletfriplet SC extra

Bernard-LeClair (2001)

13 classes (not 10 1)
Alll, CI, DIl has an exira class.

eyerﬂodd effect
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SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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IQHE p+ip wave SC

/ 7
AB\d @ 1 2/3 4 5 & T 8 B
polyacetylene A Z 0 (2{ 0 Z o Z 0 Z
~_A 0 zZ U Z 0 Z 0 Z 0 - 3HeB
AA_Z 0 0 0 Z 0 Z Zo Z —
BDI 0 0 Z 0 Z,—7; -
Ay D W 0 _0—Z 0 Zp ---
—— DO 0 (73 (Z*o 0o 0 Z 0 -
Al Z 0 (B BeZ 0 0 0 Z -
Cl 0 Z/”0 7o Z, Z ... Z2 topological
¢ 0 _4( Z)\ 0 Z, Z, Z 0 0 --- insulator
CIL 0 0 TZ 0 Z Z, Z 0 -
7 Y
QSHE d+id wave SC

some outcomes of classification:
- 3He B is newly identified as a topological SC (superfluid) in d=3.
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IQHE p+ip wave SC
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c @ /6 (Z) 0 2Z Z, Z 0O O --- insulator
CI 0 ONZ 0 Zy Zy, Z O .-
QSHE d+id wave SC

some outcomes of classification:

- 3He B is newly identified as a topological SC (superfluid) in d=3.
ooy pological singlet SC in d=3 Is predicted. PR
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Berry gauge field (k-space gauge field)

A (k) = A%(k)dk, = (ug (k)/du; (k)), p=1,--.d ab=1---.N_,

i /

)

o 3 o B L
Fh(k) = dA® + (A" = S F(k)dk,ndk,.

topological invariant in d=2

2

— L

3
[Hry — 5 Chy [F] J
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Thouless, Kohmoto, Naitingale, den Nijs (1982)

ChiF) = [ wlF) = [ @k (R
BZ4=2 2




projector:  Qk) =2 Y [ua(k))(ualk)| - 1

o — 1. Q' =), 50 —m—n N e §
A ~_filled_
filled empty >
€ BZ Um+n)/U{m) x U(n) .
o
o N
e -\ Y
kx \j

(quanturn ground state = map from Bz onto Gfassmanniaa

mlU(m+n)/U(m)xU(n)=Z —= IQHEIn2D
mU(m+n)/U(m) x U(n)] =0

R — N0 top. insulator in 3D without constraint (Class A) rage sues
(for large enough m,n)



Berry gauge field (k-space gauge field)

A (k) = AR(K)dk, = (uF ()dup (k). p=1.-.d. ab

F 7 oy @b |
F(k) = dA® + (A" = - F22(k)dk,dk,

topological invariant in d=2

Chl[* = . / tr(f)=;/d2ktr(F12)
BZfi:E ')ﬂ-

Do
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projector: Qk) =2 Y |ua(k))(ua(k)| —1
= ] T empy
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-IE; o | );,Ill
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Berry gauge field (k-space gauge field)

A% (k) = AB(k)dk, = (ug (K)duy (), p=1---.d ab=1--.N_

Fo(k) = dA® + (A%)* = SF2(k)dk,Adk,.

topological invariant in d=2

1 1

Chy[F] =- tr(F) = d*k tr ( Fia)
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=
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projector: Qk) =2 Y |ua(k)){ua(k)| —1

= K] T empty

=1L Q" =@, uQ =fm —n _ﬁ-f*“”“‘x;ﬁﬂxé =
filled \ empty SR _
Q :BZ — Um+n)/U(m) x U(n) K
. N
(quantum ground state = map from Bz onto Grassmanniaa
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mlU(m+n)/U(m) x U(n)| =0
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-classification of 2D Dirac Hamultonians
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TR |SU(2)| description
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(standard) Al ® & orthogonal
All O X symplectic (spin-orbit)
chiral Alll X | © X | chiral unitary
(sublattice) Alll X | © X | chiralunitary extra
BDI | O O chiral orthogonal
Cll B X chiral symplectic
BdG C < B singlet SC
D 3 X singletitripiet SC
Cl ® © | singletSC
Cl ® ® singiet SC extra
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Bernard-LeClair (2001)

13 classes (not 10 1)
Alll, CI, DIl has an exfra class.
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Page 39/64



projector: k) =2 Z lua (k) (uq(k)| —1
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-projectors in classes Alll

0 (k
chiraisymmetry [H[ = —H = Q(kJ:(qT qix) )

Q:BZ

U(m)
topological insulators labeled by an integer

(F = / str((q 'dg)°] ]
Bz

-discrete symmetries limit possible values of nu

ma[U(m)] =

g (—k) = —q(k) DIl Al&DIl v e=Z
¢’ (—k) = q(k) Cli Cl v e 27
g (—k) =ql(k) BDI Ch&BDl 5, =0
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C 0 0 Z 0 Z, Z, Z 0 O
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SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)

Pirsa: 09100141 Page 44/64



-projectors in classes Alll

_ ; ~ 0 q(k)
chiraisymmetry [H[ = —} = Q[R}_(q?(m A )

Q:BZ

U(m)

m3[U(m)] =Z

topological insulators labeled by an integer
o / ~tr (g~ dg)"]
Bz 2—1]’7'2 = :

-discrete symmetries limit possible vaiues of nu

g (—k) = —q(k) DIl Al&DIl v eZ
¢’ (—k) = q(k) Cl Cl v e 2Z
g (—k) = q(k) BDI CH&BDl , —g
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-projectors in classes Alll

0 'k
chiraisymmetry [H[ = —H = (k) = ( : qik) )

Q:BZ

U(m)

m3[U(m)] =

topological insulators labeled by an integer

= —1
()

-discrete symmetries limit possible values of nu

g (=k) = —q(k) DIl All&DIl rveZ
q (_—k)zfﬂk) Cl Cl v e 24
g (—k) = qlk) BDI C&BDl =0

Pirsa: 09100141 iqu*( —k ){ H‘,Ty} —q{k} Cll /2 insulators in CII ﬂ’ﬁf@ﬂ
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mlU(m+n)/U(m) xU(n)|=Z —= IQHEIn2D
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Berry gauge field (k-space gauge field)

A®(E) = Aﬁb (k)dk

i

= (uz (k)|duz (K)), p=1.---,d ab=1,--.N_

3\ @b 1
):

Fib(k) = dA® + (42)" = ZF2(k)dk, " dk,.

topological invariant in d=2

dr I

e
[ﬂzy:hXChl[f]J
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| 2 0 qlk)
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. 1 / = 3

-discrete symmetries limit possible values of nu

g (—k) = —q(k) DIl All&DIl ve=Z

¢’ (—k) = q(k) Ci Cl v e 27

g (—k) =q(k) BDI Ch&BDl 5, =0
reononst ig,q"(—k)(—ioy) = —q(k) Cll Z2 insulators in CII {hetes)
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AZ\d 0 1 2 3 4 5 6 T 8 9
A Z 0 Z 0 Z 0 Z 0 €Z
AIT 0 Z 0 Z 0 Z 0 Z O
Al Z 0 0 0 Z 0 Zy Zo Z
BDI Z, Z 0 0 0 Z 0 Z, Z
D Z, Z; Z 0 0 0 Z 0 Z,
DI 0 Z, Z; Z 0 0 0 Z O
AT Z 0 Z; Z, Z 0 0 0 Z
Co 0 Z O©0 Z, Z; Z 0 0 O
C 0 0 Z 0 Z, Z, Z 0 O
CI 0 0 0 Z 0 Zy Z, Z O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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presence/absence

1 di . .
spatial dimensions of topological band structure

AZ\d @ 1 2 3 4 5 6 7T 2
/A =7 G Z
i Z g =

Al 0 2Z, f
BDI Z 0 4
D 0 Z

DIII 0 O

ATI 0 O

CII Z 0

2\ C Zo Z

'CY Zs Zo
e "N\_________-—-________‘_,_.-'"

symmetry classes of quadratic fermionic Z integer classification

Hamiltonians (Altland-Zirnbauer) 2. 77 classification
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0 no top. ins./SC



H:I/d?'rnp’fﬂm H:( § A) k.

2 AT ¢ N
gk = — — &k — |&|3Jyk = &K \ :‘- / '_.F -ky
2m e
& ¥,/
E 3 isotropic gap
strong pairing weak pairing

I - [
. | 0 = |

stable surface Majorana fermion

3d analogue of Moore-Read state

(ri —7;) -ioay],.. )

ri —7if?
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complete classification of topological phases in free fermion systems
in all dimensions and symmetry classes

some predictions:

- surface of 3d Z2 topological insulator: perfect metal

- 3He B is identified as a topological SC:

stable gapless Majorana surface mode

- there are topological singlet SC with good T and in d=3 spatial dimensions

a big open issue: interactions

- do non-interacting topological phases survive interactions ?
- can topological phases arise solely due to interactions ?
- is there "fractional” topological insulators/superconductors ?
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- is there a topological classification for bosonic systems (e.g., spin systems)



d-wave SC on the diamond lattice

(nn, nnn hopping + pairing) | e

. S L 4
Aﬁ. Oj /..- :l' ‘\_P . - " I..'l I a
H = § : : : tij cLst - “ III," B - N ._,‘ r &

iy s=T1,1

4 Z .&ijc;ch; , +he
)

phase diagram

irsa: 09100141

pairing nnn hopping

topological invariant

R

=7 w%ﬁﬂ: Me=6 a ; Page 54/64




H:I/d:"r\IfTH\IJ H:( $ ‘ﬁ)

2 AN ¢
kz
2m
strong pairing weak pairing SIS

1 -,u
e | 0 r =1

stable surface Majorana fermion

3d analogue of Moore-Read state

(i —7;) - z'a'o'y]ﬂgj
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complete classification of topological phases in free fermion systems
in all dimensions and symmetry classes

some predictions:

- surface of 3d Z2 topological insulator: perfect metal

- 3He B is identified as a topological SC:

stable gapless Majorana surface mode

- there are topological singlet SC with good T and in d=3 spatial dimensions

a big open issue: interactions

- do non-interacting topological phases survive interactions ?
- can topological phases arise solely due to interactions ?
- is there "fractional” topological insulators/superconductors ?
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- is there a topological classification for bosonic systems (e.g., spin systems)



M. PwinoIow, rEime o !I}._'l. \LW\J! J:{J! UJ

- exact solvable in terms
of emergent fermions

- has both Abelian and non-Abelian phases

~ “trivial insulator” ~ "topoiogical insulator”

- produces many exotic behaviors
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A. Kitaev, Ann. Phys. (2005)

3
H = ZJ#ZJ?U?
p=1  ij

- exact solvable in terms
of emergent fermions

- has both Abelian and non-Abelian phases

~ "tnvial insulator” ~ "topoiogical insulator”

- produces many exotic behaviors
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"spin-orbit” Kitaev model ("gamma matrix” Kitaev model)

3
H= _ZJF‘ Z u‘fa';" (Tf’}'; -1-1'?1-;’)

=0 p—links

—Jla';-la';{ (Tfrf + Ty"l‘y)

—Jgo; ﬂ_ﬂ (-rm-rm —{-—-ry y)

—dgo; 0'3 (Tm‘rm N
P%geséhi
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TI —_

R Rl % | p 1= = pi/2 rotation around tauy
‘ g —7T
! Tl =5 Tol '——3 Tii % —— “time-reversal”
Dirac rep. gamma matrices Weyl rep. gamma matrices
7 % e =
= 0 o = - —a 0 _ .
‘:“(5 0)“”*TI "—(0 +&)‘”‘“ T"
15 0 . 0 1
0 2 -{) 2
9 ( 0 —1, ) R s ( 1, 0 ) 2
%) o % A
{ak.a¥} = {¢.¢") = 26
3
Pirsa: 09100141 === Z f# Z ( ﬂ}: &3} e {;:1 L_,_;J) Page 60/64
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introduce six Majorana fermions 10:1,2,3,4,5 ,\“‘T — = A% =1

4 dim. Hilbert space
constraint: J) :—= 1 )P ).,1 )\2 )\3 )\4 A5 =1 8 dim. Hilbert space

ot = i)y“’)\‘l C” — i)v"‘}'rj Ujj = i/\gij /\?ij s Mij = 08123
= 2 44,4 919
H= 3Z”=0 Ju Y uij (MAT +A2AD)
,J
([H,up] =0 ud=0= ug = 1)

(i) pick up a configuration for u (by Lieb theorem)

(i) solve auxiliary Majorana hopping problem

(i) projection | 1 D).
o) =]] ( : -’*') D)

a




H=ATXxA\ symmetry class DIl

(1) xT = _x Majorana condition A45 : pseudo spin

(i)  isyX7(—isy) = X “time-reversal”  (TR)H(TR)™! =

space of all quantum ground state of Majorana hopping problem
with "time-reversal symmetry” is partitioned into different topological classes

topological invariant

B L v ~1. -1, =k i
(u—/ﬂz 512¢ e el gl dp@'@ q(k) - spectral projector
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plaguette

He=g9 Y F
p

F, = (07" )" 7 )eralo® 1 orarg (077 Jins

r+ Qy r+—az+—ay

¥ r +ar

and cyclic permutations

/2 lattice gauge theory like model
on cubic lattice
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similar models: Levin-Wen (03) Hamma-Zanardi-Wen (05)



- constructed a new vacuum of baosonic systems
together with a Hamiltonian which happens to have it as an exact
ground state.

- lessons to be learned from the model:
fermions can emerge from purely bosonic model

wavefunction for bosons can be obtained from fermionic wfn
through projection

c.f. variational approach

- experimental realization ?

- excitations ?
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