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A Z 0 Z 0 Z 0 Z 0 Z
Allr 0o Z o0 Z 0 Z 0 Z 0
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Qi, Hughes, Zhang (cases with one discrete symmetry and
iRl field theory description, 2008) Jaakoie
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space of all ground states
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- bulk-boundary correspondence
Anderson delocalization

non-linear sigma model on G/H
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H = vr (0zpz + oypy) + V(T)

odd humber of Dirac cones
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SR, Mudry, Obuse, Furusaki (07)

(microscopic model: ) H—np lrape -+ ap ) =W (T

l toyH" (—ioy) = H

(effective field theory: non-linear sigma model)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons

S —a. /dzfrtr 10,Q0,.Q)] m2(O(4N)/O(2N) x O(2N)) = Zs

even number of Dirac {Z - /D[Q]e_s }

odd number of Dirac

-> Z2 topological term [Z = /D[Q](*l)n[meis H[Q] =0,1 ]
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SR, Mudry, Obuse, Furusaki (07)

(micmscopic model: ) H = vr (Gopz + oypy) + V(r)
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(effective field theory: non-linear sigma model)
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odd number of Dirac 7
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spectral flow

sign of Pfaffian <= spectral flow

Q: == (1-18)Q; +tQ; trivial sector non-trivial sector
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(microscopic model: ) H = vr (Gopz + oypy) + V(r)
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(effective field theory: non-linear sigma rnodel)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons
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TRS |[PHS |SLS fermionic replica NLsM

WG 0 0 U(2N)/U(N) x U(N) Oruisken
(standard) 0 Sp(4N)/Sp(2N) x Spi2N)

1T TIPS 77 T Ag 77777,

/2 / .ﬁ'—'ﬁfy.x/ﬁ/ DR, ,’5’;3‘:?‘/9@‘1’%‘ ”3/ L e
AN S LSS LSS

chiral IR )

77 e, |
A s /7 AR |
(sublattice) BDI | -1 <1 1 (2N)/Sp(N) .
WA A iﬁ;f..iiiiﬁ:ﬁ%w%::x 70— )
D 0 3 0 O(2N)/U(N) F‘mISkEﬂ ' f
S e 0 -1 0 Sp(N)/U(N) Pruisken R
o rd g F r A ra AT HEWi UEHVQG I
Gl A p et ‘[W/ // G . :
8K .../W/% 7777

- Bernard-Le Clair: 13-fold symmetry classifcation of 2d Dirac fermions
- Alll, CI, DIII; exact results

- "abnormal terms” in NLsM
3 "!-—I i s - ] 1 _ T e 7
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compler case:

classification at boundary G/H "\ d da=0 d=1 d=2 d=3
A U(N - M)/U(N) < UAM) Z 0 7 0
Alll U(N) 0 Z L Z
rral case:
GiH > d d—0 d=—1 ¢—2 d—3
Al Sp(N +3M)/Sp(N) < Sp(M} Z 0 i 0
BDI U(2N)/Sp(N) 0 T ( 0
D ORN) /TN 7 0 Z (0
DIl O(N) Zay 7 () Z
v All O(N + M) /O(N) < O(M) Z Za Zo 0
dl T(N)/OIN 0 ¥ A T Za
C Sp(N)/U(N) () ( s 2
classifcation in bulk Cl Sp(V) 0 = - ~
AZ\d 0 1 2 3 4 5 6 7 8 9 NLSM target space = G/H
A Z 0 Z 0 Z 0 Z 0 Z
Al 0 Z 0 Z 0 Z 0 Z 0 /2 = existence of Z2 topological term
AL Z 0 0 0 Z o0 Z, Z, Z in d dimensions
BDI Z, Z 0 0 O Z 0 Z; Z
D Z, Z, Z 0 0 0 Z 0 Z _
DII 0 Z, Z, Z 0O 0 O Z 0O Z = existence of WZW term
Al z 0 Z, Z, Z 0 0 0 =z in (d-1) dimensions
S-Tg;[' 091 00191 Z 0 Zﬂ Zz Z 0 0 0 Page 23/64
C 0 0 Z 0 Z, Z, Z 0 O
" n n n brd N . Lr o n




classification of (1+1)-dimensional Anderson delocalization
Mg(L +6L)= Mg(dL)Mg(L)

B NN

— ~Brownian motion” of the transfer matrix
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12 transfer matrix ensembles

(not 10)
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RS AR

-5

:
presence/absence of end states

...

classification of (1+0)-dim.
systems

13 random matrix ensembles
(not 10)

(lvanov, zero modes in RMT, 2001)
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-classification of 2D Dirac Hamiitonians

Pirsa:

g | VRV B A,
DN oA . N
TR |SU(2)| description
Wigner-Dyson A X | © X | unmary
(standard) Al ® ® orthogonal
All O X symplectic (spin-orbit)
chiral Alll X | © X | chiral unitary
(sublattice) Alll X | © X | chiralunitary exira
BDI O O chiral orthogonal
Cll O X chiral symplectic
BdG 5 X O singlet SC
D X X singletftriplet SC
Cl ® C | singlet SC
Cl O C singlet SC extra
Dill @ X singletftriplet SC
- DIl | © X | singletfiriplet SC extra

Bernard-LeClair (2001)

13 classes (not 10 1)
Alll, CI, DIl has an extra class.

even/odd effect

-— :j.

.—/{always gapless
/

.
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AZ\d 0 1 2 3 4 5 6 7 8 9
A Z 0 Z 0 Z 0 Z 0 Z
Allt o Z o0 Z 0 Z 0 Z 0
Al Z 0 0 0 Z 0 2Z Zy Z
BDI Z, Z 0 0 0 Z 0 2Z, 2Z,
D Z, Z Z 0 0 0 Z 0 2Z
boat o0 Z; Z; Z 0 0 0 Z 0
Al Z 0 Z; Z, Z 0 0 0 Z
CII 0O Z 0 Z;, Z, Z 0 0 0
C o 0 Z 0 Z, Z, Z 0 0
CI 0O 0 0 Z 0 Zy Z Z 0O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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IQHE p+ip wave SC

/ P
AZ\d 0 1 2/3 4 5 € 7 8 9
polyacetylene A Z O (Z{ 0 Z 0 Z 0 Z
S~ A 0 zZ U0 zZ 0Z 0 Z 0 - 3He B
AA_Z 0 0 0 Z 0 Z Zz Z _—
BDI Z) 0 0 Z 0 Zo—75 ---
— D Z % Ez?"‘ 0 0 _0—7Z 0 Z
——>BOL__0 (7) (Z)0 0 0 Z 0
AT Z 0 MDeZ 0 0 0 Z -
ca o0 Z /@ T2 Zz Z U 6—0 .- 72 topological
C 0. 4 ( 2}\0 Za Z Z 0 O --- insulator
CIL 9o 0 0NZ 0 Z, Z, Z 0 ---
7 2
QSHE d+id wave SC

some outcomes of classification:

- 3He B is newly identified as a topological SC (superfluid) in d=3.
rzoopgpological singlet SC in d=3 Is predicted. .
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Berry gauge field (k-space gauge field)

AB(k) = AB(k)dk, = (u7 (k)|du; (k)), p=1.---.d ab=1--- N_

u

e X 9\ ab |
Fib(k) = dA® + (A2)™ = 5 F (k) ke, dk, .

topological invariant in d=2

ChiFl =5 [ (A =5 [ ke (Fa)
BZ4=2 2

Qo

i

62
[ﬂ'zy:h xChl[.'F] J
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Thouless, Kohmoto, Naitingale, den Nijs (1982)




projector:  Q(k) =2 Y ua(k))(ua(k)| — 1

2 i x i
& — 1L Q=L trQ:fm—n'\ :Li:ﬁ(:(_’f
filled empty -
Q :BZ Um+n)/U(m) x U(n) k
X ke - /—P‘\

(quantum ground state = map from Bz onto Gfassmanniaﬂ

mU(m+n)/U(m)xU(n)=Z —= IQHEIn2D
m3[U(m +n)/U(m) x U(n)] =0

s 09100141 — N0 top. insulator in 3D without constraint (Class A) rage sues
(for large enough m.,n)



Berry gauge field (k-space gauge field)

A% (k) = A%(k)dk, = (u7 (k)|du; (k)), p=1.---.d ab=1--- N,

ab

Fo(k) = dA® + (4" = 5 FL(k)dk, /dk,.

topological invariant in d=2

Chl[ﬂ = - - /BZd:z tr (_F) = i}lﬂ- ‘/\djk EI'(Flg)

dr

—

62
[ﬂ':y:h XChl[.F] J
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projector: Qk) =2 Y |ua(k))(ua(k)| -1

2=1.Q"=0Q. rQ=m—n e A
. i :Ieﬂ/‘ \emp[y ~_filed~_< *
Q :BZ Uim+n)/U(m) xU(n) =

k- i "
7

(quantum ground state = map from Bz onto Gfassmanniaa

ma|U(m+n)/U(m) xU(n)]=Z —= IQHEIn2D
m3[U(m +n)/U(m) x U(n)] =0

e —— no top. insulator in 3D without constraint (Class A)eage see
(for large enough m,n)



Berry gauge field (k-space gauge field)

A% (k) = AB(k)dk, = (u; (k)|duz (K)), p=1,---.d @&b=1-- N

1

Fob(k) = dA® + (A2)" = SEb(k)dk, k.

topological invariant in d=2

Chy[F] = /B R [ e (P
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projector:  Q(k)=2 Y ua(k))(ua(k)| — 1

oSt T T empty

Qz — Q? = Q- tIQ = I —n _r_,——f”"_“x; P ) 4
7N ~_fmed_
filled empty .
&g g - = Um+n)/U(m) x U(n) K
N TN
4 I )
L N S
(quantum ground state = map from Bz onto Grassmanniaﬂ
m|U(m+n)/U(m) xU(n)=Z —= IQHEIn2D
maU(m+n)/U(m) x U(n)]=0
SRR —— no top. insulator in 3D without constraint (Class A)eawge see

(for large enough m,n)



-classification of 2D Dirac Hamiitonians

Pirsa:

Bernard-LeClair (2001)

" Vo+ V. —id+ A, 13 classes (not 10 1)
- ( e LA, § ) Alll, CI, DIll has an extra class.
TR |SU(2)| description
Wigner-Dyson A X | © X | umtary
(standard) Al O O orthogonal
All O ;. symplectic (spin-orbit) even/odd effect
chiral Alll X | © X | chiral unitary .'
(sublattice) Alll X | © X | chiralunitary extra
BDI | O C | chiral orthogonal J
Cll O X chiral symplectic always gapless
BdG C X C singlet SC / 4
D X X | singletftriplet SC b
Cl o | © | singletsc k/
Cl O C singlet SC extra i
DIl | O X | singletftriplet SC //
. DIl | © X | singletftriplet SC extra e




projector: k) =2 lua (k) (ua(k)| —1

=1.Q =Q. trQ=m—n i L
g . ::edf \ . ~_fmed_~ )
Q :BZ U(m +n)/U(m) x U(n) K
X ey - £ 3

(quantum ground state = map from Bz onto Gfassmanniaa

m|U(m+n)/U(m) xU(n)=Z —= IQHEIn2D
m3[U(m +n)/U(m) x U(n)] =0

e 0s1001al — NO top. insulator in 3D without constraint (Class A) rage s
(for large enough m,n)



AZ\d 0 1 2 3 4 5 6 7 8 9
A Z 0 Z 0 Z 0 Z 0 Z
Allt o Z o0 Z 0 Z 0 Z 0
Al Z 0 0 0 Z 0 2Z Zy Z
BDI Z, Z 0 0 0 Z 0 2Z, 2Z,
D Z, Z Z 0 0 0 Z 0 2Z,
boat 0 Z, Z; Z 0 0 0 Z 0
Al Z 0 Z; Z, Z 0 0 0 Z
CII 0O Z 0 Z Z, Z 0 0 0O
C o 0 Z 0 Z, Z, Z 0 0O
CI 0O 0 0 Z 0 Z, Zy, Z 0O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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-projectors in classes Alll

0 k
chiralsymmetry [H[ = —H = ENE) = ( o) iI{D ) )

Q:BZ

U(m)

m3[U(m)] =

topological insulators labeled by an integer

[v—/ = Stri(g” idqf]]

-discrete symmetries limit possible values of nu

qT{—k) = —q(k) DIl Alll& DIl v =7
q¢' (—k) = q(k) Cl Cl v € 2Z
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AZ\d 0 1 2 3 4 5 6 T 8 9
A Z 0 Z 0 Z 0 Z 0 Z
AlT 0 Z 0 Z 0 Z 0 Z 0
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BDI Z, Z O O O Z 0 Z, Z,
D Z, Z, Z 0 0 0 Z 0 Z,
pm o 2, Z, Z 0 0 0 Z 0
AT Z 0 2Z, Z» Z 0 0 0 Z
cau o Z o0 Z, Z, Z 0O O O
C 0 0 Z 0 Z, Z, Z 0 O
CI 0 0 0 Z 0 Z, Z, Z O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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-projectors in classes Alll

0 (k)
chiral symmetry [H[ = —H = Q[k]:(an] fI.D )

Q:BZ

U(m)

T3 [[+{ m }] =

topological insulators labeled by an integer
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q¢' (—k) = q(k) Cl Cl v e 27
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0 7
chiralsymmetry [H[ = —H = Q[k]:(qT : 9l })
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topological insulators labeled by an integer

[v—f e (CH ldqf]j

-discrete symmetries limit possible values of nu
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Pirsa: 09100141 iqu'( — )( E{J'y) —q{k) Cll /2 insulators in CII ﬂ’aféﬂ



projector:  Q(k)=2 Y |ua(k))(ua(k)| — 1
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(for large enough m,n)



Berry gauge field (k-space gauge field)

A%(k) = AB(k)dk, = (u; (k)|du; (K)), p=1,---.d ab=1--- ,N_

S
):

ab o
§Fpp(kldkﬂ: dk,.

Fﬂbfk) :dAab:_ (./-l‘]

topological invariant in d=2

2w Y

62
[U,y:thhl[}'] J

Pirsa: 09100141 Page 48/64

Thouless, Kohmoto, Naitingale, den Nijs (1982)

Chl[ = : / tl’{'f)—i‘/\dﬂktl‘(Flg)
BZ*=2




-projectors in classes Alll

0 (k)
chiralsymmetry [H[ = —H = Q(k):(an] EID )

q:BZ

U(m)

M [[ﬁ{ m }] =

topological insulators labeled by an integer

[v—f Sztri(a *dqﬁ]]

-discrete symmetries limit possible values of nu

¢ (=k) = —q(k) DIII Alll&DIl v=7Z
q' (—k) = q(k) Cl Cl v e 27

Pirsa: 09100141 iqu"‘{_k:) (_—id'y ) = —Q{L) Cll /2 insulators in CII fhestes)



AZ\d 0 1 2 3 4 5 6 T 8 9
A Z 0 Z 0 Z 0 Z 0 Z
Al 0 Z 0 Z 0 Z 0 Z O
Al Z 0 0 0 Z 0 Z, Zo Z
BDI Z, Z 0 0 0 Z 0 Z, Z
D Z, Z, Z 0 0 0 Z 0 Z,
pm o 2, Z, Z 0 0 0 Z 0
Al Z 0 Z; Z Z 0 0 0 Z
cu o Z o0 Z, Z, Z 0 0 O
C 0 0 Z 0 Z, Z, Z 0 O
CI 0 0 0 Z 0 Z, Z, Z O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)
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presence/absence
of topological band structure

spatial dimensions

S
'S
(81
(=]
~1

Z 0 Z
0 Z 0 Z, A
0 0 Z 0 /-
0 0 0 Z

Z 0 0 0

Z, Z 0 0

Zy Zo Z 0

0 Zo Zo Z

Z 0 Z, Z

"N-....,___________-—-___-____‘_,_.-"'
symmetry classes of quadratic fermionic Z integer classification

Hamiltonians (Altland—ZirnbaUEr) Z, 72 classification
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0 no top. ins./SC



isotropic gap

! -/

stable surface Majorana fermion

3d analogue of Moore-Read state

(s —75) - "’:"'Jy]aiaj

Pirsa;ogllo:(l):fu({'r.i}1I {JE}) s Pf
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complete classification of topological phases in free fermion systems
in all dimensions and symmetry classes

some predictions:

- surface of 3d Z2 topological insulator: perfect metal

- 3He B is identified as a topological SC:

stable gapless Majorana surface mode

- there are topological singlet SC with good T and in d=3 spatial dimensions

a big open issue: interactions
- do non-interacting topological phases survive interactions ?
- can topological phases arise solely due to interactions ?

- is there "fractional” topological insulators/superconductors ?
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- is there a topological classification for bosonic systems (e.g., spin systems)



Vo e |

d-wave SC on the diamond lattice

(nn, nnn hopping + pairing) ‘:‘ \P & > ®

e
Z Z ttj . o 0‘_/i‘; *Ex. .,.- +..

Mt (a) “— . (b) '.— »
i Z Agcy +he pairing nnn hopping
phase diagram topological invariant

>0F _;--..-.---JP

w.=0:- ]

-z' - Hy=8 2 Page 54/64
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H:I/d?'rqﬂﬂm H:( < A) K

2 AT ¢

k’ . -
§k = om Ar = |Alioyk - o X2 ] ky
ke
isotropic ga
strong pairing weak pairing an

! - /L

stable surface Majorana fermion

3d analogue of Moore-Read state

(ri —7;) -ioay],.,. )

ri — il
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complete classification of topological phases in free fermion systems
in all dimensions and symmetry classes

some predictions:

- surface of 3d Z2 topological insulator: perfect metal

- 3He B is identified as a topological SC:

stable gapless Majorana surface mode

- there are topological singlet SC with good T and in d=3 spatial dimensions

a big open issue: interactions
- do non-interacting topological phases survive interactions ?
- can topological phases arise solely due to interactions ?

- is there "fractional” topological insulators/superconductors ?
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- is there a topological classification for bosonic systems (e.g., spin systems)



M UUTY, MER L3, WU J-—{Jz o

- exact solvable in terms _
of emergent fermions Jyg-;'gjf J.ofoF

- has both Abelian and non-Abelian phases

~ "tnvial insulator” ~ "topological insulator”

- produces many exotic behaviors
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A. Kitaev, Ann. Phys. (2005) J.o;o

- exact solvable in terms
of emergent fermions Jygfgf J.ofoF

- has both Abelian and non-Abelian phases

~ "trivial insulator” ~ "topological insulator”

- produces many exotic behaviors
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"spin-orbit” Kitaev model ("gamma matrix” Kitaev model)

= ZJ Z u‘”cr”(-r T +TyTy)

p=0

J

J

—chrla'l ('rt T —I—*ry-ry)

Jza' (-rm-rm — -ry-ry)

= =
—~Joa' TT + 7
3 (: Pabe séls
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introduce six Majorana fermions 2\0:1,2,3,4,5 ,\“"f = \@ A% =1

4 dim. Hilbert space
= .- =xiEy b plnts : .
constraint: ) := A X AN =1 8 dim. Hilbert space

ot = iAs“’)\‘i H — i,\'u‘A5 Ujij = ?:Afij /\?ij s Mij = 0,1,2.3
g 8 414 219
1,7
([H,up] =0 ul=0= ug = 1)

(i) pick up a configuration for u (by Lieb theorem)

(i) solve auxiliary Majorana hopping problem

(iii)y projection 1 LD
o) =]] ( . 3) D)

a




H=XTXx\ symmetry class DIl

(1) xT = _x Majorana condition A%5 : pseudo spin

()  isyX7(—isy) =X "time-reversal” (TRYH(TR)™' =

space of all quantum ground state of Majorana hopping problem
with "time-reversal symmetry” is partitioned into different topological classes

topological invariant

N | - —1 —1. —1.
[v—fﬁz Hngf" “tr (¢~ Ouq)(a” 0vq)(q dpq}l] G(k) - specknt projecks
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By = (6" ) (0% erala™ T orara o7 hory s

r+ Qay r+—ag +ay

oy

3 r+ ar y

and cyclic permutations

/2 lattice gauge theory like model
on cubic lattice
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similar models: Levin-Wen (03) Hamma-Zanardi-Wen (05)



- constructed a new vacuum of bosonic systems
together with a Hamiltonian which happens to have it as an exact
ground state.

- lessons to be learned from the model:
fermions can emerge from purely bosonic model

wavefunction for bosons can be obtained from fermionic wfn
through projection

c.f. variational approach

- experimental realization ?

- excitations ?
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