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Abstract: Complete classification of topological insulators (including, e.g., the quantum Hall effect and the quantum spin Hall systems), and
superconductors (including, e.g., chird p-wave SC and the B-phase of 3He). An interacting bosonic model that realizes a topological
superconducting phase in three spatial dimensions.
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quantum phases

gapless phases
- Fermi liquid

- non Fermi liquid

quantum critical points

-relativistic conformal
quantum critical point

gapped phases

- insulators

-topological insulators
-topological superconductors
-topological phase
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guantum many-body physics beyond Landau-Ginzberg paradigm

- is it possible to have an exhausive classification of quantum phases
in many-body systmes ?

- what is a good "order parameter” to distinguish all these phases ?
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- classification of topological insulators/superconductors

- example of interacting superconductor

- entanglement entropy in topological insulators/SCs

- holographic calculation of entanglement entropy
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classification of topological
Insulators and superconductors

- integer quantum Hall effect

- guantum spin Hall effect

- topological superconductor

- classification of topological insulators and SCs
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classification of topological
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- topological superconductor
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B in d=2 spatial dimensions, with good T

IQHE for spin up
TRS

[(igxf)ﬁ*(_iay) =7 )

IQHE for spin down

-B

when Sz is conserved, classification is Z Oxy,1 — Ozy,| IS quantized

without Sz conservation, but still with TRS, classification is Z2

odd number of Kramers pairs at edge --> stable

even number of Kramers pairs at edge --> unstable
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B in d=2 spatial dimensions, with good T
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IQHE for spin down

B

when Sz is conserved, classification is Z Oxy,1 — Oxy,| is quantized

without Sz conservation, but still with TRS, classification is Z2
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Egp =
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Windows is collecting mere information about the problem.
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B in d=2 spatial dimensions, with good T

IQHE for spin up
TRS

((igy)ﬁ*(_{ﬂ'y) =H ]

IQHE for spin down

-B

when Sz is conserved, classification is Z Oxy,1 — Oxy,| is quantized

without Sz conservation, but still with TRS, classification is Z2

odd number of Kramers pairs at edge --> stable

even number of Kramers pairs at edge --> unstable
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IQHE for spin up
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experimental realization:
HgTe quantum well

Bernevig-Hughes-Zhang (2006)
M. Koenig et al. Science (2007)
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B in d=2 spatial dimensions, with good T

IQHE for spin up
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[(igy)n*(_’iar) =H ]

IQHE for spin down
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when Sz is conserved, classification is Z Oxy,1 — Oxy,| is quantized

without Sz conservation, but still with TRS, classification is Z2

odd number of Kramers pairs at edge --> stable

even number of Kramers pairs at edge --> unstable
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Fu-Kane-Mele, Moore-Balents, Roy (06)
d=3 dimensions
time-reversal invariant oy H*(—ioy) =H

characterized bya Z2 quantity A =0orl

£ N

trivial non-trivial

[when A = 1 surface states = odd number of Dirac fermion}

surface
(perfect metal)

condensed matter realization of
domain-wall fermion  rage42ss
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5 Dirac cones !
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' D. Hsieh et al. arXiv:0904.1260
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5 Dirac cones !

Topological Hall insulator
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topological SC = BdG quasi-particles are topologically non-trivial

H=;f‘lﬁ(_i* _?T)‘P
g[;’r:(,p’r? ¢) or (1{4, T,DI, Y, ?ﬁl) etc.

px + | py SC order parameter:

k2
AK) = Al (ke +iky)  ER) = o —p
A(k) = |A|z (kz + iky) Read-Green (2000)

strong pairing (BEC) weak pairing (BCS)
- > M

" W({r;}) ~ short ranged U({r:}) ~ Pt ( : %46'84

e —




strong pairing (BEC) weak pairing (BCS)
| - [

stable boundary Majorana-Weyl| fermion in the weak pairing phase

S = [ dzdriddy

quantized thermal Hall conductivity

with inclusion of the dynamics of Cooper pair:
non-trivial ground state degeneracy  topologically protected g-bit
non-Abelian statistics of vortices

vortex supports an isolated Majorana mode

Pirsa: 09100140 Page 47/84

ay—"T F7) ENLIE BAmmrrm Dea—mrd mded oy



topological SC = BdG quasi-particles are topologically non-trivial

i1 fo (S 3 )s
m"l'z(q‘bf? -¢v) or (1[4, 't,bI, Vs, ¢l) etc.

px + | py SC order parameter:

. k?
A(k) = |A] (kg + iky) Ek) =5 — —u
A(k) = |A|2 (km ¥ ﬂ"y) Read-Green (2000)

strong pairing (BEC) weak pairing (BCS)
- > M

"“"W({r}) ~ short ranged W({ra}) ~ P (=
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strong pairing (BEC) weak pairing (BCS)

; -y

stable boundary Majorana-Weyl fermion in the weak pairing phase

S = [ dzdridy

quantized thermal Hall conductivity

with inclusion of the dynamics of Cooper pair:
non-trivial ground state degeneracy  topologically protected g-bit
non-Abelian statistics of vortices

vortex supports an isolated Majorana mode
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topological:

ny

- gap = —— -_I
S

- support stable gapless modes at boundaries, possibly =
In the presence of general discrete symmetries

- states with and without boundary modes are not
adiabatically connected

non-topological

- may be characterized by a bulk topological invariant
(vacuum)

of some sort

(No interaction)

7

c.f. topological phase, topological field theory

How many different topoloigcal insulators and superconductors
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B in d=2 spatial dimensions, with good T

IQHE for spin up
TRS

[(igy)ﬁ*(-iay) =H ]

IQHE for spin down

-B

when Sz is conserved, classification is Z Oxy,1 — Oxy,| iS quantized

without Sz conservation, but still with TRS, classification is Z2

odd number of Kramers pairs at edge --> stable

even number of Kramers pairs at edge --> unstable
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IQHE for spin down

-B

when Sz is conserved, classification is Z Ory,1 — Oxy,| is quantized

without Sz conservation, but still with TRS, classification is Z2

odd number of Kramers pairs at edge --> stable

even number of Kramers pairs at edge --> unstable
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experimental realization:
HgTe quantum well

Bernevig-Hughes-Zhang (2006)
M. Koenig et al. Science (2007)
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topological SC = BdG quasi-particles are topologically non-trivial

== E A
r=g v ( & )

‘I’T =( TPT: ’¢’ ) or ( ‘ler 1#1-1 w']‘r wi ) etc.

px + i py SC order parameter:

k2
A(k) = |A| (kz + iky) k)= ——n

ﬁ‘L(‘I‘?) = IAI% (km + iky) Read-Green (2000)

strong pairing (BEC) weak pairing (BCS)
- > M
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topological: ~(K) e &
= e T
- support stable gapless modes at boundaries, possibly =
in the presence of general discrete symmetries k
- states with and without boundary modes are not ///
adiabatically connected
- may be characterized by a bulk topological invariant SR By,
(vacuum)

of some sort

(No interaction)

7

c.f. topological phase, topological field theory

How many different topoloigcal insulators and superconductors
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two types of anti-unitary symmetries

_ g
Time-Reversal Symmetry (TRS) 0 nolRS -
TRS={ «1 TRSwith 77 — . T
THT '=H 4 TRSwith 77 — _T
e S
half-odd integer spin particle
Particle-Hole Symmetry (PHS) 0 noPHS
PHS =! +1 PHSwith ¢! = L
CHEC ——3 1 PHSwith T — _¢

PHS + TRS = chiral symmetry

TH'T '=H

—— TCH(TC) ' =—H
CH*C_I = —H
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Altland-Zirnbauer (1997)

TRS [|PHS |SLS | description RM ensembles
Wigner-Dyson |_A 0 0 0 | unitary U(N)
(standard) Al +1 0 0 orthogonal [7(N)/O(N)
All e 0 0 symplectic (spin-orbit) U(2N)/Sp(N)
= Alll | o 0 1 | chiral unitary U2N)/U(N) x U(N)
(sublattice) BDI | 1 | = 1| cniral orthogonal O(2N)/O(2N) x O(2N)
cil -3 1 1 chiral symplectic Sp(4N)/Sp(2N) x Sp(2N)
D 0 1 0 singlet/triplet SC O(N)
g C 0 -1 0 singiet SC Sp(N)
DIl | -1 +1 1 singletftripiet SC with TRS | O(2N)/U/(N)
Cl +1 3 ] singlet SC with TRS Sp(N)/U(N)
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two types of anti-unitary symmetries

integer spin particle
Time-Reversal Symmetry (TRS) 0 noTRS —
TRS={ +1 TRSwith 77 — . T
THT '=H 14 TRSwith 77 — _T
R
half-odd integer spin particle
Particle-Hole Symmetry (PHS) 0 noPHS
PHS =! +1 PHSwith ¢ = (¢
e — 7 1 PHSwith T — _(

PHS + TRS = chiral symmetry

TH'T '=H

—— TCH(TC) '=-H
CH'C '=—H
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Altland-Zirnbauer (1997)

TRS [|PHS |SLS | description RM ensembles
Wigner-Dyson A 0 0 0 unitary U(N)
(standard) Al +1 0 0 orthogonal [F(N)/O(N)
All 3 0 0 symplectic (spin-orbit) U(2N)/Sp(N)
p—— Alll | 0 0 1 chiral unitary U(2N)/U(N) x U(N)
(sublattice) BDI +1 =1 1 chiral orthogonal O(2N)/O(2N) x O(2N)
Cll -1 =3 1 chiral symplectic Sp(4N)/Sp(2N) x Sp(2N)
D 0 1 0 singlet/triplet SC O(N)
e € 0 = 0 singlet SC Sp(N)
DIl -1 +1 1 singlet/iriplet SC with TRS | O(2N)/I7(N)
Cl +1 -1 1 singlet SC with TRS Sp(N)/U(N)
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result:

A ¢ 1 T X £ 5 6 T 8 9
A Z 0 Z o Z 6 T © Z
AlE ¢ T o EZ & Z 0 T @
AR Z 0 e © ZEZ o Z I Z
BEE Z» Z 0 O O Z @6 I, %
D Z Z, Z 0 © 0 Z 0 Z
mn ¢ & 2 Z 0 ¢ 06 Z o
AR Z O Z, Zo EZ G @6 ©0 Z
N 0 Z © 2 L Z @6 O 0
C ¢ 0 ZEZ O I Zo Z O 6
CI 0 0 0 Z 0 Zy Z, Z O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)

Qi, Hughes, Zhang (cases with one discrete symmetry and
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two types of anti-unitary symmetries

integer spin particle
Time-Reversal Symmetry (TRS) 0 nolRS —
TRS={ +1 TRSwith 77 — . T
THT '=H 14 TRSwith 77 — _T
e
half-odd integer spin particle
Particle-Hole Symmetry (PHS) 0 noPHS
PHS =! +«1 PHSwith ¢T — L
e c"— 7 1 PHSwith T — _¢

PHS + TRS = chiral symmetry

THT '=H

— TCH(IC)  =——H
CH*C_]‘ =—H
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Altland-Zirnbauer (1997)

TRS |PHS |SLS | description RM ensembles
Wigner-Dyson A 0 0 0 unitary U(N)
(standard) Al +1 0 0 orthogonal U(N)/O(N)
All 5 0 0 symplectic (Spin-orbit) U(2N)/Sp(N)
e Alll | o0 0 1 chiral unitary U(2N)/U(N) x U(N)
(sublattice) BDI | -1 +1 1 chiral orthogonal O(2N)/O(2N) x O(2N)
Cli -1 -1 1 chiral symplectic Sp(4N)/Sp(2N) x Sp(2N)
D 0 +1 0 singlet/triplet SC O(N)
i € 0 < 0 singlet SC Sp(N)
DIl -1 +1 1 singletftriplet SC with TRS | O(2N)/U7(N)
Cl 3 -1 1 singiet SC with TRS Sp(N)/U(N)

Pirsa: 09100140
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result:
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A Z & Z O T 06 T © Z
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Ak Z o o 0 ZE 6 %L & Z
BDI Z, Z 0 0 0 Z 0 Zx Zs
P Z Z. Z 0 ©® O Z ©¢ I
Dif 0 Z, Z, Z O 06 0 Z o
A Z 0 Zp T, Z O G €@ Z
Cn 0 Z O Z L Z 6 0 0
C ¢ 0 Z 0 & » ZEZ 8 O
CI a 0 6 E 0 & I Z 0

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)

Qi, Hughes, Zhang (cases with one discrete symmetry and
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Altland-Zirnbauer (1997)

TRS [|PHS |SLS | description RM ensembles
Wigner-Dyson A 0 0 0 unitary U(N)
(standard) Al +1 0 0 orthogonal 7(N)/O(N)
All -1 0 0 symplectic (spin-orbit) U(2N)/Sp(N)
e Alll | o 0 1 chiral unitary U(2N)/U(N) x U(N)
(subiattice) BDI +1 -1 1 chiral orthogonal O(2N)/O(2N) x O(2N)
Cll 3 s 1 chiral symplectic Sp(AN)/Sp(2N) x Sp(2N)
D 0 =1 0 singlet/triplet SC O(N)
e C 0 -1 0 singilet SC Sp(N)
DIl -1 =1 1 singletriplet SC with TRS | O(2N)/U(N)
Cl +1 3 1 singlet SC with TRS Sp(N)/U(N)
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result:

AB\d ¢ 1 Z 3 £ 5 6 7T & 9
A Z 0 Z O Z 6 Z 6 Z
AE 0 Z 0 Z © Z @ Z @
AFE Z O 0 © Z 0 oz B Z
Bl 2= Z © 0 o Z 0 Z. %
B Z 7 £ 0 © 6 Z O %
Dk o Z 2. Z © 6 @ Z ©
AE Z @6 & 7, Z G O O Z
oy o = & 5 5 = & o ¢
C o 6 = o & & E o @
CC 0 0 0 Z 0 % & Z 6

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)

Qi, Hughes, Zhang (cases with one discrete symmetry and
Pisa: 09100140 field theory description, 2008)
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presence/absence
of topological band structure

AZ\d &L 1 2 3 4 5 6 17 B 3

spatial dimensions

A\ ' o _Z O Z U Z
. =
Al Z S
BDI 0 =
D Z
DITI| 0
Al 0
CII 0
2\ C Z
(9] 2
— e e
ymmetry classes of quadratic fermionic Z integer classification
familtonians (Altland-Zirnbauer) % 77 chrsitication
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result:

AN © ¥ T 3 £ 5 & T 8 9
A Z 0 Z o Z 6 Z © %
ARE ¢ Z O T o Z @ ZE o
Af Z o & D Z 8 Z Z, Z
BEE Z Z O © @ Z o0 Z: T
D Z Z, Z 0 © 0 Z 0 Z
D o I,  Z 6 06 06 Z @
AR Z O Zo T T 6 G © Z
CE o Z 0 Zn % Z 6 o ¢
C ¢ 0 ZEZ 0 I . Z 0 @
CI o 0 0 Z 0 T, Z Z O

SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)

Qi, Hughes, Zhang (cases with one discrete symmetry and
Pisa: 09100140 field theory description, 2008)
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presence/absence

spatial dimensions :
SR of topological band structure

4 51 6 7 E 2
% = & = O Z -
0

ymmetry classes of quadratic fermionic Z integer classification
familtonians (Altland-Zirnbauer) & 77 chksihicakion
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- discover a topological invariant

quantum phase transition
space of all ground states

- bulk-boundary correspondence

Anderson delocalization

non-linear sigma model on G/H
+ (discrete) topological term

reye|ogical insulators/SC Page 70134



presence/absence
of topological band structure

spatial dimensions

AZ\d & 1 2 3 4 5 6 7 T
A Z ¢ Z 0 _Z @ Z 0 Z -
& Z Z 0 Z o -
Al Z 0 Z 0 Z =
BDI| Z, 0 0 Z 0 /-
D 0o 0 0 Z
DITI| Z & @ @
ATI Za, Z 0 O
co Z Z EZ GO
4\ C 0 Z; Z, Z
Cy Z 0 Zp Z
i R et
ymmetry classes of quadratic fermionic Z integer classification
familtonians (Altland-Zirnbauer) %= Thebsilic i
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- discover a topological invariant

quantum phase transition
space of all ground states

‘ -1 0 1 2 0 1

- bulk-boundary correspondence

Anderson delocalization

non-linear sigma model on G/H
+ (discrete) topological term

reye|ogical insulators/SC Page 72184



topological insulators/SC Anderson delocalization

non-linear sigma model on G/H

fully gapped, + (discrete) topological term

no excitations

IQHE surface

QSHE
chiral p+ip wave SC

case study: Z2 topological insulator in d=3
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Anderson delocalization

topological insulators/SC
non-linear sigma model on G/H

fully gapped, + (discrete) topological term

no excitations

IQHE surface

QSHE
chiral p+ip wave SC

case study: Z2 topological insulator in d=3

Pirsa: 09100140
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topological insulators/SC Anderson delocalization

non-linear sigma model on G/H
+ (discrete) topological term

fully gapped,
no excitations

IQHE
QSHE
chiral p+ip wave SC

case study: Z2 topological insulator in d=3
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SR, Obuse, Mudry, Furusaki (07)

Cmicruscn pic model: )

], Ml s mn) t VG € an)—T

Ceffective field theory: non-linear sigma mndel)

Q(r) € O(4N)/[O(2N) x O(2N)] (diffusive motion of electrons)

S = 0z / d’rtr[0,Q0,Q]

B
even number of Dirac [Z = /P[Q]e's |
= J

odd number of Dirac
-> Z2 topological term

9100140
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classification of topological
insulators and superconductors

- integer quantum Hall effect
- quantum spin Hall effect

- topological superconductor

- classification of topological insulators and SCs
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strong pairing (BEC) weak pairing (BCS)

| -y

stable boundary Majorana-Wey| fermion in the weak pairing phase

S— f dzdrpo

quantized thermal Hall conductivity

with inclusion of the dynamics of Cooper pair:
non-trivial ground state degeneracy  topologically protected g-bit
non-Abelian statistics of vortices

vortex supports an isolated Majorana mode

v=1/2 FQHE Moore-Read state P A
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topological insulators/SC Anderson delocalization

fully gapped,
no excitations

non-linear sigma model on G/H
+ (discrete) topological term

IQHE
QSHE
chiral p+ip wave SC

case study: Z2 topological insulator in d=3
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1

classification of (1+1)-dimensional Anderson delocalization
Mg(L +48L) = Mg(6L)Mg(L)

—

dL

% % RN
N,
: : ;

— “Brownian motion™ of the transfer matrix
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SR, Schnyder, Furusaki, Ludwig (for d=1,2,3, 2008)
Kitaev (all d and periodicity, 2009)
Qi, Hughes, Zhang (cases with one discrete symmetry, 2008)

Page 81/84




Lides. ot~ Aiobe Resder oS ks
¢ Edit View [Document Tools Window [Help =

W) CERLEE

presence/absence
of topological band structure

Nnoloo o

symmetry classes of quadratic fermionic integer classification
Hamiltonians (Altland-Zirnbauer) Z,

Z2 classification
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IQHE p+ip wave SC

(T3 Z e

Zz2 Z, Z U 6—0 _--- 72 topological
0 Zy Zo Z 0 --- _insulator
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QSHE d+id wave SC

some outcomes of classification:

- 3He B is newly identified as a topological SC (superfluid) in d=3.

- topological singlet SC in d=3 is predicted.
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d+id wave SC

some outcomes of classification:

- 3He B is newly identified as a topological SC (superfluid) in d=3.

- topological singlet SC in d=3 is predicted.
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