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More is the Same

Phase Transitions and Mean Field Theories
Leo P Kadanoff

email:leop@UChicago.edu

Abstract

This talk summarizes concepts derived from the study of phase
transitions mostly within condensed matter physics. In its
original form, the talk was aimed equally at condensed matter
physicists and philosophers of science. The latter group are
particularly interested in the logical structure of science. This
talk bears some traces of its history. The key technical ideas
go under the names of singularity”, "order parameter”,
""mean field theory"”, " variational method", and " correlation
length”. The key ideas here go under the names of “mean field
theory”,“phase transitions”, “universality”,“variational
smoziNethod”, and “scaling”. page 25



Issues

Matter exists in different
phases, different states of
matter with qualitatively
different properties: These
phases are interesting in
modern physics and
provocative to modern
philosophy. For example, no
phase transition can ever
occur in a finite system.
Thus, in some sense phase
transitions are not products
of the finite world but of the
human imagination.
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Phase Diagram for Water
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Dual Couplings

~-H = K|1 + RT: |:*122]
The quantity x is said to be the dual of K. For a simpler notation, we
call this function by another name so that the dual of K is D(K) This
name implies in part that the function D(K) has the property that if it
is applied twice that you get precisely the same thing once more:
D(D(K))=K  or D(K)=D(K)
How would | find the function D(K)?

K= D(K)=-[In (tanh K)]/2  Ko= [In( sinh 2K)]/2

dual
coupling

This function has the property that when K
is strong its dual is weak and vice versa. This
property has proven to be very important in
both statistical physics and particle physics.
Often we know both a basic model and its
dual. Often models are hard to solve in
strong coupling. But the dual models have
weak coupling when the basic model has
strong coupling. So then we get an indirect
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Solttion of the basic model.




Solution of the one-dimensional Ising model

From equation 4.20, we find that the partition function of the one-dimensional Ising model is

Z = trace (eX1 + e %n)>

But the trace is a sum over eigenvalues and the eigenvalues of 7
are plus or minus one. Thus, the answer 1s:

Z = (2cosh K)" + (2sinh K)V (4.25)

If N is very large, the first term is much larger than the second
and thus in this limit of large system size:

F =InZ = N In(2 cosh K) (4.26)

What quantum mechanics problem have we solved?
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More about quantum from the Long Chain

We should be able to say more about quantum problems based upon the analysis of
the long chain. For example let us imagine that we wish to calculate the average of
some quantum operator, X(g), which happens to be diagonal in the g-representation.
The text book goes through a long song and dance to prove a rather obvious result.
You have seen that the trace in equation 4.10 pushes us into a sum over energy

states, and if N is very large that sum reduces to a projection onto the ground state

of the system. Specifically,

%

Z = trace, trace,, . ..trace, erp:,.zrqu,q_',_ 1) (4.10)

becomes Z=exp(-TE€o)

So if we insert an X, for any any operator X, in that sum the result should give what happen
to that X in the ground state, specifically

(1/Z) Trace ) exp[Wig}] X= <0] X(q) |0>

In this way, we can use statistical mechanics to calculate the average of any operator in the
ground state. If we do not take N to infinity, we can do the corresponding calculation to
calculate the average of any operator at a inverse temperature (- value) equal to N 1.

B)r playing with the times in an appropriate fashion, we can even calculate time-dependent
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correlation functions in the ground state or in a finite-temperature state.



Statistical Correlations in a Long Chain

We should be able lots about the statistical mechanics of a the long chain with Ising
style interactions. For example, let us calculate the average of the jth spin on a long
chain or the correlations among the spins in the chain. Start from

N
Z =Trexp[ 2,-.;. Ko,.0,]
<o, >=(1/2)Tro, exp[ 2?1 Ko,o,]
< 0,0, >=(1/2)Tro,o,., expl EL Koj,0,]

Here Tr means “sum over all the N spin-values”. We use periodic boundary conditions. In
this equation all the O’s are numbers, and they commute with each other.

We can make the calculation easier by replacing all the couplings by their expressions in
terms of Pauli spins matrices giving these three calculations as, first,

N
Z=tracer I_I exp (Eu + R'ﬁ) = tracer exp[N (Eo + R'ﬁ)]
=1
= (2 cosh K)N+(2 sinh K)N = (2 cosh K)N

The = is an approximate equality which holds for large N. Note that in this limit the
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term with eigenvalue of T1 =1 dominates because the dual coupling is positive.
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