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Abstract: Adiabatic quantum optimization has attracted a lot of attention because small scale simulations gave hope that it would allow to solve
NP-complete problems efficiently. Later, negative results proved the existence of specifically designed hard instances where adiabatic optimization
requires exponential time. In spite of this, there was still hope that this would not happen for random instances of NP-complete problems. Thisis an
important issue since random instances are a good model for hard instances that can not be solved by current classical solvers, for which an efficient
guantum algorithm would therefore be desirable. Here, we will show that because of a phenomenon similar to Anderson localization, an
exponentially small eigenvalue gap appears in the spectrum of the adiabatic Hamiltonian for large random instances, very close to the end of the
algorithm. Thisimplies that unfortunately, adiabatic quantum optimization also fails for these instances by getting stuck in alocal minimum, unless
the computation is exponentially long.
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Quantum computing provides speed-up for specific problems

* Factoring

* Discrete logarithms
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Why quantum computing?

Quantum computing provides speed-up for specific problems

* Factoring

* Discrete logarithms

* Simulation of quantum mechanics
*etc...

[ What about NP-complete problems? ]
* 3-SAT:
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Adiabatic evolution s st

Slowly varying H(t) = Stays close to ground state
Probability of excitation depends on

* Total time T (slower 1s better)
* Gap A(t) (larger gap 1s better)
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Adiabatic evolution o s

Slowly varying H(t) = Stays close to ground state
Probability of excitation depends on

* Total time T (slower 1s better)
* Gap A(%) (larger gap 1s better)
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Adiabatic quantum optimization
[Farhi et al. "00]

* Problem: Find minimum of a function f{x)
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* Problem: Find minimum of a function 7{x)
1) Choose mitial Hamiltonian g with known ground state
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f(z)
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Adiabatic quantum optimization
[Farhi et al. '00]

* Problem: Find minimum of a function 7{x)
1) Choose mitial Hamiltonmian ¢ with known ground state
2) Change Hamultoman to Hp “matching” ffx)

f(z)

H(s) =(1—s)Hyg+sHp

where s(t) =t/T
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Adiabatic quantum optimization
[Farhi et al.'00]

* Problem: Find minimum of a function 7{x)
1) Choose mitial Hamiltonian ¢ with known ground state
2) Change Hamuiltoman to Hp “matching” fx)

f(z)

H(s) =(1—s)Hy+sHp

where s(t) = t/T

o) T large enough = measuring reveals the mmmum =
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* It 1s quantum! Unstructured search i time Of/V) (cf Grover)
[vanDam-Mosca-Vaziram'01, Roland-Cerf'02]
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* Numerical simulations: promising scaling
[Farhi ef al.'00,Hogg’

03 Banyuls ef al.’04. Young et al. 08]
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* It 1s quantum! Unstructured search in time O//V) (cf Grover)
[vanDam-Mosca-Vaziram'01, Roland-Cerf'02]
* [t 1s umiversal for quantum computation [Aharonov et al.'05]

[GﬁGﬂ, but what about NP-complete problems? ]

* Numerical simulations: promising scaling
‘ [Farhi ef al.'00,Hogg'03. Banyuls ef al.'04, Young et al. '08]
* But exponentially small gap
* for bad choice of mitial Hamiltoman [Zmdanc-Horvat'06-Farhi et al'08]

* for specifically designed hard mstances [vanDam-Vazirani'03,Reichardt’04]
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* NP complete problem (similar to 3-SAT)
*Nbits T = ($17 S ,;]L'N)
* M clauses of 3 bits:
(Tie , Tjo , Tk ) satisfied & z;. + . + 2k =1
& 100, 010 or 001

*Problem: Find assignment x satisfying all clauses
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* NP complete problem (similar to 3-SAT)
*Nbits £ = (x1,.--,ZN)

* M clauses of 3 bits:
(Tie , Tjo , Tk ) satisfied & z;. + . + 2k =1
& 100, 010 or 001

*Problem: Find assignment Z satisfying all clauses
mmmp \[inimize function f(Z) = Z(xic + T + Ty — 1)2
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= Pr[d solution] .
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* Problem Hamiltonian Hp = Z f(:f)[f (Z]
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The adiabatic algorithm e
* Problem Hamiltonian Hp = Z f(f)[f (Z]
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* Initial Hamiltonian ~ Ho=—)» o =— Y |&)(y]
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To study the spectrum of H(s) close to s =1. we consider

H -
= (S) — Hp + AHp where A= s

S
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d(m,@’) 1 100 1
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= Particle hopping on a hypercube .
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To study the spectrum of H(s) close to s =1. we consider

H(S) 1—s

H(A) — Hp + AHp where A=

S

—Zf(zr: D@ -2 Y |

d(m,g}’) 1 100 1

oLa

= Particle hopping on a hypercube

aoo oor

= Simuilar to Anderson's tight binding model
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“Extended states become localized due to disorder™

- - 7 - - - - - 28g,

’ 5‘ = 29%g;
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Nobel Prize
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“Extended states become localized due to disorder™

A - - - - ‘:ZHSI

- - ?i' :j . 295'
Model: A e
* Grid with coupling A - . . i
. o
* Random energies % - =T § - -
- = - P. Anderson

Nobel Prize
Physics 1977

A > ). — Extended state — Metal
A < A¢ — Localized state — Insulator
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* Gnid with coupling A - N el
* Random energies . \.r’v/gf(
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A < A¢ — Localized state — Insulator

In our case: 110 m
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What if a local mmimum later becomes the: global minimum ?

— localized Large anti-crossing gap
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Small anti-crossing gap
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As the size of the problem VN increases
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As the size of the problem VN increases

1) Anderson localization would imply A, = €2(1/log V)

2) Level crossings for smaller and smaller A\, = (CNV) —1/8
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As the size of the problem VN increases
1) Anderson localization would imply A, = £2(1/log N)

2) Level crossings for smaller and smaller A, = (C'V) —1/8

1
= > FOIN>C,\§ we have A, < A,

— > The algorithm fails (stuck in a local minimum)
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Consider EC3 mstance with 2 solutions
E;(0) = E2(0) =0

Suppose
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Consider EC3 mstance with 2 solutions

Suppose
Ei(Ae) — Ea(A) > 4

Add a clause

* satisfied by z1 El (0) =)
* violated by =2 E>(0) =4

Pirsa: 09100099 Page 84/122

16



Level crossings
Consider EC3 mnstance with 2 solutions
E1(0) = E>(0) =0

Suppose

Add a clause
- satisfied by 1 E(0) = 0
*violatedby 2 FL,(0) =4

Pirsa: 09100099

NEG Laboratories
America

Heiarfess passHon 'S inmovathan

0

: ol
Page85/122 %
16



Level crossings
Consider EC3 instance with 2 solutions 7, T

E;(0) = E5(0) =0

Suppose
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- satisfiedby 1 E(0) = 0
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Level crossing
d(.’fl, 3_3:2) —n
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Perturbation theory ——

We compute E12(\) by perturbation the{)ry

Ex(\) = Ex(0) + Z =g
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Consider EC3 instance with 2 solutions Z7, o
E;(0) = Ex(0) =0

Suppose
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Level crossings
Consider EC3 instance with 2 solutions x7, To
E;(0) = E5(0) =0

Suppose

Add a clause
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Perturbation theory ———

We compute E1.2()\) by perturbation theory

Ef()\) — Ef(O) — = Z /\sz(m)

e—1
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Perturbation theory S

We compute E12(\) by perturbation theory

E;E(/\) — EE(O) —+ Z X™F é»m)
m—1

We prove F = O(N) m
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Perturbation theory B

We compute E12(\) by perturbation the()ry

Ex(\) = Ex(0) + Z =gt

We prove: (m) _ O(N) Ym

For 2 solutions. the difference has zero mean. so

(F™ — F™)? = O(N) ym
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Numerical simulations P——

* We generated EC3 random mstances with >2 solutions
* then computed E;(\) — E>(A) by order 4 perturbation theory
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Numerical simulations e

* We generated EC3 random mstances with >2 solutions
* then computed F;(A\) — E2(\) by order 4 perturbation theory

(Er(X) — E2(0))? = CN )8
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Numerical simulations Bt

* We generated EC3 random mstances with >2 solutions
* then computed F;(A\) — E>(\) by order 4 perturbation theory

(E1(X) — E>(A))” = CN 8

0 25 50 75 100 125 150 175 200

Wehave FEj(\)— Es(A)>4for \ > \/§(C’N)—1/8
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How small is the gap?

We show that up to leading order in perturbation theory:

A < (ZN)°
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Numerical simulations wentiss s =

* We generated EC3 random mstances with >2 solutions
* then computed E; ()\) E5 ().) by order 4 perturbation theory

Emhthhmntmrmnl

(E1(X) — E>(A))” = CN 8

‘ehave Ej(\) — E3(\) >4 for A > V2(CN)~ /8
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We show that up to leading order 1n perturbation theory:

A< (2),)"
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We show that up to leading order in perturbation theory:

N<(ZA)

Since: 1) level crossings appear at A, = O(N =N 8)
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How small is the gap? SR L

We show that up to leading order in perturbation theory:

A < (2ZN)°

Since: 1) level crossings appear at A, = O(N =N 8)

2) typical distance between solutionsis 1 = ©(V)
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How small is the gap? R

We show that up to leading order in perturbation theory:

A < (2A.)

Since: 1) level crossings appear at A, = O(N — 8)

2) typical distance between solutionsis 7 = (V)

We have: A = O(exp(—N log N))
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Simulation of an anti-crossing by 4" order perturbation theory:
* Number of bits: V= 200

-~ kakstance between the assignments: 7 = 60 S
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Can we trust perturbation theory?
Anderson localization theory

= Perturbation theory valid as long as states are localized
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Can we trust perturbation theory? =

Anderson localization theory
= Perturbation theory valid as long as states are localized

Cayley tree with branching number K :

E
»—0
(KlogK)
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Anderson localization theory
= Perturbation theory valid as long as states are localized

Cayley tree with branching number K :

E
N6
(KlogK)

Here: Energy F and degree K are ©(N) . which would imply

Ae =O((logN)™ 1) > (N V8 = ),
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Anderson localization theory
= Perturbation theory valid as long as states are localized

Cayley tree with branching number K :

E
A —0
(KlogK)

Here: Energy F and degree K are ©(N) . which would imply
Ae = O((log N)™1) > (N8 = ),
However. Fjﬁ,m) = O(N) Vm suggesis A —CN1)
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* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization
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* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization

* Does not depend on the particular problem (same for 3SAT)
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Conclusion R

* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization

* Does not depend on the particular problem (same for 3SAT)

* Does not depend on the particular path /7 (s) either
(as long as H (s ) 1s local)
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* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization

* Does not depend on the particular problem (same for 3SAT)

* Does not depend on the particular path /7 (s) either
(as long as H (s ) 1s local)

* Important assumption: Localization on the hypercube
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* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization

* Does not depend on the particular problem (same for 3SAT)

* Does not depend on the particular path /7 (s) either
(as long as H (s ) 1s local)

* Important assumption: Localization on the hyvpercube
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Can we trust perturbation theory? =

Anderson localization theory
= Perturbation theory valid as long as states are localized

Cayley tree with branching number K :

E
—0
(Klog[()

Here: Energy F and degree K are ©(N) . which would imply
Ae = O((log N) 1) > (N /8) = ),
However. Fé_,m) = ()( N ) Vm suggests A, = O(1)
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* Anderson localization causes exponentially small gaps in adiabatic
quantum optimization

* Does not depend on the particular problem (same for 3SAT)

* Does not depend on the particular path /7 (s) either
(as long as H (s ) 1s local)
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