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Abstract: <span>A significant part of quantum theory can be obtained from a single innovation relative to classical theories, namely, that thereis a
fundamental restriction on the sorts of statistical distributions over classical states that can be prepared. &nbsp;(Such a restriction is termed
&€oxpistemica€e because it implies a fundamental limit on the amount of knowledge that any observer can have about the classical state.) & nbsp;l
will support this claim in the particular case of atheory of many classical 3-state systems (trits) where if a particular kind of epistemic restriction is
assumed -- one that appeals to the symplectic structure of the classical state space -- it is possible to reproduce the operationa predictions of the
stabilizer formalism for qutrits. &nbsp;The latter is an interesting subset of the full quantum theory of quitrits, a discrete analogue of Gaussian
guantum mechanics. Thisisjoint work with Olaf Schreiber.</span>
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Two approaches to axiomatization

Operational approach Ontological approach
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Preparations Measurements '
Axioms are constraints on Axioms are constraints on the
experimental statistics p(k|M,P) ontology and its dynamics
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Classical statistical theory
+

fundamental restriction on statistical distributions
U
A large part of quantum theory

In the sense of reproducing the operational predictions
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Classical statistical theory
+

fundamental restriction on statistical distributions
\ |
A large part of quantum theory

In the sense of reproducing the operational predictions |

I.e. quantum states emerge as statistical distributions (epistemic states)
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics

= Gaussian quantum mechanics
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics
= Gaussian quantum mechanics
Bits Statistical theory of bits Restricted statistical theory of bits

- Stabilizer theory for qubits
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Classical theory

Mechanics

Bits

Trits
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
- Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for qutrits
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These theories include:

* Most basic quantum phenomena

e.g. noncommutativity, Interference, coherent superposition, collapse,
complementary bases, no-cloning, ...

« Most quantum information-processing tasks

e.g. teleportation, key distribution, quantum error correction,
iImprovements in metrology, dense coding, ...

+ A large part of entanglementtheory

e.g. monogamy, distillation, deterministic and probabilistic single copy
entanglement transformation, catalysis, ...

« A large part of the formalism of quantum theory

e.g. Choi-Jamiolkowskiisomorphism, Naimark extension, Stinespring
dilation, multiple convex decompositions of states, ...
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
- Stabilizer theory for qubits

Restricted statistical theory of frits
= Stabilizer theory for qutrits
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Classical theory

Mechanics

Bits

Trits

Optics
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical opfics

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of frits
= Stabilizer theory for qutrits

Restricted statistical optics
=linear quantum optics
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics
= Gaussian quantum mechanics
Bits Statistical theory of bits Restricted statistical theory of bits
- Stabilizer theory for qubits
Trits Statisfical theory of frits Restricted statistical theory of frits
= Stabilizer theory for qutrits
Optics Statistical opfics Restricted statistical optics
= linear quantum optics
Electrodynamics Statistical electrodynamics Restricted statistical electrodynamics

=/= part of QED?
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Classical theory

Mechanics

Bits

Trits

Optics

Electrodynamics

General relativity
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical opfics

Statistical electrodynamics

Statistical GR

Restricted Statistical
theoryfor the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for qutrits

Restricted statistical optics
= linear quantum optics

Restricted statistical electrodynamics
=/- part of QED?

Restricted stafistical GR
=/=- part of quantum gravity?
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Categorizing quantum phenomena

Those arising in a restricted Those not arising in a restricted
statistical classical theory statistical classical theory

Wave-particle duality

collapse
noncommutativity R
Teleportation _
entanglement No cloning
Quantized spectra

Coherent superposition

Key distribution Bell inequality violations S

+ no-signalling

. Bell-Kochen-Specker theorem
Improvements in metrology

Pre and post-selection
Computational speed-up “paradoxes’

Particle statistics

Pirsa: 09080009 Page 14/118




SR ——

Categorizing quantum phenomena

Those arising in a restricted
statistical classical theory

Those not arising in a restricted
statistical classical theory

Interference
Noncommutativity
Entanglement
Collapse
Wave-particle duality
Teleportation
No cloning
Key distribution
Improvements in metrology
Quantum eraser
Coherent superposition
Pre and post-selection “paradoxes”
Others...

Bell inequality violations + no-signalling
Computational speed-up (if it exists)
Bell-Kochen-Specker theorem
Certain aspects of items on the left
Others...

Quantized spectra?
Particle statistics?
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Categorizing quantum phenomena

Those arising in a restricted
statistical classical theory

Those not arising in a restricted
statistical classical theory

Interference
Noncommutativity
Entanglement
Collapse
Wave-particle duality
Teleportation

Nn rlaninn

Not so strange after all!
Improvements in metrology

Quantum eraser
Coherent superposition
Pre and post-selection “paradoxes”
Others...

Bell inequality violations + no-signalling
Computational speed-up (if it exists)
Bell-Kochen-Specker theorem
Certain aspects of items on the left
Others...

Still surprising!
Find more!
Focus on these

Quantized spectra?
Particle statistics?
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A research program

The success of restricted statistical theories suggests that: |

Quantum theory is best understood as a kind of probability theory |

Hardy, quant-ph/0101012
Barrett, quant-ph/0508211
Leifer, quant-ph/0611233
Etcetera, etcetera
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A research program

The success of restricted statistical theories suggests that: |
Quantum theory is best understood as a kind of probability theory |
and that

Quantum states are states of incomplete knowledge |

Caves and Fuchs, quant-ph/9601025

Rovelli, quant-ph/9609002 |
Hardy, quant-ph/9906123

Brukner and Zeilinger, quant-ph/0005084 l
Kirkpatrick, quant-ph/0106072

Collins and Popescu, quant-ph/0107082 l

Fuchs, quant-ph/0205039
Emerson, quant-ph/0211035
etcetera
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A research program

The success of restricted statistical theories suggests that:

Quantum theory is best understood as a kind of probability theory
and that

Quantum states are states of incomplete knowledge of a deeper |
reality
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A research program

The success of restricted statistical theories suggests that:

Quantum theory is best understood as a kind of probability theory
and that

Quantum states are states of incomplete knowledge of a deeper
reality

Speculative possibility for an axiomatization of quantum theory

Principle 1: There is a fundamental restriction on observers capacities to
know and control the systems around them

Principle 2: ??? (Some change to the classical picture of the world) l

We need to explore possibilities for principle 2, even if only in toy theories
Ultimately, we need to derive principle 1 from principle 2
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quitrits
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Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Quadrature quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for qutrits
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quitrits
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Quadrature quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for qutrits
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Classical complementarity
as a statistical restriction with broad applicability

Joint work with Olaf Schreiber

Building upon:

Spekkens, quant-ph/04010352 [Phys. Rev. A 75, 032110 (2007)]
S.van Enk, arxivi0705.2742 [Found. Phys. 37, 1447 (2007)]

D. Gross, quant-ph/0602001 [J. Math. Phys. 47, 122107 (2006)]
Bartlett, Rudolph, Spekkens, unpublished
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A fact about operational quantum theory:

Jointly-measurable observables = a commuting setof observables
(relative to matrix commutator)
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A fact about operational quantumtheory: |

Jointly-measurable observables = acommuting setof observables l
(relative to matrix commutator)

This suggests a restriction on a classical statistical theory:

Jointly-knowable variables = acommuting set of variables ]
(relative to Poisson bracket) |
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A fact about operational quantum theory:

Jointly-measurable observables = a commuting setof observables
(relative to matrix commutator)

This suggests a restriction on a classical statistical theory:

Jointly-knowable variables = acommuting set of variables |
(relative to Poisson bracket)

We begin with classical mechanics...
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q =R?" 3 (q1,91,92,P2;- .- :Gn,Pn) =M
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Continuous degrees of freedom l

Configurationspace: R™ > (91,92, --->9n)

Phase space: 2 =R?" 3 (q1,p1,92,P2; - . -

Functionalson phasespace: F: Q2 s R
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q =R?™ 3 (q1,91,92,P2;- .- :Gn,Pn) =M

Functionalson phasespace: F: Q2 s R

Poisson bracket of functionals:

- oF 0G IF 0G
(F;G}(m) =52 (JE9E _ 9P 98y
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q =R?" 3 (q1,91,92,P2;- .- :4Gn,Pn) =M

Functionalson phasespace: F: Q2 s R
Poisson bracket of functionals:

_ oOF 0G OF 0G
{F,G}(m) = ?:1(3—(?!.5—;% = 3—3355—%)(7?1)

The linear functionals / canonical variables are:
F: ale +b1P1 + o "I—aan“l_ann aljblj...:a-ﬂgbﬂ E R
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q =R?" 3 (q1,91,92,P2; - .- :4Gn,Pn) =M

Functionalson phasespace: F: Q2 s [R
Poisson bracket of functionals:
_ oF 0G oF oG
{F,G}(m) = ?:]_(a—(ﬁa—pé = d—%@—{h)(m)
The linear functionals / canonical variables are:
F — ﬂ,le +b1P1 "I-"' "I—aﬂXn“l_ann aljblj...:an_:bﬂ E R

They forma dualspace * = (R)?" > F = (a1,b1,-..,an, bn)
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q2 =R?" 3 (q1,91,92,P2,- .- :Gn,Pn) =M

Functionalson phasespace: F: Q2 s R

Poisson bracket of functionals:

_ OF 0G OF 0G
{FgG}(m): ?:1(3—%{5—%—3—%5—%)(?‘”)

The linear functionals / canonical variables are:
F — ﬂ,le +b1P1 —I-"' "I—aﬂXn—l_ann aljblj...:a’n_gbﬂ E R

Theyforma dualspace Q* = (R)?" 3> F = (a1,b1,...,an, bn)

f&r —3 )

{F,Gion) =FTiC o

—Ee s

l\: i
Poisson bracket of functionals = symplectic inner product of vectors
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Discrete degrees of freedom Z;=1{0.1,...,d—1}

Configuration space:(:f_-..:’)” > (91,92, --,qn)

Phase space: {2 = (2.0 = (a1 510005 - - s Bn) =00
Functionals on phase space: F' : 2 — 7,

Poisson bracket of functionals:

{F,G}(m) =X {(F[m+ (1;0)] — F[m])(G[m + (05, 1;)] — G[m])

—(F[m+(0;,1;)] —F[m])(G[m+(1;,0;)] —G[m])
The linear functionals / canonical variables are:

F:a1X1+b1P1++ﬂan+bTLPn f_rl-]__._.bl_._..++._,ﬂn.}b}1'§_
They form a dualspace Q* = (Z,)?" = F = (aqy,bq an,bn)

) e T KA ) e W e ow owml e

= l|I
i

{F,G}(m) =FTJG 1 0
= [F, G] = 0 -1

Poisson bracket of functionals = symplectic inner product of vectors

irsa: 09080009
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q2 =R?" 3 (q1,91,92,P2;- .- :Gn,Pn) =M

Functionalson phasespace: F: Q2 s [R
Poisson bracket of functionals:

= OF 0G IF O
{F,G}(m) =T 4 (5c 50 — 5 52) (m)

The linear functionals / canonical variables are:
F — {lle +b1P1 —I-"' "I—aﬂXn-l_ann aljblj...:a-n:b-n E R

Theyforma dualspace * = (R)?" 3> F = (a1,b1,-.-,an, bn)

(0 —3 )

{F,G}(m) =FTtiE S

= .o

l\: .
Poisson bracket of functionals = symplectic inner product of vectors

irsa: 09080009




Discrete degrees of freedom Z;=1{0.1,...,d—1}

Configuration space:(:f_-..:’)” > (91,92, - - ,qn)

7) 2n

Phase space: 2 = (Z > (q1,P1,92,P2,---,qn,Pn) =M

Functionals on phase space: F . Q2 — 7,
Poisson bracket of functionals:

{F,G}(m) =YX _(F[m+ (1;0;)] - Fm])(G[m + (0;,1;)] — G[m])
—(F[m=+(0;,1;)] - F[m])(G[m+(1;,0;)] —G[m])
The linear functionals / canonical variables are:

F: a1X1+b1P1 + +ﬂran+ann f_rl-]__._.bl._..++._,ﬂ1”.}b}1 = Lid

They form a dualspace Q* = (Z,)?" = F = (ay,b1,...,an,bn)
ia —1 a
{F,G}(m) =FTJc ™,
— [F G] e 1 _D

Poisson bracket of functionals = symplectic Inner product of vectors
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->qn)

Phase space: Q =R?" 3 (q1,91,92,P2;- .- :Gn,Pn) =M

Functionalson phasespace: F: Q2 s R

Poisson bracket of functionals:

_ oF 0G OF 9G
{F= G’}(m) = ?:1(3—%3—;)3. — 5—%@—%)(?‘”)

The linear functionals / canonical variables are:
F: {lle +b1P1 —I-"' -|-(1an+an” {ll,bl,...:{lngbn E R

Theyforma dualspace * = (R)?" 3> F = (a1,b1,-.-,an, bn)

(0 —1 )

{F,G}on) —=F*JC =N

= [F, G] o

l\: .
Poisson bracket of functionals = symplectic inner product of vectors
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Discrete degrees of freedom Z;=1{0,1,...,d—-1}

Configurationspace:(Z4)" = (g1,92,--- ,qn)

7) 2n -

Phase space: Q2 = (Z > (91,P1,92,P2,---,9n,Pn) =M

Functionals on phasespace: F : {2 — 7,

Poisson bracket of functionals:
{F,G}(m) =X {(F[m+ (1;0y)] — FIm](G[m + (0;, 1;)] — G[m])
—(F[m+(0;,1;)] - F[m])(G[m+(1;,0;)] —G[m])
The linear functionals / canonical variables are:

F — ale "I- blpl + =ea + ﬂ-ﬂ}Xﬂ, + bnpn f_rl-]__._.bl_._, o oo e i e bn = :.r,"
They form a dualspace Q* = (Z,)?" = F = (ay,b1,...,an,bn)
ia —3 A
{F,G}(m) = FTJG SO
= [F G] 1 O

Poisson bracket of functionals = symplectic inner product of vectors
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A canonically conjugate pair  [F,G] = 1
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A canonically conjugate pair  [F,G] = 1

e.d. {3(1. Pl}. {J\’:Q. PQ}, and {X1 o e e PQ}

irsa: 09080009 Page 42/118




A canonically conjugate pair  [F,G] = 1
e.d. {X'l. Pl}. {J{Q_ PQ}, and {X1 + X Py I PQ}

A commutingpair [F,G] =0
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A canonically conjugate pair  [F,G] = 1 |
e.g. {X1,P1},{X5, P>}, and {X1 + X5, P + P>}

A commutingpair [F,G] =0
€0 {Xl, ,YQ}. {in, PQ}, and {Xl — X0, P1 + PQ}
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A canonically conjugate pair  [F,G] = 1

5 9 | {Xl. .Pl}, {X'Q. PQ}, and {X1 -+ X2, P1 + PQ}

A commutingpair [F,G] =0
€.g. {le -XQ}‘ {‘Yl? PQ}'.‘ and {X]_ — ij P]_ - PQ}

The principle of classical complementarity:

An observercan only have knowledge of the values of a |
commuting set of canonical variables.
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A canonically conjugate pair  [F,G] = 1

e.g. {X1,P1},{X2, P>}, and {X1 + X5, P + P>}

A commutingpair [F,G] =0
e.g. {X1, X0}, {X1, P}, and {X; — X, P; + P>}

The principle of classical complementarity:

An observercan only have knowledge of the values of a
commuting set of canonical variables.

More precisely, for commuting set S
Values of variables in S are known perfectly
Values of variables not in S are completely unknown

Page 46/118
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Valid epistemic states:
These are specified by:

A set of known variables V
VF,G eV . {F,G} =0

Pirsa: 09080009 Page 47/118
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Valid epistemic states:

These are specified by:

A set of known variables V Example:

VFGeV:{F,G}=0 V= {Xy, P>}
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Valid epistemic states:

These are specified by:
A set of known variables V S
VF,G eV :{F,G} = V=4X3 %5}

A valuation of the known variables
v:V > R/Z
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B ——

Valid epistemic states:

These are specified by:
A set of known variables V =
vE. G e V: F (T: —{] V= {X]_, PQ}

A valuation of the known variables
v:V o> R/Zg v(X1) =2,v(P) =2
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Valid epistemic states:

These are specified by:
A set of known variables V SRS
VE,G €V :{F,G} = V=4X5, 5}
A valuation of the known variables
v:VY o> R/Zg w{X1) =2, 6{P) —2

Equivalently,
An isotropic subspace Vof e, n\'{l

VEGeV : [FG] =0 4

V

Avaluationvectorv e V P2

v YF eV, Fly = o(F) P

irsa: 09080009

Page 51/118




The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
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Valid epistemic states:

These are specified by:
A set of known variables V SR
VF,G eV . {F,G} =0 YV =1{Xq, P}
A valuation of the known variables
v:VY >R/ Zg v(X1) =2,9(Py) =2

Equivalently,
An isotropic subspace Vof Q* i, ,1"!1

VEGeV [FG] =0 4

V

A valuationvectorv e V P2

v YF eV, FTy = (F) P

irsa: 09080009
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The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
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The ontic states consistent with the epistemic state (V,v) are
{meQ |VFeV: F(m)=v(F)}
={mcQ|VFeV:FI'm=FTy)}
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The ontic states consistent with the epistemic state (V,v) are
{meQ |VFeV: F(m)=v(F)}
={mcQ|VFeV:F'm=FTy)}
—Iimc Q| Bym—u}
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The ontic states consistent with the epistemic state (V,v) are |
{meQ |VFeV: F(m)=v(F)}
={mcQ|VFecV:FI'm=FTy)}
= {m € Q2 | Pym = v}
= + v
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The ontic states consistent with the epistemic state (V,v) are
{meQ |VYFeV: F(m) =v9(F)}
={mcQ|VFeV:Fl'm=FTy)}
={mec Q| Ppm = v}

—Vl4w _
(Dirac-delta / Kronecker delta)

The associated distribution is /

Pvu (m) = ]Gl’éyl__l_v (m)
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The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
={mcQ|VFeV:FI'm=FTy)}
—Iimc Q| Bym—uvu}
= + v

(Dirac-delta / Kronecker delta)

The associated distribution is /

Pvu (m) = ]ql"svl__l_v (m)

VTtV

Example
V = {X1, Xo}
v(X1) =1,9(X3) =2

VJ——I—U:{?REQ‘XI(?R) :O: Xz(m)zz}
= {(0,s,2,t) | s,t €R}

irsa: 09080009 Page 59/118




The ontic states consistent with the epistemic state (V,v) are

{meQ|VFeVY: F(m)=v(F)}
Z{mEQ\VFEV:FTmZFTv}
—Imc Q| Bym—1v}

—Vl4o _
(Dirac-delta / Kronecker delta)

The associated distribution is /

Pvu (m) = ﬁl’gvl__l_v (m)

Example

V = {X1, Xo}

v(X1) = 1,v(X2) =2

Vi+teo={me| Xi(m) =0, Xa(m) =2}
={(0,5,2,%) | s, € R}

isz: 0908008 @ jsanperg picture” and “Schroedinger picture” LR




Valid reversible transformations:

Those that preserve the Poisson bracket / symplectic inner product:
The group of symplectic affine transformations (Clifford group)

for m € Q2
m— Sm+ a

where [Su, Sv] = [u,v] Symplectic
and a €S2 Affine (Heisenberg-Weyl)

-

Z Ty 9 =
i T
> 7 ‘5\-‘5\5
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Valid reproducible measurements:

Any commuting set of canonical variables
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Restricted Liouville mechanics
€ F — Rz‘n.

X A
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- s /7 000/ o

Valid reproducible measurements:

Any commuting set of canonical variables
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Restricted Liouville mechanics
€ — RQTL

X A
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Valid epistemic states for a single degree of freedom

X A X A

V

A
Vv

> > v
2 V vy P
X A
\/
>
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Valid epistemic states for a pair of degrees of freedom

VLfv
ey £

==
-

VvV —>

P2
\ P‘
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Restricted statistical theory of trits |
= (Z3)2n '
2
X 1
0
0 1 2 l
P




Valid epistemic states for a single ftrit

Canonical variables aX -+ bP
X P XbEP X—P(—X-1L2P)

Commuting sets:
The singleton sets

the empty set

Suppose X is known to be 0
X, P) =35 i X =0
O otherwise

X 1

irsa: 09080009 j
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Epistemic states of maximal knowledge

Pirsa: 09080009

X known

2

1
0

[ e Q. N

O -

"U_\.

"U_L

’-U_;

P known

1 2
2
X 1
0
1 2
P
2
)
1 2
P

X + P known

1
=k

1
—l

X — P known

"U_\.

"";:]-L

"U_'n.
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T —

Epistemic states of non-maximal knowledge

Nothing known

2
X 1
0

":-J._'n.
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 +b601P1 + a1 X> + b P> ai,b1,ap,b0 € Z3

1stsystemvariables X4i, P;, X1+ P, X1 — P
2nd systemvariables Xo, P, Xo+ Py, Xo — P5
Joint variables X1+ X0, X14P, X14(Xo+ P>), ...
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Valid epistemic states for a pair of trits
Canonical variables a1 X1 +b01P1 + a1 Xo + b P> ai,b1,ap,b0 € Z3

1stsystemvariables X1, P;, X1+ P, X1 — P
2nd systemvariables X», P, Xo+ P>, Xo — P5
Joint variables X1+ X, X14P, X1+ (Xo+ P), ...

Commuting sets :

2 variables known:
{X1, X2}, {X1, P2}, {X1, X0+ P2}, ...
{Xl _XQ.'P]._I_PQ}' {*Y]._I_*YQfPl_PQ}f
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 +b01P1 + a1 X> + b P> ai,b1,ap,b0 € Z3

1stsystemvariables X7, P;, X1+ P, X1 — P
2nd systemvariables X5, P, Xo+ Py, Xo — P5
Joint variables X1+ X0, X14P, X1+4(Xo+ P>), ...

Commuting sets :

2 variables known:
{X1, X2}, {X1, P2}, {X1, X0+ P2}, ...
{Xl _XQ.'P]._I_PQ}' {‘¥1+‘¥‘2?P1_‘P2}.‘-

1 variable known

The singleton sets
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 +b01P1 + a1 X> + b P> ai,b1,ap,b0 € Z3

1stsystemvariables X1, P;, X1+ P, X1 — P
2nd systemvariables X5, P, Xo+ P>, Xo — P5
Joint variables X1+ Xo, X14P, X14+4(Xo+ Pr), ...

Commuting sets :

2 variables known:
{X1, X2}, {X1, P2}, {X1, X0+ P2}, ...
{Xl _XQ.'P]._!_PQ}' {:{]._I_*YQ:P]._PQ}#

1 variable known

The singleton sets

Nothing known
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How to represent this graphically

s
o = N
.

U,,j::’ 000102 101112 20 21 22
(X.P)

X, 22 l
21

s 20

) 12

10
02 |

X5 01
Py 00

00010210 11 12 20 21 22
(X2, P2)
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- ————nnmbvéwzBb bb;> >  —

1 varnable known

X1 known P> known
22 FT11 22| u .
21 B 21
20 H 0 THETHETEE
(X1,P1) 112 | (-\FI-P1)112
10 | 10 L [ | | |
02 02
01 01
00 00
0001 02 10 11 12 20 21 22 00 01 02 10 11 1220 21 22
(X2, Pp) (X2, Po) l
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- _ - 6B -

2 variables known

X7 and P> known

22
21
20 _
(X1, P1) :1112 '
10
02
01
00

0001 02 10'11 12 20 21 22
(X2, Po)
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1 varnable known

X1 known P> known
22 FTT 1 22 _ '
21 | 21
20 ] 200 [P [
(X1,Pp) 112 | (Xl.mif '
10 | o] [ [
02 02
01 01
00 00
00 01 02 10 11 12 20 21 22 00 01 02 10 11 12 20 21 22

(X2, Pp) (X2, Po)
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2 variables known

X1 and P> known

22 |
21 |
20
12

11
10
02

01 I
00

(X1, P1)

00010210 11 12 20 21 22
(X2, P7) |
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Uncorrelated pure epistemic states
x2=0 P2=0 X2+P2=0 X2-P2=0

X1=0 1 ] 1

X1+P1=0

X1-P1=0
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1 varnable known

X1 — X9 known P17 + P> known
22 I 22
21 | 21 |
20 20 B8 - E
: 12 , 12
(-“‘Ll-ﬂ)11 (-‘t1-1'°1)11 I
10 10 | — I
02 | 02 .
01 | 01 |
00 | 00
00010210 111220 21 22 000102101112 20 21 22

(X2, P>) (X2, P>)
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Uncorrelated pure epistemic states
X2=0 P2=0 X2+P2=0 X2-P2=0

X1=0 | | ]

X1+P1=0

X1-P1=0
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1 variable known

X1 — X2 known P1 + P> known
- ey | |
23 22
21 | ‘ 21 |
20 pil HEEE BN L |
- 12 , 12
(X1, P1) 11 (X1, P1) 1 I
10 10 - - e
02 | 02
01 | 01 |
00 | 00
00010210 111220 21 22 0001021011 12 20 21 22

(j{?- PE:} (.\PQ.PQ)

Pirsa: 09080009 Page 84/118




2 variables known

X1 — X2 and P; + P> known

22 |

21
20 TTT 111
12 .
11
10 | | |
02
01 -
00 |

00010210 11 1220 21 22
(X2, P2)

(X1, P)
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Correlated pure epistemic states

_n

| ' 1 - b o m ]
X1+X2=0 X14X2=0 X14X2=0 X1-X2=0 X1-X2=0 X1-X2=0
P1_-P2=0 X1+P1.P2=0 X1-P1+P2=0 P1+P2=0 X1-P1-P2=0 P1+X2+P2=0
| | ] ' ENEEEE NN ] | ENEEEE |
o | T . —
| | | 11 [=1
i_I 1 1
' i “EEN ] ] EHEE
[ | |
X1-P2=0 X1-P2=0 X1.P2=0 P1.X2=0 X1+P1.X2=0 P1_P2=0
P1_X2=0 P1.X2+P2=0 P1.X2_P2=0 X1+P1-P2=0 X14X2_-P2=0 X1-P1+X2=0
T T T T 1 ] I 1 | | EE|
| | i | C EEN Ei|
1 [ =1 | I | f = [ | |
EI:- 4 em— 5 | = |
_ | . . [ . [ ! | |
P1.X2=0 X1+P1.X2=0 X1-X2-P2=0 X1+P2=0 X1+P2=0 X1+P2=0
X1-P1-P2=0 X1-P1.X2_-P2=0 X1-P1+X2=0 P1+X2=0 P1+X2+P2=0 P1+X2_P2=0
[ | | | 1 | |
N 1  EEEEE 1 - |
| | I : '. | | ! i | ]
1 I | | | | | | 1 . |
[ ] [ | | |
I L] | . |
I | = | | | | | |
+X2=0 X1+P1.P2=0 X1+P1+P2=0 P14X2=0 P1+P2=0 1.P1.P2=
R 0908098} +X2+P2=0 P1.X2+P2=0 P1.P2=0 X1+P1+P2=0 X1.X2+P2=0 F‘1-K2 paLgee




Valid reversible transformations

1 trit example:

P— —-X -l y

: =] | - >

2 trit example: Ee=S S=— 22

H s i
X1 X e T S
Py— P — P == %%H’;
Xo— X1+ Xy | E=EEEpErE
Py — P i v‘-‘l T : +

I L‘ 7| : 7 FNE
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Valid reproducible measurements
On a single trit

2 2 2 2

X 1 X1 X 1 X 1
0
TE 0 1 2 01 2 0 1 2
P P P =
On a pair of trits
22 [ 2o =
21 21 |
20 20 EN
12
(‘YI'PIJ‘I“I (XLPI)::,IQ

10 1OI
02 02
01 01 I
00 00|

0001021011 122021 22 0001021011 122021 22

(X2, P2) (X2, P>)
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Restricted statistical theory of bits

Q = (Zy)*"
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A single bit

Canonical variables aX —+ bFP a,b & :Q
X, P, X+ P(=X-P)

Epistemic states of maximal knowledge

X known P known X + P known

x 1 x1 x 1
0 0 0
0 1 0 1 0 1
P P P

x 1 x1 x 1

0 0 0
0 1 0 1 0 1
P P P

Epistemic states of non-maximal knowledge

Nothing known

x 1
0
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A pair of bits
Canonical variables a1 X1 +b61P1 + a1 Xo + b Ps ay,by,ap,bp € Zo |
. l
0 o 00 01 10 11
0 1 (X, P)
P
X
. 11
> (X1,P1) 10
01
> 00
Py 0001 10 11
(X2, P2) l
X
2 P2 | |




Uncorrelated pure epistemic states

X2=0 P2=0 X2+P2=0
X1=0
B E:_ ﬁ
T E

Pirsa: 09080009
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Correlated pure epistemic states
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O
w O |

11
(X1,.P1) 10
01
00

0001 10 11

(X2, P)
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Equivalence of these
restricted statistical theories
to “subtheories” of quantum theory

Look to a representation of quantum theory on phase space
— the Wigner representation




Restricted Liouville mechanics
= Quadrature Quantum Mechanics

O — Rzn

X A
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Quadrature quantum mechanics

Hermitian operators: F : £2(R™) — £2(R™)
Commutator:
[F',G] = FG — GF
The quadrature operators are:
F=a1X1+b0Pi+ - +anXn+bP, a1,01,...;an,bnp €R

Quadrature states are eigenstates of a commuting set of quadrature operators

Specified by an isotropic subspace VVand a valuation vector ve 17

(Quadrature transformations and measurements take quadrature states
to quadrature states)
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Wigner representation of quantum mechanics

Weyloperator 5(m) = et q; Pi+pi X
Quantum state p

Characteristic functiony ,(m) = Tr(p @w(m)")
Wigner functionW,(m) = ¥, e_i[mf“]xp(m)

For quadrature state associated with V, v
Wy ,(m) = _%'6114—1*(”])
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Equivalence of states implies equivalence of measurements and transformations
Therefore

Theorem: Restricted statistical Liouville mechanics is empirically
equivalent to quadrature quantum mechanics
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Restricted statistical theory of trits
= Stabilizer theory for qutrits

= (23)2”‘

X 1
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'
"3(1 ,.;’{L .\L ) :{1 MC
\/ﬂm | - Pl
7 P2
\'\/) ?I M_..:‘; '\j.
Led St= 3V

Noe = Wi €1 Dyyu (aem) = P (a) sdebhbiaed
= Teefl |\ kg = 0 YaeVs

“fhest |V Ta=0 NaeM}

- \“\Q QTM‘Q\&U\:\L cuwi:\o.m et o) T‘(

Pirsa:&OSOEQH\\J (ﬂ) - ‘l\ij S Mt N (aﬂ 11111111111

B

L —




Dh’a%c%{t }b\’\‘iﬁﬁ ‘SPQQE ‘rO{mmL]SM

basis  1x) %€z  For seale a’/ukr;k Cs
<hH D?qa&ur ?(1/\\)0 = \x+-‘[> q,€ Lz
Seost af‘arﬂj‘w R(P\ ey = Q_%'Pwlxﬁ ?GZS
Weyl operates for ..;‘.wa\e ‘I,”J”

O = ¢ 2 PR S S

m’hert wA = (AL B) e(Zg\
\NQ\’\ GPBJG.JCQI ‘Far LAY 1\.«'{.1" "l”'?.

I

/m(m\- e = 22:piq; [ R(ﬁ\g(fpx

where wa = (6,/ Py osee ﬂr\‘“\ QLZJM




g‘ka\ﬂl ( ey ﬁ‘kat@‘;

P = L 2, e_lﬁg“t\j‘mﬂ ()
M 'M\"’*eﬂ
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\/ S A ‘J'EL“\Lr

:_}(m\ = g»i_%'.ZZP;T) T-\_%(\“}\ %(1/\

/)HJ S 4\‘1\11 #\wmk\}{—tc& fl‘uitcﬁrof ov’\\o

J(b\-! : G-H’\'k G:\ faSpal -‘J-? T ‘:':j (M\ \mé H_\?t
) Wil SR
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A discrete \)\J%c\nw {:wxcﬂt'r@

Dq\,;a C\rusqj uaA-PL,/oc,ozoon
3 oW C\L\o'\n o Hl)'!&mnw Ewnﬂ‘\'\‘efsl fl,[}/ouw g

Cknfun'\*fiﬁ"r:t Eu«‘ -rw /0 EE v 7)_;1::;{(,
Kp(b) = “‘.-.Tr(w-tb) )
f 3 /3 |
\ectic 'Fﬂu{‘,‘g{ e ancTorn
QU\aIdL‘k“lﬁd:c {m\

R G

\y\Jlﬂmar L -§72P

\aJ/o(a\= ._LZ e_?;'[““‘l"_) f\(f(g)
<l b€ Z}zn
\I\JJ:{‘EF ‘FU“C{-G‘\S a‘g' S'talﬁ}li?ﬂr ﬁ_&ﬁ'\'ﬂ

W () = N gnm“ﬂ




Equivalence of states implies equivalence of measurements and transformations
Therefore

Theorem: The restricted statistical theory of trits is empirically
equivalent to the Stabilizer theory for qutrits
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Restricted statistical theory of bits
~ Stabilizer theory for qubits

€) — (Zz)Zn
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Analogously to what we did for trits, one can:

Define stabilizer theory for qubits
Define Gross' discrete Wigner function for qubits

Find: Wigner function can be negative for qubit stabilizer states
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Analogously to what we did for trits, one can:

Define stabilizer theory for qubits
Define Gross' discrete Wigner function for qubits

Find: Wigner function can be negative for qubit stabilizer states

The restricted statistical theory of bits is not equivalent but very
close to the Stabilizer theory for qubits

Page 109/118




Why the restricted statistical theory of bits
Is not equivalent to qubit stabilizer theory

HOODOfDOnoInaomome

Even number of
correlations

1 10), L))+ i1+, :
Iq} C ( A # 5 i C
|~ C A C
[T A C C EE c A \
L A \ A
== R

Odd number of
correlations

Qubit stabilizer theory is nonlocal and contextual (e.g. GHZ)
Restricted statistical theory of bits is local and noncontextual

Stay tuned for Bob Coecke’s talk. ..

Pirsa:
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Beyond classical complementarity: could a different statistical
restriction get us closer to quantum theory?
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Beyond classical complementarity: could a different statistical
restriction get us closer to quantum theory?

NO for discrete degrees of freedom

Supplementing the unitary representation of the Clifford group with a
single non-Clifford unitary yields all unitaries
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Beyond classical complementarity: could a different statistical
restriction get us closer to quantum theory?

NO for discrete degrees of freedom

Supplementing the unitary representation of the Clifford group with a
single non-Clifford unitary yields all unitaries

YES for continuous degrees of freedom

In addition to rotations and displacements in phase space, one can
add squeezing —one gets all the quadratic Hamiltonians

(Bartlett, Rudolph, Spekkens, unpublished)
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The classical uncertainty principle:

The only Liouville distributions that can be prepared are those satisfying

() +ikJ > 0

and that have maximal entropy for a given set of second-order moments.

[ A2y Couvy Coves Cavip onn |
Cp1,74 AZp, Cpi,zo Cpy,po
v(p) =2 Czo27 Cropy AQIQ Czs.po
Cpg-i"1 CF‘Q-PI C;Jg.rg &2192

(0 —1 L) / I‘\
1 O o ?
i — g —1 x
1 0 p(z1,p1,%0,92,--.)
\ =

rrex 0@ theory is empirically equivalent to Gaussian quantum mechaniCgese uane




Knowledge balance vs. classical complementarity
Contrast:

The principle of classical complementarity:

An observer can only have knowledge of the values of a
commuting set of canonical variables.

The knowledge-balance principle:

The only distributions that can be prepared are those that
correspond to knowing at most half the information

From: Spekkens, quant-ph/0401032 [Phys. Rev. A 75, 032110 (2007)]
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According to Knowledge-Balance

Valid epistemic states for a single system

x 1 x 1 x 1
0 0 0
0 1 0 1
p p

0 1
P
x 1 x 1 x 1
0 0 0
0 1 0 1 0 1
P P P

Valid epistemic states for a pair of systems

Plus permutations of rows and columns

Pirsa: 09080009
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Knowledge balance vs. classical complementarity
Contrast:

The principle of classical complementarity:

An observer can only have knowledge of the values of a
commuting set of canonical variables.

The knowledge-balance principle:

The only distributions that can be prepared are those that
correspond to knowing at most half the information

From: Spekkens, quant-ph/0401032 [Phys. Rev. A 75, 032110 (2007)]
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The classical uncertainty principle:

The only Liouville distributions that can be prepared are those satisfying

v(p) +ihJ >0

and that have maximal entropy for a given set of second-order moments.

[ Ay Cny Coves CGavng oo
Cpy.a1 AZp; Cpraz Cpypo
y(pn) = 2 CJ‘Q.II C;I'2~p1 AQIQ C;I.'Q.p‘z
Cpozr Cpopr Cpoao AZpy

0 1 ) / \<~ﬁ.\"‘ZD
1 0
J = 0 -1 x
1 O ﬂ(IlﬁplfxszQ"")
\; ")
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