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Abstract: <span>A significant part of quantum theory can be obtained from a single innovation relative to classical theories, namely, that the
fundamental restriction on the sorts of statistical distributions over classical states that can be prepared. &nbsp;(Such a restriction is
a€oeepistemica€e because it implies a fundamental limit on the amount of knowledge that any observer can have about the classical state.)
will support this claim in the particular case of a theory of many classical 3-state systems (trits) where if a particular kind of epistemic restric
assumed -- one that appeals to the symplectic structure of the classical state space -- it is possible to reproduce the operational predictio
stabilizer formalism for qutrits. &nbsp;The latter is an interesting subset of the full quantum theory of qutrits, a discrete analogue of Gatu
guantum mechanics. This is joint work with Olaf Schreiber.</span>
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Two approaches to axiomatization

Operational approach Ontological approach
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Classical statistical theory
+

fundamental restriction on statistical distributions
U
l
A large part of quantum theory

In the sense of reproducing the operational predictions
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Classical statistical theory
+

fundamental restriction on statistical distributions
4 |
A large part of quantum theory

In the sense of reproducing the operational predictions |

I.e. quantum states emerge as statistical distributions (epistemic states)
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics

= Gaussian quantum mechanics
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics
= Gaussian quantum mechanics
Bits Statistical theory of bits Restricted statistical theory of bits

- Stabilizer theory for qubits
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Restricted Statistical

Classical theory Statistical theory for theory for the classical
the classical theory theory
Mechanics Liouville mechanics Restricted Liouville mechanics
= Gaussian quantum mechanics
Bits Statistical theory of bits Restricted statistical theory of bits
- Stabilizer theory for qubits
Trits Statistical theory of trits Restricted statistical theory of trits

= Stabilizer theory for qutrits
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These theories include:

« Most basic quantum phenomena

e.g. noncommutativity, Interference, coherent superposition, collapse,
complementary bases, no-cloning, ...

* Most quantum information-processing tasks

e.g. teleportation, key distribution, quantum error correction,
improvements in metrology, dense coding, ...

* A large part of entanglementtheory

e.g. monogamy, distillation, deterministic and probabilistic single copy
entanglement transformation, catalysis, ... |

« A large part of the formalism of quantum theory

e.g. Choi-Jamiolkowskiisomorphism, Naimark extension, Stinespring
dilation, multiple convex decompositions of states, ... |
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Classical theory

Mechanics

Bits

Trits
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theoryfor the classical
theory

Restricted Liouville mechanics
= (Gaussian quantum mechanics

Restricted statistical theory of bits
- Stabilizer theory for qubits

Restricted statistical theory of frits
= Stabllizer theory for qutrits
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Classical theory

Mechanics

Bits

Trits

Optics
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical optics

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= (Gaussian quantum mechanics

Restricted statistical theory of bits

~ Stabilizer theory for qubits

Restricted statistical theory of frits
= Stabllizer theory for qutrits

Restricted statistical optics
= linear quantum optics
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Classical theory

Mechanics

Bits

Trits

Optics

Electrodynamics
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Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical optics

Statistical electrodynamics

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits

-~ Stabilizer theory for qubits

Restricted statistical theory of frits
= Stabilizer theory for qutrits

Restricted statistical optics
= linear quantum optics

Restricted statistical electrodynamics
=== part of QED?
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Classical theory

Mechanics

Bits

Trits

Optics

Electrodynamics

General relativity

Pirsa: 09080009

Statistical theoryfor
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical optics

Statistical electrodynamics

Statistical GR

Restricted Statistical
theoryfor the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
- Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quirits

Restricted statistical optics
= linear quantum optics

Restricted statistical electrodynamics
=== part of QED?

Restricted stafistical GR
==~ part of quantum gravity?
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Categorizing quantum phenomena

Those arising in a restricted Those not arising in a restricted
statistical classical theory statistical classical theory

Wave-particle duality

collapse
i Interference P
noncommutativity

Teleportation ,
entanglement No cloning

Quantized spectra  ~oherent superposition

Key distribution Bell inequality violations (R Creses

+ no-signalling

. Bell-Kochen-Specker theorem
Improvements in metrology

Pre and post-selection
Computational speed-up “paradoxes’

Particle statistics
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Categorizing quantum phenomena

Those arising in a restricted
statistical classical theory

Those not arising in a restricted
statistical classical theory

Interference
Noncommutativity
Entanglement
Collapse
Wave-particle duality
Teleportation
No cloning
Key distribution
Improvements in metrology
Quantum eraser
Coherent superposition
Pre and post-selection “paradoxes”
Others...

Bell inequality violations + no-signalling
Computational speed-up (if it exists)
Bell-Kochen-Specker theorem
Certain aspects of items on the left
Others. ..

Quantized spectra?
Particle statistics?
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Others...
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Categorizing quantum phenomena

Those arising in a restricted
statistical classical theory

Those not arising in a restricted
statistical classical theory

Interference
Noncommutativity
Entanglement
Collapse
Wave-particle duality
Teleportation

MNn rlaninn

Not so strange after all!
Improvements in metrology

Quantum eraser
Coherent superposition
Pre and post-selection “paradoxes”
Others...

Bell inequality violations + no-signalling
Computational speed-up (if it exists)
Bell-Kochen-Specker theorem
Certain aspects of items on the left
Others...

Still surprising!
Find more!
Focus on these

Quantized spectra?
Particle statistics?
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Others...
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A research program

The success of restricted statistical theories suggests that: |
Quantum theory is best understood as a Kind of probability theory |
Hardy, quant-ph/0101012 |

Barrett, quant-ph/0508211
Leifer, quant-ph/0611233
Etcetera, etcetera
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A research program

The success of restricted statistical theories suggests that: |
Quantum theory is best understood as a kind of probability theory |
and that

Quantum states are states of incomplete knowledge |

Caves and Fuchs, quant-ph/9601025
Rovelli, guant-ph/9609002 |
Hardy, quant-ph/9906123

Brukner and Zeilinger, quant-ph/0005084
Kirkpatrick, quant-ph/0106072

Collins and Popescu, quant-ph/0107082 |
Fuchs, quant-ph/0205039
Emerson, quant-ph/0211035
etcetera
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A research program

The success of restricted statistical theories suggests that: l
Quantum theory is best understood as a kind of probability theory |
and that

Quanfum states are states of incomplete knowledge of a deeper |

reality
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A research program

The success of restricted statistical theories suggests that:

Quantum theory is best understood as a Kind of probability theory
and that

Quantum states are states of incomplete knowledge of a deeper
reality

Speculative possibility for an axiomatization of quantum theory

Principle 1: There is a fundamental restriction on observers capacities to
know and control the systems around them

Principle 2: 7?? (Some change to the classical picture of the world) l

We need to explore possibilities for principle 2, even if only in toy theories
Ultimately, we need to derive principle 1 from principle 2
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quirits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Quadrature quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quitrits

Page 22/118




Classical theory

Mechanics

Bits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= (Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quirits
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Classical theory

Mechanics

Bits

Trits
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Restricted Statistical
theory for the classical
theory

Restricted Liouville mechanics
= Quadrature quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for quirits
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Classical complementarity
as a statistical restriction with broad applicability

Jointwork with Olaf Schreiber

Building upon:

Spekkens, quant-ph/04010352 [Phys. Rev. A 75, 032110 (2007)] l
S.van Enk, arxivi0705.2742 [Found. Phys. 37, 1447 (2007)]

D. Gross, quant-ph/0602001 [J. Math. Phys. 47, 122107 (2006)] |

Bartlett, Rudolph, Spekkens, unpublished
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A fact about operational quantum theory:

Jointly-measurable observables
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a commuting set of observables
(relative to matrix commutator)
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A fact about operational quantumtheory: |

Jointly-measurable observables = a commuting setof observables l
(relative to matrix commutator)

This suggests a restriction on a classical statistical theory:

Jointly-knowable variables = acommuting set of variables l
(relative to Poisson bracket) |
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A fact about operational quantum theory:

Jointly-measurable observables = a commuting set of observables
(relative to matrix commutator)

This suggests a restriction on a classical statistical theory:

Jointly-knowable variables = acommuting set of variables |
(relative to Poisson bracket)

We beginwith classical mechanics...
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)

Phase space: 2 =R?™ 3 (g1,71,92,P2;- - - :Gn,Pn) =M
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Continuous degrees of freedom l

Configurationspace: R™ > (91,92, --->9n)

Phase space: 2 =R?" 3 (q1,91,92,P2; - . -

Functionalson phasespace: F: Q2 3R
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)

Phase space: 2 =R?™ 3 (g1,91,92,P2;- - - :Gn,Pn) =M

Functionalson phasespace: F: Q2 3R

Poisson bracket of functionals:
_ OF 0G OF 0G
U GHm) = 331 G ;. — i g, (™)

—
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)

Phase Space: Q = EZH, = (QI:pl:qzapfz: T :q'napn) =

Functionalson phasespace: F: Q2 3R

Poisson bracket of functionals:
_ . oF 0G AF OG
{F,GHm) = :;'r’zl({é—%a—m - é—mfﬂz)(m)

The linear functionals / canonical variables are:

F:ﬂ’lX1+b1P1+"'+G’TLX71+bTLPR {11,61,.

irsa: 09080009
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Continuous degrees of freedom

Configurationspace: R™ > (1,92, -- -, 9n)
Phase space: 2 =R?" 3 (¢1,91,92,P2;- - - :Gn.Pn) =M

Functionalson phasespace: F: Q2 3R
Poisson bracket of functionals:

_ . oF 0G oF oG I
{F,G}(m) = ?’i’zl(a—%@—ﬁ — @—mﬁ—%)(m)

The linear functionals / canonical variables are:
F — ﬂ,le +b1P1 +"' +aan+ann ﬂ;ljbly...:an_jbﬂ E R

Theyforma dualspace Q* = (R)?" 3> F = (a1,b1,...,an, bn)

Page 34/118
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)

Phase space: 2 =R?" 3 (g1,91,92,P2;- - - :Gn.Pn) =M

Functionalson phasespace: F: Q2 3R

Poisson bracket of functionals:
_ . oF F ¢
{F,G}(m) = L1, (§c 5 — 59 (m)

The linear functionals / canonical variables are:
F — ﬂ;le +b'lP1 +"' +£1an +b-n,pn a;lj,bl:,...7aa-njbﬂ E R

Theyforma dualspace * = (R)?” > F = (a1,b1,...,an, bn)

[0 —1 )

{F,G}(m) = FTJG o

E[FG] | 1 _01

\‘: i
Poisson bracket of functionals = symplectic inner product of vectors
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Discrete degrees of freedom Z;=1{0,1,...,d—1}

Configuration space:(Z4)" = (q1,92, .- - ,qn)

Phase space: 2 = (Z4)?" = (¢1,P1,92: P2, - . - ,qn, Pn) = m
Functionals on phasespace: F . 2 — 7,
Poisson bracket of functionals:
{F,G}(m) = ¥1_(F[m+ (1;,0,)] - F[m])(G[m + (0;,1,)] - G[m])
—(F[m+(0;,1,)]-F[m])(G[m+(1;,0;)] —G[m])
The linear functionals / canonical variables are:
F — ale “I_ blP}_ + = + ﬂrnX:rL "'I- b‘TLPH al.,bl a.--n?bn 'f_: :”I'

ooooo

They form a dualspace Q* = (Z,)?" = F = (ay,bq an,bn)

= A T e | e e e T e

{F,G}(m) =FTJG 1 0
= [F, G] o o

Poisson bracket of functionals = symplectic inner product of vectors
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)
Phase space: 2 =R?" 3 (g1,91,92,P2;- - - :Gn.Pn) =M

Functionalson phasespace: F: Q2 3[R

Poisson bracket of functionals:

_ OF 0G _ OF G
{F,G}H(m) = ?:1(3—%5—% - B—E{@E)(m)

The linear functionals / canonical variables are:
F: ﬂ,le +b'lP1 +"' +[lan+ann ﬂ;ljblj...:a-n.abn E R

They form a dualspace Q* = (R)?" 3> F = (a1,b1,...,an, bn)

0 —3 o

IF,G}om) =FriG ol [

=[] =

\: " s
Poisson bracket of functionals = symplectic inner product of vectors

irsa: 09080009




Discrete degrees of freedom Z;=1{0,1,...,d—1}

Configuration space:( Z4)"

> (91,92, --,qn)

Phase space: 2 = (Z4)*" = (q1,P1,492,P2,- - - ,qn,Pn) =m

Functionals on phasespace: F' . 2 — 7,
Poisson bracket of functionals:
{F,G}(m) = ¥_(Flm+ (1;,0,)] — F[m])(G[m + (0;,1,)] — G[m])
—(F[m+(0;,1,)]-F[m])(G[m+(1,,0;)] —G[m])
The linear functionals / canonical variables are:
F - CLle "I"‘ blP}_ + st + ﬂrnX:rL "I_ b‘TLPn a]_.,bl a.-ﬂ?bn % : J

+++++

They form a dualspace * = (Z,)?" = F = (ay,bq Gz )

. e T s R T L w ow o

{F,G}(m) = FTJG 1 0
= [F, G] . D_l

Poisson bracket of functionals = symplectic inner product of vectors
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Continuous degrees of freedom

Configurationspace: R™ > (91,92, --->9n)
Phase space: 2 =R?" 3 (g1,91,92,P2;- - - :Gn.Pn) =M

Functionalson phasespace: F: Q2 3R
Poisson bracket of functionals:

_ . (OF8G _ 9F 9G
{F,G}H(m) = ?:]_(6]—%6—;03. - é—m(@—qg)(m)

The linear functionals / canonical variables are:
F: ale +b1P1 +"' +aﬂXn+b-nPn ﬂlﬁbly...:anjbﬁ E R

Theyforma dualspace * = (R)?" 3> F = (a1,b1,...,an, bn)

[0 —1 )

{F,G}om) =FTIG | b

=[Fe] =

\: s
Poisson bracket of functionals = symplectic inner product of vectors
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Discrete degrees of freedom Z;=1{0.1,...,d—-1}

Configuration space:(Z4)" = (q1,92, .- - ,qn)

Phase space: 2 = (Z4)°" = (q1,P1,92:P2, - - - ,qn:Pn) =m

Functionals on phase space: F' : 2 — Z,
Poisson bracket of functionals:

{F,G}(m) =Y (Flm+ (1;0))] — FIm])(G[m + (0;, 1;)] — G[m])
—(F[m+(0;,1,)]-F[m]))(G[m+(1,,0;)] —G[m])
The linear functionals / canonical variables are:

F=a1X14+b60P1+- -+ anXn+ bnFp ai,bq an,bn € Zg

ooooo

They form a dualspace 2* = (Z,)?? = F = (ay,bq,...,an,bn)

(8 —1 )
{F,G}(m) = FTJG 1 0

— [F G] = ? _Ol

Poisson bracket of functionals = symplectic inner product of vectors
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—

A canonically conjugate pair  [F,G] = 1
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A canonically conjugate pair  [F,G] = 1

eg. {X1,P1},{X5, P>}, and {X;1 + X5, P + P>}
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A canonically conjugate pair  [F,G] = 1
eg. {X1,P1},{X2, P>}, and {X; + X5, P; + P>}

A commutingpair [F,G] =0

irsa: 09080009 Page 43/118




A [F.G] =1 I

canonically conjugate pair

eg. {X1,P1},{X2, P5}, and {X; + X5, P, + P>}

A commutingpair [F,G] =0 -
€.g. {X1, X} {X1, P>}, and {X1 — X, P1 + P>}
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—

A canonically conjugate pair  [F,G] = 1 I

eg. {X1,P1},{X2, P>}, and {X; + X5, P, + P>}

A commutingpair [F,G] =0
€.g. {le *XQ}' {le PQ}: and {Xl — X», P17 + Pz}

The principle of classical complementarity:

An observercan only have knowledge of the values of a I
commuting set of canonical variables.
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A canonically conjugate pair  [F,G] = 1

eg. {X1,P1},{X5, P>}, and {X;1 + X5, P, + P>}

A commutingpair [F,G] =0
e.g {X1, X2}, {X1, P2}, and {X; — Xp, P1 + P>}

The principle of classical complementarity:

An observer can only have knowledge of the values of a
commuting set of canonical variables.

More precisely, for commuting set S
Values of variables in S are known perfectly
Values of variables not in S are completely unknown

Page 46/118
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Valid epistemic states:

These are specified by:

A set of known variables V
VF,G eV  {F,G} =0 l
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Valid epistemic states:

These are specified by:

A set of known variables V Example:

VEG eV - F (T": — 0 V= -{Xl, PQ}
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Valid epistemic states:

These are specified by:

A set of known variables V Example:

VEG eV - F (;} — V= {Xla PQ}

A valuation of the known variables
v:V > R/Z,
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Valid epistemic states:

These are specified by:
A set of known variables V Example: I
VEG eV :{F.a}—0 V={X1, B} |
A valuation of the known variables '
vV o R/Z, wX1) =2, 0{Pa} =2
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Valid epistemic states:

These are specified by:
A set of known variables V SR

VFE,G €V . {F,G} = V=4{X1, P}
Avaluation of the known variables

v:V R/, w{X1) =2 v{Pa] =2
Equivalently,
An isotropic subspace Vof e, n\(;_
VEGeV . [FG] =0 V
V

Avaluationvectorv e V P2

v YF eV, Fly = o(F) P

irsa: 09080009

Page 51/118




The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
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Valid epistemic states:

These are specified by:
A set of known variables V SRS

VF,G €V . {F,G} = V=4X1, P}
A valuation of the known variables

vV o R/Z, v(X1) =2,9(Pr) =2
Equivalently,
An isotropic subspace Vof Q* e, n\f’;_
VEGeV : [FG] =0 V
V

Avaluationvectorv € V P2

v YF eV, Fly = o(F) P

irsa: 09080009
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—

The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
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—

The ontic states consistent with the epistemic state (V,v) are |
{meQ|VFeV: F(m)=v(F)}
Z{mEQ\VFEV:FTmZFTv}

irsa: 09080009 Page 55/118




The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
Z{mEQ\VFEV:FTmZFTv}
={mec Q| Ppm=rv}

irsa: 09080009 Page 56/118




The ontic states consistent with the epistemic state (V,v) are
{imeS2 |VFeV: Fim) =v(F)}
Z{mEQ\VFEVIFTmZFTv}
={mecQ| Ppm=wv}
= + v
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The ontic states consistent with the epistemic state (V,v) are
{imel|VFeV: Fim) =v(F)}}
Z{mEQ\VFEViFTmZFTv}
={mec Q| Ppm=v}
— L + v

The associated distribution is /

Pvu (m) = }%i'épd_g_v (m)

(Dirac-delta / Kronecker delta)
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The ontic states consistent with the epistemic state (V,v) are
{imeZ|VFeV: Fim)=v(F)}
Z{mEQ\‘Ef'FEV:FTmZFTv}
={mecQ| Ppm=nv}
= + v

The associated distribution is /

Pvu (m) = _}%’ﬁz,f‘__;_v (m)

(Dirac-delta / Kronecker delta)

Example

V= {X1, X2}

w(X1) =1,v(Xa) =2

Vite—=|mea| Xi(m) =0, Xof{m) =2}
= {(0,s,2,%) | s,t € R}
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The ontic states consistent with the epistemic state (V,v) are
{meQ|VFeV: F(m)=v(F)}
Z{mEQ\VFEYZFTmZFTv}
={me Q| Ppm= v}

—Vl4ow _
(Dirac-delta / Kronecker delta)

The associated distribution is /

Pvu (m) = _}%’51,-?'*_{_@ (m)

Example

V= {X1, Xo}

w(X1) =1,9(Xa} =2

Vito={me| Xi(m) =0, Xo(m) =2}
= {(0,s,2,%) | s,t e R}

risa: 09080008 e jgsa nperg picture” and “Schroedinger picture” LR




Valid reversible transformations:

Those that preserve the Poisson bracket / symplectic inner product:
The group of symplectic affine transformations (Clifford group)

for m € 2
m— Sm -+ a

where [Su, Sv] = [u,v] Symplectic
and a €S2 Affine (Heisenberg-Weyl)

o ’?:T\ “fT :}I # \-...__‘\:\-...)3 ""\--.\) - P
) 7 SN TNy
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Valid reproducible measurements:

Any commuting set of canonical variables
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Restricted Liouville mechanics

€F — RQ’H

X A
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Valid reproducible measurements:

Any commuting set of canonical variables
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Restricted Liouville mechanics

€F — RQ’TL

X A
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Valid epistemic states for a single degree of freedom

X A X A

V
V'

V

V
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Valid epistemic states for a pair of degrees of freedom
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Restricted statistical theory of trits

) — (23)27}&

X 1
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Valid epistemic states for a single trit

Canonical variables aX + bP
X P X+P X—P(=X-12P)

Commuting sets:
The singleton sets

the empty set

Suppose X is known to be 0
(X, P) == it X =0
O otherwise

|

X 1
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Epistemic states of maximal knowledge

Pirsa: 09080009

X known

2

1
0

| i T, §

i . €

o = N

*'U...'p.

o = N

"U_L

o = N

'-U...;

P known

"1:|.....L

X + P known
2
x 9
O
g F 2
P
- _
X 1
0
g 1T 2
P
2
X 1
0 |
8 T 2
P

X — P known

"U_\.

f-U_'n.

P'U._'n.
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—

Epistemic states of non-maximal knowledge l

Nothing known

2
X 1
0

*‘U...n
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 +601P1 +a1 X2 + boPs ai,b1,ap,bp € Z3

1stsystemvariables Xq, P;, X1+ P, X1 — P
2nd systemvariables Xo., P, Xo+ P>, Xo — P5
Joint variables X1+ X0, X1+P, Xi+(Xo+P>), ...
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 + 61 P + a1 X2 + b0 ai,b1,a2,by € Z3

1stsystemvariables X4¢, Pi, X1 + P, X1 — P
2" systemvariables X5, P>, Xo+ P, Xo — P5
Joint variables X1+ Xo, Xq+4P, X14+Xo+ Ps), ...

Commuting sets :

2 variables known:
X, 20} (X0, ) 15, X0+ 5, -
SN thL 1 XX,
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Valid epistemic states for a pair of trits

Canonical variables a1 X1 + 61 P + a1 X2 + b5 ai,b1,a2,by € Z3

1stsystemvariables X4q, P;, X1 + P, X1 — P
24 systemvariables X5, Pr, Xo+ P, Xo — P5
Joint variables X1+ X0, Xq+4P, X1+ (Xo+Ps), ...

Commuting sets :

2 variables known:
{X1, X2}, {X1, P2}, {X1, X0+ P2}, ...

S-S thL i+ X h-0,, .

1 variable known

The singleton sets
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Valid epistemic states for a pair of trits
Canonical variables a1 X1 + 61 P + a1 X2 + b0 ai,b1,a2,by € Z3

1stsystemvariables Xq, Pi, X + P, X1 — P
29 systemvariables X», Pr, Xo+ P>, X5 — P5
Joint variables X1+ X0, Xq4P, Xq4+(Xo+ P>), ...

Commuting sets :

2 variables known:
{XI?XQ}‘- {‘Y12P2}' {X].?‘XQ +-P2}: e
{XI_XQrPl_l_PQ}' {*X1+4¥2:P1_P2}?“'

1 variable known

The singleton sets

Nothing known
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How to represent this graphically

22
| 21
= 20

(X1, P1) -

2
X 1
0
0 1 2
P
X1
X9
P>
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;npl 11

10
02
01
00

L 00010210 11 12 20 21 22
(X, P)

00010210 111220 21 22
(X0, P>)
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1 variable known

X1 known P> known
22 | 22 | B 1]
21 | 21
20 . 20 |
12 il "1 BHE Bl
(X1, P1) 11 | (Xl.-Pl)T,[
10 | o] | b | |
02 02
01 | 01
00 00
0001 02 10 11 1220 21 22 0001 02 10 11 12 20 21 22
(X2, P») (X2, Pp)
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2 variables known

22|

21
20
(X1, P1) ::;2
10
02
01
00

Pirsa: 09080009

X1 and P> known

00 01 02 10'11 12202122
(X>, P>)
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1 variable known

X1 known

22

20

ET 7]
21 _!|
|

12

(X1, Pr) 11

10
02

01

00

00010210 11 12 20 21 22
(X3, P5)

Pirsa: 09080009

22
21
20
12
(X3, Pl)ﬁ
10
02
01
00

P> known

—
-

0001 02 10.11 12 20 21 22
(Xo, Po)
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2 variables known

22
21
20
(X1, P1) :}12
10
02
01
00

Pirsa: 09080009

X1 and P> known

0001 02 10'11 122021 22
(X»>, P>)
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Uncorrelated pure epistemic states
x2=0 P2=0 R2+B2=0 H2-P2=0

X1=0 f‘ f |

X1+P1=0

X1-P1=0  EEEE B |
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1 variable known

Pirsa: 09080009

X1 — X2 known

0001 02 10 11 I12 20 21 22
(X3, P)

22
21
20

- 12
X1, F
(X1, 1)11

10
02
01
00

P1 + P> known

00 01 02 10. 11122021 22

(X2, P2)
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Uncorrelated pure epistemic states
#2=0 P2=0 F2+E2=0 H2-P2=0

X1=0

X1+P1=0

X1-P1=0 I | é o |
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1 variable known

X1 — X2 known

. ' | |
21 |

00 ]
000102 10 11 12 20 21 22
(X3, Po)
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22
21
20

- 12
X1, P
(X1, 1)11

10
02
01
00

P1 + P> known

00 01 02 10.r’|’| 12 20 21 22
(X2, P)
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2 variables known

X1 — X2 and P; + P> known

22 |
21
20 | |
, 12
(X1, Py) 11 |
ol [ ||
02
01
00 |

00010210 11 12 20 21 22
(X2, P)
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Correlated pure epistemic states

| | | o | P 1 | | | : = | Ei

o | i |

X1+X2=0 X1+X2=0 X1+X2=0 K1-X2=0 X1-X2=0 X1-X2=0
P1-P2=0 X1+P1-P2=0 X1-P1+P2=0 P1+P2=0 X1-P1-P2=0 P1+X2+P2=0
] N ! ] ] ] . : | ] H EEES

| ] . | g - = i il : | ] Hm

N = = =S EEE | Sz = ; EEE

X1-P2=0 X1-P2=0 X1-P2=0 P1-X2=0 A1+P1-X2=0 P1-P2=0
P1-X2=0 P1-X2+P2=0 P1-X2-P2=0 X1+P1-P2=0 X1+X2-P2=0 X1-P1+X2=0

| E | | | 5| | BN | | | | e | I ] | =]
: | [ | | |EE | | =1 _!
. | 11 |l e | | | | | I | HE |

_ | g 13 o | Ly | ! 1

P1-xX2=0 X1+P1-X2=0 K1-X2-P2=0 X1+P2=0 X1+P2=0 X1+P2=0
X1-P1-P2=0 X1-P1-X2-P2=0 X1-P1+X2=0 P1+X2=0 P1+X2+P2=0 P1+X2-P2=0

' ' I 11 |

| 1 | | | | I |_ I ] 1 | ; l
! | = | 1= | | | g | | | = | | | | o | |
|5 | 5 | ]_1 Ll o ] | | LB | = [ =]

o 09080&)}*2:{3 X1+P1-P2=0 X1+P1+P2=0 P1+X2=0 P1+P2=0 X1-P1 -PEE%G/MB

+X2+P2=0 P1-X2+P2=0 P1-P2=0 X1+P1+P2=0 X1-X2+P2=0 P1-X2.P2




Valid reversible transformations

1 trit example:

P = _jY 3 _.-*-l-- y
4 A
1 = ) - =
2 trit example: =L T
o = e R e
1
Pll—>P1_P2 3 :h’i’ﬁb >
XQ — Xl + _X'z = fﬁ%izﬂ
P2 B A NI A
i v|¥| ‘v |¥
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Valid reproducible measurements

On a single trit |
2 2 2 !
X1 X1 X X 1
0 0
0 3 2 01 2 0 1 2 g 1 2
P P P P
On a pair of trits |

(X1, Pl) (X1, Pl) etc.

0010210111220 21 22 0001021{311 122021 27
(X2, P3) (X2, P>)

Pirsa: 09080009 Page 88/118




Restricted statistical theory of bits

= (Zz)Qn
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A single bit

Canonical variables aX -+ OF a,b & :2
X, PP X4+ P(=X-P)

Epistemic states of maximal knowledge

X known P known X + P known

x 1 x 1
0
0 1
P
x 1 x 1
0 0
0 1
P P

Epistemic states of non-maximal knowledge
Nothing known

x 1
0
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A pair of bits

Canonical variables a1 X1 +b61P1 + a1 X2 4+ b P aq. 4{}1 s i 8 1{12 e 49
X 1 —>
0 L 00 01 10 11
0 1 (X, P)
P
JX
: | 11
I \;‘\ (X1,P1) 10
’ 01
. 00
= 0001 10 11
(X2, Po)
X
2 P2
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Uncorrelated pure epistemic states

X2=0 P2=0 X2+P2=0
X1=0
B Ei_ ﬁ
e E
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TR P R A P
TH H P O

Correlated pure epistemic states




11
(X1,P1) 10
01
00
00 01 10 11
(X2, P2)
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Equivalence of these
restricted statistical theories
to “subtheories” of quantum theory

Look to a representation of quantum theory on phase space
— the Wigner representation




Restricted Liouville mechanics
= Quadrature Quantum Mechanics

€ — RQ’TL

X A
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Quadrature quantum mechanics

Hermitian operators: F : £2(R™) — £2(R™)
Commutator:
[F',G] = FG — GF
The quadrature operators are:
F=a1X1+b0Pi+ - +anXn+bP, @1,01,...;a0,p €R

Quadrature states are eigenstates of a commuting set of quadrature operators

Specified by an isotropic subspace VVand a valuation vector ve

(Quadrature transformations and measurements take quadrature states
to quadrature states)
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Wigner representation of quantum mechanics

Weyloperator 5(m) = e 4 Pi+p;i X;
Quantum state p

Characteristic functiony ,(m) = Tr(p @(m)T)
Wigner functionW,(m) = ¥, e_i[“"”f“]xp(m)

For quadrature state associated with V, v
Wy .(m) = _%'61 Ly, (m)
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—

Equivalence of states implies equivalence of measurements and transformations
Therefore

Theorem: Restricted statistical Liouville mechanics is empirically
equivalent to quadrature quantum mechanics
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Restricted statistical theory of trits
= Stabilizer theory for qutrits

) — (Z?))Qn

X 1
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