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There are several claims to derive QM from a statistical or
stochastic non-local theory:

Edward Nelson
«Steve Adler
Markopoulou and LS

*Artem Starodubstev hep-th/0206097

How do these work?

Are there general conditions that must be satisfied for
such a derivation to work?
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The basic idea:

*The fundamental theory does not live in space. It is based on
an evolving graph like a spin network or a matrix.

*The low energy theory recovers space-time as an averaged
description, for example, from diagonal entries.

Because the coarse grained notion of locality incompletely
represents the fundamental notion, there are stray edges,
connecting nodes that are far away in the coarse grained
notion of locality. Or there are off-diagonal matrix entries.
Hence locality is disordered.

«Statistical mechanics for the whole system, plus reasonable
conditions, implies quantum mechanics for subsystems.

*The stray non-local links or off diagonal matrix elements are
the missing hidden variables.

irsa: 09080007 Page 6/42



Principles:

P1 Averaging over the hidden variables induces a random noise
in the evolution of the subsystem variables. This allows the
subsystem to be described in terms of stochastic differential
equations.

P2 There 1s a notion of averaged energy in the subsystem,
which is conserved in time.

P3 The averaging over the effects of the hidden variables does
not impose a direction of time. After the hidden variables are
averaged over the stochastic dynamics of the subsystem 1s
invariant under time reversal.

P4 We can approximate the averaged dynamics by keeping
terms only of lowest order in spacial and time derivatives. In
particular, the probability current for the subsystem variables 1s
assumed to be irrotational.
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The basic tool: stochastic differential equations
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The basics of Brownian motion on configuration space.
probability density: o(+“.f) probability current: ¢ (x.?)

Conservation: d—’” - —i}!“.d / d"zp(x) =1
ct dxr
Evolution
Forward: dz" = b%dt + duw” (dwdw”) = 2vdtq™ gt > 0

Backward: dz** = b**dt + dw*® {(dw**dw*’) = —2vdtq™® dt <0

: | 1
Current velocity: ¢ = 5 (6% +b7)
Osmotic velocity: «“ = %(h” —b*") = g™V Inp

ol ) — x(t #{t) — 2t — At
Dx(t) = hm / z{t + Af) ) \ D.x(t) = lim : :
A0+ \ At / AF—04 Al
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The Fokker-Planck equations

p = —Va(pb®) +vV2p
Jﬁ' — vu“}b:u} "’ijﬂ

Imply: dp  Opo”

dt A

ik

1o an a
i =:2.{b — 57%) = 1q 'E"i?blup

Behavior under time reversal

a b*u e ST a _ o
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The basics of Brownian motion on configuration space.
probability density: p(+“.?) probability current: v“(x.1)

Conservation: d—’” - —d}!”.d / r!”,r',ﬂ’!{.r} =}
cdt ore
Evolution
Forward: dz“ =0bYdt+dw®  (du®du”) =2vdtqg®™® gt~ 0

Backward: dz** = b**dt + dw*® {dw**dw*’) = —2vdtq®® dt <0

: 1
Current velocity: ¢ = 5 (6% +57)
O t- I -t 7 i1 'I' r'| | ”IrJI y
SMOIC veloCIly: «u" = ;{ W =) =pg®Viynp
S . [t 4+ At) — (1) R #(t) — z(t — Af)
Dax(t) :_xls“.tql.-. \ o > 1), x(t) = __~..}”.1|IE|. < A >
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The Fokker-Planck equations

p = —Va(pb®) +vV?p
Jﬁ' — vu{.ﬁb*ﬂ} "’Fvi}p

Imply: dp  Opv”

dt  Dre

L ]

15 e a
o =72.{b — 5%) = 1q 'E"{Fblnp

Behavior under time reversal
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Nelson’s stochastic quantum theory

--a low energy description of a system
satisfying the principles stated above.
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We posit an averaged Hamiltonian with the following conditions:

* H 1s a function of p(x), v (X) and position.
* H is conserved in time, (P2).
e H 1s invariant under time reversal invariance, (P3).

e H contains only those terms that dominate in the low velocity
and long long wavelength limit (P4).

* The current velocity v¥(x) 1s irrotational (P4).
* H 1s positive definite.
* H is invariant under rotations.

*H 1s local 2 / d® +H oy
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We posit an Hamiltonian with the following conditions:

* H 1s a function of p(x), v (x) and position.

-

Hislocal H = / dN 2 H H = ph

h 1s a scalar function of v# and u®
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We posit an Hamiltonian with the following conditions:

* H 1s a function of p(x), v (X) and position.

-

*H is local £ = / d~ zH H = ph

h 1s a scalar function of v2 and u®

*H is invariant under time reversal invariance, (P3).
* H is positive definite and invariant under rotations.

h':t'] — Fl[ug] + F»s ['uz] + F3 [(-!L ; -{?_}2] +fd"{1} Fi &U pos, definite
+ terms in dv and Jdu
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We posit an Hamiltonian with the following conditions:

* H 1s a function of p(x), v (X) and position.

-

*Hislocal H = / dN 2 H H = ph

h 1s a scalar function of v* and u?
*H is invariant under time reversal invariance, (P3).
* H is positive definite and invariant under rotations.

h(z) = R[] + Ba[u?] + Fs[(u-v)’] +U(z)  E U pos, definite
4 terms in dvand Ju

In the low velocity and long long wavelength limit (P4):
m o b

ey Mg 0 5
hiz) = 7 T gt + U(z) m.,b > 0.
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We posit an Hamiltonian with the following conditions:

* H 1s a function of p(x), v (X) and position.

-

*Hislocal H = / dN 2 H H = ph

h 1s a scalar function of v2 and u®

*H is invariant under time reversal invariance, (P3).
e H is positive definite and invariant under rotations.

hz) = R[]+ Bu’] + Bl(u-v)’]+U(z)  F U pos, definite
+ terms in dv and Ju

In the low velocity and long long wavelength limit (P4):

Mmoo by
h{x) = ?’L = = 5“ + U(z) m.b > 0.

It b=0 this 1s just the averaged energy ot an ensemble of classical
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So anything new comes from the b term

§ b ¥ bl—-"z At
Hqumzfum — \/dh‘ -'1'.!'7"3“'£ — T t’.f'\ ;I.’ﬁ{v In ;?)E
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So anything new comes from the b term

2

—

N b 9 IbIa-"? N
Hquanfum — \/ﬂﬂ'I ;I?p;'u." e d'\ iI-’F‘{v lH ;})E

We now impose: The current velocity v#(x) 1s irrotational (P4).

v b _
8z 8r*
& o : 1 dS
This implies vt = —q"—
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So anything new comes from the b term

b2

: b .
Hqua.ﬂtum — \/ﬂnﬂ\I lI?PE?.LZ — 2 {fMJ P{? lll ,G)

We now impose: The current velocity va(x) is irrotational (P4).

gv* P’ _0
oxb  dre
B . % D8
This implies i = —ges

Putting everything together we have finally:

H = f ( 2+bi{? lnp}“‘-!—bt’)
2m
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Derivation of the Schroedinger equation

5 bhv* ;
H - /p (_,}L(\?usr i %{vu In p)? +u)
27 2

We now impose

; j . 2 - 1-_3
2m 9 02

2m

1 . |
2V Vap)] - .s—v**{pv.z:)}

irsa: 09080007 Page 22/42



Pi

IIIII

: 09080007

Derivation of the Schroedinger equation

H = / (—(\T S) +hi{‘7 In p)? —i—H)

2m

We now impose
{T p)’
2

1
+2V“EV p)] — S—\T“{pvﬂ)}

2m

0=H = f{p{q_i(m.s e 2

We use
p= ——V (PVaed),

m

Which gives:

bv? (V.p)?
[ﬁrl-5f+—i‘7ah} B i {[ .{J)

bR l‘f'ap}-‘
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This implies for all p that

] I i l:."‘ .. Q
0= St (VL SP U MNab) agely )
2m 2 p- P

We also have the conservation law B 1 a (0V.S).

rn
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This implies for all p that

T | - bv? (Vap) 1
B8t — 7 V2 i a I
+2_m[_ e > ( 3 +2V P\Tmo]
We also have the conservation law . 1. ,
p= _Ev (PV oS)

nese are the real and imaginary parts of the Schroed eq

4l R,
h—r = [—ﬁv +u] T

T(z,t) = 'S/

h = vvmb
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The scene of the crime:
When we write: H = / d™ zp(z)h(z)

We expect that h is a property of an individual system.
So h cannot depend on p.
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The scene of the crime:
When we write: H= /d'"”'i‘p{:rlflii}

We expect that h is a property of an individual system.
So h cannot depend on p.

But it does, through the b term:

2

; bi?
- A — /{fﬂ rp—JuE el d“”rm?inp"}
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The scene of the crime:
When we write: H = /d""rp{-.rJh(r}

We expect that h is a property of an individual system.
So h cannot depend on p.

But it does, through the b term:

4 9

! bi”
| ¢ S fﬂ!ﬂ 1;3—1;:2 =L d¥ rpi\—lnp"}

Either:
We accept that the energy of a system can depend on
the gradient of its probability distribution.

Or

We derive this from a more fundamental theory

: 09080007 Page 29/42



Derivation of Nelson from a hidden variables theory
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The scene of the crime:
When we write: H= /d""i‘p{:ﬂh[r}

We expect that h is a property of an individual system.
So h cannot depend on p.

But it does, through the b term:

4 9

I [
H o oiagm = fﬂﬂ tp-lu‘? = i d“”rp{‘?inp}

Either:
We accept that the energy of a system can depend on
the gradient of its probability distribution.

Or

We derive this from a more fundamental theory

: 09080007 Page 31/42



Derivation of Nelson from a hidden variables theory
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Start with a global phase space: (x,y; p, @)

(X,p) subsystem (y, ® ) environment

o Hﬂubsyafem (z. p} 4+ Hhi-:iden {IH‘ '}T} 4 Hinf [.:I', Y. p, ,T}

) 1
Haubhystem(;r_p} oo q“bpu'ﬁ&, -i-IfI(.I."}
2
We define expectation values: -
P < 0 = /pO
JI

T / dyiz,3)
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7 Hsubsysfem [L(;I.‘.. p) = Hhiddenr:y! TI.";I 1 H.Ent(_r.' Y. p, ']l'.")

il 1
H.ﬂubsyattm{r_ p} o mqabpﬂpb 3 EJ[I}

We study special probability distributions defined
by a Hamilton-Jacobi function, S(X.,y)

= - 0.5 ) 58
PS['T1 4, P, ﬂ"] = p(z,y) H O Pa — Spa ) H‘ﬁ(}}a = _ )

ol e

, 55 e
On solutions: Pa = = TRGE {

x,Y)

a2

rn

{O}=/ﬁ@
I’

HE”CE {H.ﬂu&b‘ysiﬁn! = /didyﬁ{ry} _‘j_qabj':.u[:;r? -y]iﬂ{x,y} _I_‘:{I:l]

The task is now to average over the y's to find the stochastic

“dyramics for the x's.
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To average over the y's we assume:

< H™ =

The environmental energy is separetely conserved

d < j’j’ﬁ”h.‘?y.‘#f—'}‘ﬁ. ~

These imply = =1
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We study the averaged kinetic energy:

< k >= fdy/d.rp.r y}m 2

With the hidden variables specified everything is classical
SO0 we can write:

z(t +dt)(z, y) — r)g

k(z,y) = — lim ( -

2 dit—0

We can make it explicitly time symmetric

k(z,y) = = lim [(-’““”f}(wl—ﬁ)g N (I—I{f—dﬂ(r;y})j

4 di—0 dt dt

Since everything is smooth this doesn’t change anything
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Now we take the average:

S i}
o b = No=r . AT o e(t+dt)(z,y) — 2\~
L ) E e Y (G

r—x(t —dt)(z.y) .
Htamesy

To get effective local equations we have to integrate out the
hidden variables, y. This will make the evolution of the x's
stochastic. Hence, non-differentiable.

-

Hence, we exchange the order of the limit and averaging

le we assume there is some micro time scale t such that
iy m =~ lir {1y,
[ o fim, = Jim, [ a

The result must be expressed in the lanquaage of stoch. diff eq’s
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Thus, exchanging the order we have
i N .J
< k ‘:b—dltlmﬂ [dy/d xp(x

r(t+dt)(z,y) —x : " r—x(t —dt)(z,y) i
dt dt

We now use r*(t+dt)(z,y) — =% =b"(z.t)dt + dw" (x,y)

To write:
fik}=dliﬂ1 — dyfdmrp_t y)
2E—T
( b*(z,t)dt + dw®(x,y) 2 4 (b*“'(;r, t)dt + ATw?(z,y) )2
dt dt
m N - m19 *2 rn
= — [ d"zplz) |b° + b ]—I—C+O(T} e e

4 ' 2T
i N D +2
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Hence, our procedure, reversing the order of limits and
integration, reproduces the u® term.

Note: assuming time reversal invariance was essential.

This Is no longer enforced once the limit and integral are
exchanged.

i . A (o 2

4 dt—0 dt
r —x(t —dt)(z,y) &
3 ‘
e
The result would have been different: a+p=1
o W o= %: d™ zp(x) [1*?‘ +u*? + 2(a — Bw - -u] + C
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Time reversal invariance in Nelson’s original formulation

Nelson’s dynamical law: L aV(A)

; = — ——
m A

Stochastic acceleration: 1
-I'f:l‘!l:_.-jll._llll e = | j'};'} b ”.I -“\nr

il

Note that this is chosen to ensure time reversal invariance
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Hence, our procedure, reversing the order of limits and
integration, reproduces the u® term.

Note: assuming fime reversal invariance was essential.

This Is no longer enforced once the limit and integral are
exchanged.

9
Had we taken: k(z.q) = ™ lim | ZEE ) (EY) —2
ST 4 350 dt
fxz—z(t—dt)(z,y) &
3
v (gt
The result would have been different: a+p=1
W o= iﬁ; d™ zp(zx) [ri +u*% + 2 — Bw - -u] + C
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Time reversal invariance in Nelson’s original formulation

Nelson’s dynamical law: e AV (A)

* m dA?

Stochastic acceleration: ;
at(Mt) == = (DD. + D,D) X!

Note that this is chosen to ensure time reversal invariance
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