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Abstract: | will consider physical theories which describe systems with limited information content. This limit is not due observer's ignorance about
some &ldguo;hidden&rdquo; properties of the system - the view that would have to be confronted with Bell's theorem - but is of fundamental
nature. | will show how the mathematical structure of these theories can be reconstructed from a set of reasonable axioms about probabilities for
measurement outcomes. Among others these include the & Idquo;locality& rdquo; assumption according to which the globa state of a composite
system is completely determined by correlations between local measurements. | will demonstrate that quantum mechanics is the only theory from
the set in which composite systems can be in entangled (non-separable) states. Within Hardy's approach this feature allows to single out quantum
theory from other probabilistic theories without a need to assume the &ldquo;simplicity&rdquo; axiom. 1. Borivoje Dakic, Caslav Brukner (in
preparation) 2. Caslav Brukner, Anton Zeilinger, Information Invariance and Quantum Probabilities, arXiv:0905.0653 3. Tomasz Paterek, Borivoje
Dakic, Caslav Brukner, Theories of systems with limited information content, arXiv:0804.1423
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1 Bit Systems (L=2)

d=3 real numbers needed to
specify quantum state but only 1 bit

d=1 can be read out (Holevo Bound)
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1 Bit Systems (L=2)

d=3 real numbers needed to

specify quantum state but only 1 bit
can be read out (Holevo Bound)

n= () l’:(Px:-P 3.,-'~P z)

Measurement

0 s= 0

Probabilistic Bit p, Qubit
.HOH+ p2 Hl” a |0} + b | 1}

Generalized Bit
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1 Bit Systems (L=2)

d=3 real numbers needed to

specify quantum state but only 1 bit =
can be read out (Holevo Bound) d— :

1 1 N= C i p:(p};.-p }rﬁp Z)

®
0 0 -0 Measurement
Bit Probabilistic Bit p, Qubit Generalized Bit
.HO_"+ p2 "1” a |0:} + b | 1}

"The most elementary system contains one bit of information.™
Pz 008002 ( Zealinger, 1999, Brukner, Zeilinger 2001) Page 41193
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1. Whyd=3 for a two-level qguantum-mechanical system ?
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This talk

1. Whyd=3 for a two-level qguantum-mechanical system ?
2. Whatis the set of axioms that singles out quantum theory ?

3. Whatis the physics of a two-level system with general d
("generalized bit”; g-bit) ?
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This talk

1. Whyd=3 for a two-level qguantum-mechanical system ?
2. Whatis the set of axioms that singles out quantum theory ?

3. Whatis the physics of a two-level system with general d
("generalized bit”; g-bit) ?

4. Featuresof information processing and computation with g-
bits ?
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Why ,,Reconstructing Quantum Theory“?

1. Axiomatization:simple, more easily comprehensible

physical principles are then “the reason” for counter-intuitive
features of quantum mechanics, such as contextuality or
violation of Bell’s inequality, Tsirlason’s bound.
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Why ,,Reconstructing Quantum Theory“?

1. Axiomatization:simple, more easily comprehensible
physical principles are then “the reason” for counter-intuitive
features of quantum mechanics, such as contextuality or
violation of Bell’s inequality, Tsirlason’s bound.

2. New Physics: either there are additional principle(s) that
single out quantum theory, or the alternativeones are
possible and perhaps even realized in nature in a domain that
s still beyond our observations.
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Why ,,Reconstructing Quantum Theory“?

1. Axiomatization:simple, more easily comprehensible
physical principles are then “the reason” for counter-intuitive
features of quantum mechanics, such as contextuality or
violation of Bell’s inequality, Tsirlason’s bound.

2. New Physics: either there are additional principle(s) that
single out quantum theory, or the alternativeones are
possible and perhaps even realized in nature in a domain that
s still beyond our observations.

d-1-sphere i) Directional degrees of freedom (spin)

KA, embeddedin d spatial dmensions?
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5_— Quantum Gravity: Dimension different
Nu e a from 3 (+1) at “small scales’.




“If. as Protessor Wheeler has argued. the origin of quantum
mechanics™ structure 1s to be sought mn a theorv of observation
and observers and meaning. then we would do well to focus

our attention not on amplitudes but on quantities which are
more directly observable.”

William Wootters.
Quantum mechanics without probability amplitudes
Foundations of Physics. 1986
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Quantum Mechanics based on Reals

o

p

Density matrix
(LHevel system)
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Quantum Mechanics based on Reals

. ~  Lp—11
p— &= "5

Density matrix
(LHevel system)
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Quantum Mechanics based on Reals

~, e LA_H.
p— T=7FT — X

Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)
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Quantum Mechanics based on Reals

o Lp—11

p—r &= 3 —= X
Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)

e Single Qubit
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e SingleQubit r; = 'Irpo;
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Quantum Mechanics based on Reals

. ~ _ Lp—1

p—r By —= X
Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)
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e SingleQubit r; = 'Irpo;

e TwoQubits v = (x.y.7):
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Quantum Mechanics based on Reals

gp—>4&=575 —» X
Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)

M= (.-!

z; = Trpo; ® 11,
i — Trﬁ]] X T;.
I;; = Trpo;®oj, 1=1,2,3
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Quantum Mechanics based on Reals

A Lp—11

p— T="7 — X
Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)
n= )
e SingleQubit ©; = 'Irpo; _'
e TwoQubits v = (x.y.7):
- @
r; = TI',aC?'j Q 1, ‘/ﬂﬂl
e y, = Trpl @ o, I,f—n‘:LocalBlochvectorﬁ

3 Trpo: ® o5, i=1,2,3
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Quantum Mechanics based on Reals

~ o~ L N— ]]_
p— T="F — X
Density matrix L2-1 dimensional real
(LHevel system) vector (Bloch vector)
n= ()
e SingleQubit ©; = 'Irpo; »
e TwoQubits v = (x.y.7):
=0
r; = TI',@O} Q 1, ﬁ‘|l
Currelitif:ns Y = Tl‘ﬁ]] R T;, MI.-f—"‘*anaIBIochvectors
\WLi; = Trpo;®0c;, 1=1,2,3

[ (x)) = cos i)|“>!1) + sin i)|1>|[l}
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() = ((0,0.cosx)’. (0.0, — cosz)?. diag[sin . sin r, —1])




Operational approach

Transformation

Preparation _ Measurement
O} Output D,
6 | s — | d 5
d D'
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Operational approach

(with some interpretational remarks occasionally™)

Transformation

Preparation _ Measurement

Crutput
o e

6. | — | — O" P

o

*More at PIAF '09 New Perspectives on the Quantum State,
Sept. 27 — Oct. 2, 2009
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Pure & Mixed States

Preparation

d —_—p = (p1..... Pd) The state is a set of probabilities ...

... or Bloch vectors.
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Pure & Mixed States

Preparation

d —_—p = (p1..... Pd) The state is a set of probabilities ...

... or Bloch vectors.

Ap1 + (1 — A)p2 — Ax; + (1 — A)Xa preserves linear structure of mixtures
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Pure & Mixed States

Preparation

d —_—p = (p..... Pd) The state is a set of probabilities ...

... or Bloch vectors.

Ap1 + (1 — A)p2 — Ax; + (1 — A)X2 preserves linear structure of mixtures

The state Is pure if there exits a (non-degenerative or maximal)

measurement and an event for which p=1.
“Deterministic answer in an experiment”
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Pure & Mixed States

Preparation

d —_—p = (p1..... Pd) The state is a set of probabilities ...

... or Bloch vectors.

Ap1 + (1 — A)p2 — Ax; + (1 — A\)X2 preserves linear structure of mixtures

The state Is pure if there exits a (non-degenerative or maximal)

measurement and an event for which p=1.
“Deterministic answer in an experiment”

The state is mixed If it is a convex mixture of pure states.
V>
= Zﬂipf
irsa: 09080002 1 2 ﬂf 2 0’ Zﬂf = 1 & Page 29/195
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Pure & Mixed States

Preparation

d —_—p = (p..... Pd) The state is a set of probabilities ...

... or Bloch vectors.

AP1 + (1 — A)p2 — Ax; + (1 — A\)X2 preserves linear structure of mixtures

The state Is pure if there exits a (non-degenerative or maximal)

measurement and an event for which p=1.
“Deterministic answer in an experiment”

The state is mixed If it is a convex mixture of pure states.
L5
P :Zﬂi‘pf
irsa: 09080002 1 2 ﬂf 2 0? ZAE = 1 @ Page 31/195
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Transformations

Ax; + (1 — A)xo. 5 8 AT(xy) + (1= A)T(x2) Tislinear

— —
' I(x)=71x+ 1(0)

O~
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Transformations

A+ (1 =Nxa. | | | AT(a) +(1=NT(x2) Tis linear
— —

Cs ' I(x)—=I1x+ It

Preparation device Measurement device

—— |
0
0

%5 _-'T*T"_- r,
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Transformations

A+ (=A% | | | ATGi) +(1=NT(x2) Tis linear
—_— —_— |
CS ' I(x)= Ix+ I(D)
Preparation device Measurement device
EE—l
X, |- T —(- T"b— r, g
X r leasurement

Preparation
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Transformations

A+ (1 =Nxa. | | | ATGa) +(1=NT(x2) Tis linear

CS | 1(x)= Ix+ I(0)
Preparation device Measurement device
—— |
X, | T T — g
. T ey N leasurement
Preparation ﬁ ?

New preparation
PR New measurement
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Transformations

AXp+ (1= A)x2. | | | AT(x) + (1= ANT(x2) Tis linear

— —_— |
6 ' 1(x)—= Ix+ I(D)
Preparation device Measurement device
|
X, || T - T — g
. = T e S [easurement
Preparation ﬁ 2

New preparation
P New measurement

T is assumed to be invertable (T exists) => T preserves purit
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Totally Inviariant State

Totally (mixed) invariant state
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Totally Inviariant State

Totally (mixed) invariant state

Equally weighted mixture of all pure states E = — Z x
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Totally Inviariant State

Totally (mixed) invariant state

1
Equally weighted mixture of all pure states E = — Z X

isinvariantunder T: 7(E)=E

irsa: 09080002 Page 40/195




Totally Inviariant State

Totally (mixed) invariant state

Equally weighted mixture of all pure states E = — Z X

isinvariantunder T: 7(E)=E

— All measurements return
the same probability 1/L
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Transformations

Axp + (1 — A)xa. ol AT(x) +(1=A)T(x2) Tislinear
—_— —
CS ' I(x)=1x+ 1(0)
Preparation device Measurement device
e |
— T —- T"E g r, g
Preparation ﬁ X r 2 leasurement

New preparation
New measurement
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Totally Inviariant State

Totally (mixed) invariant state

FKaawcsm e cassm s el o al e tesidis ssnmn il alll imsssnm mden i o By _ *
hHHHIIr "hlhll‘h“ RS el I e b | LN | H“I T e T el T e A— }"
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Totally Inviariant State

Totally (mixed) invariant state
Equally weighted mixture of all pure states E = — Z X

isinvariantunder T: 7(E)=E

—5 All measurements return
the same probability 1/L
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Transformations

A+ (1 =Nxa. | | | ATGa) +(1=NT(x2)  Tis linear

—_— — |
CS ' 1(x)=1Ix+ 1(0)
Preparation device Measurement device
—— |
X, | T e T —— g
; ﬁ X r [easurement
Preparation

New preparation
o2 New measurement

T is assumed to be invertable (T exists) => T preserves purit
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Totally Inviariant State

Totally (mixed) invariant state
Equally weighted mixture of all pure states E = — Z -

isinvariantunder T: T(E)=E

— All measurements return
the same probability 1/L
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Totally Inviariant State

Totally (mixed) invariant state

1
Equally weighted mixture of all pure states E = ~ Z x

isinvariantunder T: 7(E)=E

—» Allmeasurementsreturn _—, =0 — T(0) =0
the same probability 1/L

T represented by d x d invertable matrix

irsa: 09080002 Page 47/195




Group Structure
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Group Structure

T form a group:
A composition of transformations is a transformation T, T, =T,
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Group Structure

T form a group:
A composition of transformations is a transformation T, T, =T,

Assumption: There is a group representation of T in terms of
orthogonal matrices O

“Schur-Aurebach theorem applies”

There is an invertible matrix $ such that 0=8TS-1and O is orthogonal matrix
0T0=1
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Group Structure

T form a group:
A composition of transformations is a transformation T, T, =T,

Assumption: There is a group representation of T in terms of
orthogonal matrices O

“Schur-Aurebach theorem applies”
There is an invertible matrix $ such that 0=8TS-1and O is orthogonal matrix
0T0o=1

Included:

e finite groups

Pirsa: 008000 CONtiNUOUS compact Lie groups Page 51/195
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Measurements

d

Mixing coefficients are unchanged:

fOxi+(1=N)x2) = Af(x1)+(1=Nf(x2) & f(0)=1
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Measurements

Output

——
—_—

Rnea& — f(X)

d

Mixing coefficients are unchanged:
_f(/\}c-|+(1—_/\)x2) = )\f(xl)f(l—k)f(x-g) & f(0)= %

Linear affine transformation:

1 ,

—> Prieas = E(l + (L —1)r'x) Probabilityrule
The vector r represent the outcome for the given measurement setting,
e.g.vector (1, 0, 0, ... ) represents one of the outcomes for the first
measurement.
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The set of measurement vectors

Preparation device

X, -

Measurement device

T—l

0

0




The set of measurement vectors

Preparation device Measurement device

X, |- T —(- T —— r, g
X r
, WA . S Txl‘r&—- 9 1;1 [r 2T
New coordinates T Old coordinates 1 meas — —11L T L — LT X}
r — T | 3 £
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The set of measurement vectors

Preparation device Measurement device
-
X, | T j—— T —— " g
. .
ey = Txy, N 1 .
New coordinates . Oldcoordinates Prpeas = —(1 + (L — l)rrx)
e =T Efw. . L
Representation picture: y = Sx m = S 'r
1 T
-Pmeas = Z(l 5 (L =" ].)III Y)
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The set of measurement vectors

Preparation device Measurement device
|
X, | T j—— T —— r, g
. .
ey = Ty, sy 1 .
New coordinates . Oldcoordinates Prpeas = —(1 + (L — 1)r!x)
¢ = T Eye L
Representation picture: y = Sx m = S 'r
Ty = Oy, ° 1 z
Nev; C{_—}{f}l‘{hllﬂtﬁ'f:'r y YI U IEE UM LT LA R]lf’ﬂ& = (]‘ + (L o ]‘)m y)

L

m = Oy -
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The set of measurement vectors

Preparation device Measurement device
e |
X, - T — T - r, g
. .
muyy = T, .y 1 .
New coordinates . Oldcoordinates Prpeas = —(1 + (L — 1)1“F X)
E = Eie.. L
Representation picture: y = Sx m = S 'r
o = Oy,. > 1 T
New coordinates Y . Old coordinates Pmeas = ‘Z(l +(L—1)m"y)
nE = Oml L g
Xy I

& % & E
P B o o B n —
7 B R =g ¥
LS’ = LS [ T —t
Pirsa: 09080002 () 3 Page 59/195
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The set of measurement vectors

Preparation device Measurement device
—— |
X, T j—— T —— r, g
x v
ey = T, o iy 1 .
New coordinates . Oldcoordinates Prpeas = —(1 + (L — 1)r!x)
r = B L
Representation picture: y = Sx m = S 'r
oy = (R S 1 T
New coordinates Y ¥ Old coordinates Pmeas = '"E(l +(L—1)m"Yy)
m = O = 7
X F

S _ ¢ STS*=0
Pirsa: 09080002 P, 3 Page 60/195
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The set of measurement vectors

Preparation device Measurement device
|
X, | T e T — g
x v
ey = Tx;, o iy 1 .
New coordinates 4. Oldcoordinates Ppeas = —(1 + (L — 1)1“r X)
r = Pl L

Representation picture: y = Sx m = S 'r

» = Owy, ™ 1
New coordinates y Y1 Old coordinates Pmeas = ‘Z(l L (L = 1) mTY)
\\\U m = Oml EJ,-"
‘UINT
Xy I X " (I7)

lll" ‘r-' & I'
S ¢ STS'=0O (S-HT (SHT STYTHT(SHT
& = _ B :
Pirsa: 09080002 () ( ) g oo
| A— mY———"¥m = 3.a




The set of measurement vectors

Preparation device Measurement device
|
X, —— T ——- T" . r, g
. .
R i e b o8 - 1 .
New coordinates _yr. Oldcoordinates Ppeas = —(1 + (L — 1)r!x)
e = Efw.” L
Representation picture: y = Sx m = S 'r
New coordinates Y e Old coordinates Pmeas = *L'(l +(L—1)m"y)
m — Oml ‘H—-h_ﬂf’;
T
Xy /S I ()

X B s - r
S‘ i ‘S STS*=0 {S-l)T\ ) ]{S-HT ST(THT(SH)T
Pirsa; 09080002 3 L.. ¥y m () - :(. Ol )sz(ﬁe 62/195
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The set of measurement vectors

= Tx;. Representation picture: y
= 'T_lTrl Yy = X DR — 5_1Tr m = Om;

()Y] :




The set of measurement vectors

x = T, Representation picture: y = Oy,
 al— T_1Tr1 y — SX e — S_lTr m = ()III]
lyll = a, y1/c1 and my /e
lm|| = e are of the unit norm
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The set of measurement vectors

® = Ty, Representation picture: y = Oy,
r = T %n y=Sxm=9"r m = Om;
= a e - N
||.YH — €1, yi1/c1 and my /e m; = __211}’1 — EOHOTY
lm|| = e are of the unit norm 9 c
KTK =1
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The set of measurement vectors

® = Ty, Representation picture: y = Oy,
= FPn y=Sxm=—9"r m = Om;
||y” — £, yl/{-l H]ld m]/("j m; — Effyl i P—EOI‘{O?Y
lm|| = e, are of the unit norm .. c1
K'K=1
lyll = @
IOKO"y|| = «

forall ¥
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The set of measurement vectors

% = Ty, Representation picture: ¥ = O
r = T_lTr1 ¥ = 9% e — g Hy m = Omy
_ Co .. :
||yH — €, }'[/{'] and IH]/ng m1:.—211y1 IIl:EOI{OTy
lm|| = e, are of the unit norm .5 c1
K'K =1
lyll = a ) Co iy
IOKOTy|| = ¢— K =1 m=2y |r=—=58x=Dx
: C
forall y .

N AT (RT o n ATRT NN T T el 3 [ o R RO T




|
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The set of measurement vectors

® = T Representation picture: vy = Oy,
r = T_lrrl ¥ = 9% m— S m = Om,
_ c: 1
= €}, yi1/c1 and my /e m; = —'}ﬁyl S EOI&’OTy
= . are of the unit norm . =3 c1
KTK=1
vl = ) -
IOKOTy|| = Cl—-ﬁ =1 m = 2ty r:?S Sy = IIx
forall ¥ -
r = Dx D = %‘fSTS is positive symmetric
invertible matrix
S TRTAN | Ry R 0 Y FIRR L [ S o L 1 gt s T o ey
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The set of pure states

r—1l% B = %STS is positive symmetric matrix
1 =
P(x;,x3) = E(l + (L — l)xf Dx5)
. C:
Px,x)=1— x'Dx=1 & ||,/=5%]=
Cq

x are points on a d-dimensional ellipsoid
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The set of pure states

e— 1% R = %STS is positive symmetric matrix

P(x1,%:) = 7(1+ (L = )x Dx,)

Px,x)=1— x'Dx=1 & |,/=8x]||=
x are points on a d-dimensional ellipsoid

Two-Level System
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The set of pure states

=1 I = %STS is positive symmetric matrix
1 .
Plxy, X )= E(l + (L — 1))1:;r Dx5)
. C:
Px,x)=1— x'Dx=1 & |[|,/=25%||=
&3

x are points on a d-dimensional ellipsoid

1(1 + xT Dy) + %(1 +xTDy)=1

Two-Level System =

Two basis states: x+ = —x.
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The set of pure states

e— 1k B = %STS is positive symmetric matrix

Plx, %) = %(1 + (L — 1)x; Dx5)

Pxx)=1— x Dx=1 & ||,/=Sx|=

x are points on a d-dimensional ellipsoid

1 1 .
Two-Level System =il x!' Dy) + =R x'Dy) =1
Two basis states: x+ = —x.

Orthogonal eigenstates as

Dx. —ax;.
measurements to represent the state ’ e
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The set of pure states

r— 1% I = %STS is positive symmetric matrix
1 ”
Plx1, %) = E(l + (L — l)xir Dx5)
, C:
Px,x)=1— x'Dx=1 & ||,/=5%|=
C1

x are points on a d-dimensional ellipsoid

1 1 .
Two-Level System S+ x! Dy) + =8 x'Dy) =1
Two basis states: x+ = —x.

Orthogonal eigenstates as

Dx: —a:x..
measurements to represent the state ' e

Pure states satisfy X;DX i = 045, [K:lP=1/a;
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The set of pure states

r— 1= = %STS is positive symmetric matrix

Plx3,%5) = %(1 + (L — 1)x; Dx5)

Px,x)=1— x'Dx=1 & | :—foH =

X are points on a d;dimensianai ellipsoid
Two-Level System é(l + xT Dy) + %(1 +xTDy)=1
Two basis states: x+ = —x.
Orthogonal eigenstates as 2 —

measurements to represent the state
: T - & - T2
Purestates satisfy x; Dx; = 0;;, [x*=1/a;.

= Sl={x|||x|| =1} Plxix)=5(1+x{x)

Page 75/195
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The set of pure states

r— 1= B = %STS is positive symmetric matrix

1 =
P(x;,%x3) = E(l + (L — 1)x; Dx)
Px,x)=1— x'Dx=1 & | 2S}{H =
Cq

x are points on a d-dimensional ellipsoid

1

Two-Level System %(1 + xT Dy) + =R x'Dy) =1

Two basis states: x+ = —x.

Orthogonal eigenstates as

Dx: = ax:.
measurements to represent the state ‘ i

Pure states satisfy XIDXJ; = 0ij, [xi*=/a;.

1 .
—> S ={x| |jx|]| =1} Px,x2)=3(1 + X7 X3)

Do physical states form the entire d-dimensional sphere?
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1 .
Maximal set consistent with P(x;.x2) = 3(1 + xf Xo) =20
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Axiom 1

Any state (pure or mixed) of 2-level system can be prepared by
mixing at most 2 orthogonal states.

Maximal set consistent with P(x;.xs) = =(1 + x! x5) >0
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Axiom 1

Any state (pure or mixed) of 2-level system can be prepared by
mixing at most 2 orthogonal states.

Maximal set consistent with P(x;.x3) = 5
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Axiom 1

Any state (pure or mixed) of 2-level system can be prepared by
mixing at most 2 orthogonal states.

Decomposition of state:  Ax + (1 — X)x—

- ._____l:j'_

1
Maximal set consistent with P(x;.x5) = E(l 4+ X1 %x9) 20
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Axiom 1

Any state (pure or mixed) of 2-level system can be prepared by
mixing at most 2 orthogonal states.

Any state can be prepared as a mixture of classical bits 0 and 1

Decomposition of state:  Ax + (1 — X)x*

|
=
..+..
o
=
a
e
IV
o

Maximal set consistent with P(x;.xy) = —
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Axiom 1

Any state (pure or mixed) of 2-level system can be prepared by
mixing at most 2 orthogonal states.

Any state can be prepared as a mixture of classical bits 0 and 1

Existence of minimal entropy decomposition H(p,,1-p,) < H(p,1,1-p,1)

X1 .X----_ .
e e Ax; + (1 — A)xs

Decomposition of state:  Ax + (1 — X)x* X

1
Maximal set consistent with P(x;.x5) = 5(1 4+ X1 %x9) 20
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Physical States = Entire Sphere
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Physical States = Entire Sphere

x(t) =tx — x(t) =t3 L, eix;
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Physical States = Entire Sphere

x(t) =tx — x(t) =t3 L, cix;

x(t) = Yoy M(t)x; + A (D)%}

For small t, positive numbers
Mi(t) = 3(G+ta) Ni(t) =3(3-

'--.'|"—‘
o
O
i
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Physical States = Entire Sphere

x(t) =tx — x(t) =tY L, eix;

x(t) = Fimy Milt)x; + A ()X

1

For small t, positive numbers
M) = (+te) A1) = (3 —te)

s x(t) =tx = axg+ (1 — a)(—xp) TR

a = =t and x = xg

irsa: 09080002
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Physical States = Entire Sphere

x(t) =tx — x(t) =t3°, cix;

x(t) = Timy Milt)xs + A ()X

For small t, positive numbers

e

Axiom1 X(t) = ftx = X — (1 — O)(_Xﬂ)
0 = -l%i and x = X0

x(t) is physical state for all t — entire sphere

Page 87/195

irsa: 09080002




Physics of generalized bits

States, Measurement vectors

x=(2p;-1.....2p41)
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Physics of generalized bits

States, Measurement vectors

x=(2p;-L.....2p41)

Transformations

preserving purity || Rx|| = 1
orthogonal matrix RTR =1
continuously connected with

identity SO(d) detR =1
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Physics of generalized bits

States, Measurement vectors

x=(2p;-1.....2p41)

Transformations

preserving purity ||Rx|| = 1
orthogonal matrix RTR =1
continuously connected with

identity SO(d) detR =1

1. How many complementary observables (MUBs) does g-bit have?

2. What are computational capabilities of g-bits?

Pirsa: Q908000

.'Can two g-bits be entangled?
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1 Bit Propositions

Boolean functions of a binary argument x € {0,1} — y= f(x) € {0,1}

fol i |2 | 3
0(o|1]1
0(1(0]1

irsa: 09080002
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1 Bit Propositions

Boolean functions of a binary argument x € {0,1} - y= f(x) € {0,1}

ol i |2 | )3
0(o|1]1
0[1(0]1

Pirsa: 09080002

b=0 b=1

fofr | f2fs fl0)=b
fofa | f1fs fll)=b
fofs | f1f2 | fl1)=A(0)+b
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1 Bit Propositions

Boolean functions of a binary argument x € {0,1} — y= f(x) € {0,1}

plAalrlf b=0 b=1

ofo|1]1 fofi | fofs fl0)=b

o101 fofa | f1fs fl1)=b
fofs | fifa | AA1)=A(0)+b

Given 1 bit of informationresourcesonly 1 out of 3 complementary
questionscan be answered.
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1 qubit can only reveal 1 bit

The black box encodes the ¥
Boolean functions s A I e I

input state — ) T cgsurement
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1 qubit can only reveal 1 bit

The black box encodes the N}
Boolean functions fx)=0 :_: A0)=1 I f)=1 I

input state ——)

=) casurement

¥
|zt) w— 7] — o/ O/ (1) | em— @ £(0) =2

irsa: 09080002 Page 95/195




1 qubit can only reveal 1 bit

The black box encodes the
Boolean functions

input state — ) T cgsurement
Z
o — s @) o
) — | (] = o/ O)Gf(1) | mm— f(1)=?
X

irsa: 09080002

o1 ff] a1 i
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Pi

1 qubit can only reveal 1 bit

The black b des th o
EEEE D e the Ax)=0 ¥ ﬂo)zll f(1H)=1 I

Boolean functions

U = oW

input state ——

=) casurement

|Z:t) ﬁ U = o-f{{}]o-{(l}

|x:t> ﬁ Uch(ﬂ)cj:':”

|}’:t) ﬁ [/ =G{E‘GJG{“3

||||| : 09080002

Z
S @ £(0) =2
& -
— e
Deutsch- JoszaAIggorlthm _




1 qubit can only reveal 1 bit

The black box encodes the

Boolean functions

input state ——

|Zi) ﬁ

|x:t} ﬁ

|yt)  —

irsa: 09080002

fx)=0 E_-E ﬂ0)=1I fih=1 I

U = of©gf)

=7
¥
¥
b

x=1x=0

— of(0)~f(1)
U_G.m:k G: ;

U =6/ O/

U = o0

‘]ﬁﬂla’"\ﬁﬁ'l'l(.‘ + Qﬂﬂﬂl"’l'.rl'l'lﬂ +~xr 1'1'1:"‘\:'1;'—1]

= Measurement
¥ 4
@ o
—*X £(1) =

@y f(O) = f( 1 )F"zge 98/195
Deutsch-Josza Algorithm




How many complementarity questions?

. Classical bit, 1 question: Is there an object in the black box?
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How many complementarity questions?

l Classical bit, 1 question: Is there an object in the black box?

Qubit, 3 complementary questions

o -y

irsa: 09080002 Page 100/195
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How many complementarity questions?

l Classical bit, 1 question: Is there an object in the black box?

Qubit, 3 complementary questions

== -y
[P

1
|

7 complementary questions

I x€{0,1,2} - y= f(x) € {0,1}

=0

-
|
a—

irsa: 09080002 Page 101/195
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How many complementarity questions?

l Classical bit, 1 question: Is there an object in the black box?
! . ,
| : Qubit, 3 complementary questions
.
fl0)=? f(1)=? f(2)=?
] x€{0,1,2} —y= f(x) € {0,1} flO)+(1)=2
. 7 complementary questions flO)+f(2)=7
=2 x=% x4 AL)+f(2)=7

AO)+A(1)+£(2)=7

irsa: 09080002 Page 102/195
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How many complementarity questions?

l Classical bit, 1 question: Is there an object in the black box?

Qubit, 3 complementary questions

fl0)=? f(1)=? f(2)=?

x€{0,1,2} —y= f(x) € {0,1} flO)+f(1)=?
7 complementary questions flO)+£(2)=?
=0 f1)+f(2)=?

AO)+A(1)+f(2)=?

I x€{0,1,...,s—1} - y= f(x) € {0,1}

() +(0)+-+ () =21

irsa: 09080002 com p | em enta ry q uestiong Page 103/195
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Case d=23-1=7

[T
s o |

7 complementary questions

= I x€{0,1,2} >y = f(x) € {0,1}

Lo
I
-2
L
I
[—
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Case d=23-1=7

T x€{0,1,2} -y = f(x) € {0,1}
:_ | 7 complementary questions

7-dimensional “Bloch” sphere,

OIS Discrete or
states = vectors COHERROR ;
LR Continuous Set
Physical operations = rotations SRR States
1 -*—:—"",.*

Probability rule: P(mi|n) = 5(1 +m - 1)

Pirsa: 09080002 Page 105/195




iiiii

Case d=23-1=7

3 x€{0,1,2} »y=f(x) € {0,1}
:_ ! 7 complementary questions

x=2 x=1 x=0
7-dimensional “Bloch” sphere, S
states = vectors SRR
Physical operations = rotations “‘if:__:j
Probability rule: P(|i) = %(1 +med) _ g

Black Box:
Rf(U)Rf(l Rf(z)

: 09080002

Ry — diag[—1,1,1,—1,—1,1,—1]
R, — diag[l,—1,1,—1,1,—1,—1]
Ry — diag[l1,1,—1,1,—-1,—1,—1]

Discrete or

Continuous Set
States

“Clifford
Operaiions”
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Case d=23-1=7

_ x€{0,1,2} -y = f(x) € {0,1}
:_ | 7 complementary questions

X231 x4

7-dimensional “Bloch” sphere, e _

tates = vectors Discrete or
4 XHIRSR Continuous Set
Physical operations = rotations S States

. 1 -'j-‘:ﬁ_ﬁ__.-.l i
Probability rule: P(mi|n) = 5(1 +m-1i) NSemEss
Ry — diag[—1,1,1,—1,—-1,1,—1] .ng

Black Box: B g - j OC“ﬁ”tr_d )
Rf(ﬂ)Rf(l)R_f(z) 3 — ld.gzl.—-l.l*—Ll.—L—l: Sg?;;:j{::;ﬂ

0“1 "2 Ry, — diag[1,1,—-1,1,—1,—1,—1] '

- o@fe: Scaling d=2"-1 the same as from the parameter counting argument

for combposite svstems => cominge next!




Axiom (2) on Composite Systems:

The state of a composite system is completely determined by a
set of probabilities for local measurements and the correlations
between these measurements.

irsa: 09080002 Page 108/195




irsa:

Axiom (2) on Composite Systems:

The state of a composite system is completely determined by a
set of probabilities for local measurements and the correlations
between these measurements.

Y= ix,y.T)
L~ |

Local vectors Correlations
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Axiom (2) on Composite Systems:

The state of a composite system is completely determined by a
set of probabilities for local measurements and the correlations

between these measurements.

v=ixy.T)
L~ |

Local vectors Correlations

d(L'1)+d(L'z)+ d(Ll.)d(LZ) = d(Lle) —_— d=|_r_1 r= 2.

Solution
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Axiom (2) on Composite Systems:

The state of a composite system is completely determined by a
set of probabilities for local measurements and the correlations
between these measurements.

Y= (x,y,T)
L=

Local vectors Correlations

d(L)+d(Ly)+ d(L)d(L,) = d(@L,L;) — d=L"-1 r=1,,.

Solution

Real Quantum Mechanics: 2+2 +2x2< 9
Quaternionic QM: 5+ 5 + 5x5 > 27
ComplexQM:3+3 +3x3 =15
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Axiom (2) on Composite Systems:

The state of a composite system is completely determined by a
set of probabilities for local measurements and the correlations
between these measurements.

fr—=(x.¥y,T)
L~ |

Local vectors Correlations

d(L)+d(Ly)+ d(Ly)d(L,) = d(I4L;) — d=L"-1 r=1,2,.
Solution

Real Quantum Mechanics: 2+2 +2x2< 9
Quaternionic QM: 5+ 5 + 5x5 > 27
ComplexQM:3+3 +3x3 =15

irsa: 09080002 Page 112/195
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State of Composite System

Y=(x,y,T)
Local vectors //' o Correlations
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State of Composite System

Y =(x,y¥,T)
Local vectors //' e Correlations

Product states: ¥ = (x,y.T =x"y)

Pirsa: 09080002




State of Composite System

Yv=(x,y,T)
Local vectors //' o Correlations

Product states: ¢» = (x,y. T =x"y)

Probability rule:  Pys(v. ¢9) = Pi(x1.%X2) Pa(y1.y2) </ “_ Product State
T g

(1+x]X2 +y; Y2 + X| Xoy] Y2)*

Pia(U.1n) =

M | = | =

(1+x1X2+Yy1y2 + Tl‘{TEHI_;]].‘r\Generai State
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State of Composite System

Y =(x,y,T)
Local vectors //' T Correlations

Product states: ¥» = (x,y. T =x"y)

Probability rule:  Pys(v. ¢9) = Pi(x1.%X2) Pa(y1.¥2) </ “__ Product State
T s

Po(d1,10) = =(1+xIx+yly2 + X Xoyl y2)*

(1+x1X2+Yy y2 + Tl‘{_TEHI_;]].‘r\Generai State

M | = |

Normalization:  Pyy(v,v) =1 — ||x||* + ||y||* + ||T||* = 3
IT* = Te(T7T)
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State of Composite System

v =(x,y,T)
Local vectors //' o Correlations

Product states: ¥» = (x.y.T =x"y)

Probability rule:  Pys(vy.¢9) = Pi(x1.%X2) Pa(¥1.¥2) «/ “___ Product State
\

(1+X{ X2+ Y1 Y2 + X| Xay] y2)«

Plg(t‘l. I.‘*)) —

(1+x1%2 +y;y2 + Tr(T} ]'—-_:.]).’\Generai State

M | = |

Normalization:  Ppy(v, %) =1 — ||x||* + ||yl||* + ||T||* = 3

2 mu.yT Continuosly Connected
i " ="B(I™ I with Idenitity

Local transformations: (Rl_ Rg)t: = (Rlx_ Roy. Hlj‘fg) SO(d)

Page 117/195
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An “Entanglement Witness”
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An “Entanglement Witness”

Lemma: The lower bound ||T’|| = 1 is saturatediff the stateis a
product state 7' = xy!.
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An “Entanglement Witness”

Lemma: The lower bound ||T’|| = 1 is saturatediff the stateis a
product state 7' = xy!.

<= trivial
— Let ¢, = (—x,—y,Tp = xy"' ) be a product state.
P(y,0p) 20 — 1 —||x|P* — [yl + Tx(T" To)
—1 + Tl'(TTTD)

IV
&

irsa: 09080002 Page 120/195




An “Entanglement Witness”

Lemma: The lower bound ||T’|| =1 is saturatediff the state is a
product state 7" = xy!.

<= trivial
— Let ¢, = (—x,—y,Tp = xy' ) be a product state.
P(y,¢p) 20 — 1 —||x|* — |lyl|* + Tx(T" To)
—1 + Tl'(TTTD)

|V
S

(T'15) =1 and (I.Tp) < 1
— T =Ty =xy!
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An “Entanglement Witness”

Lemma: The lower bound ||T’|| = 1 is saturatediff the stateis a
product state 7" = xy!.

<= trivial
— Let ¢, = (—x,—y,Tp = xy"' ) be a product state.
P(¥,¢p) 20 —> 1 —||x|[> —|ly|* + Tx(T" To)
—1 + Tl'(TTTD)

|V
o

(I'"Tg) =1 andd (I.Tp) < 1
— T =Ty=xy!

- sgonsequence: The state is entangled iff ||T||>1 page 122105




d cannot be even

(in a theory with entanglement)
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An “Entanglement Witness”

Lemma: The lower bound ||T’|| = 1 is saturatediff the stateis a
product state 7" = xy!.

<= trivial
— Let ¢, = (—x,—y,Tp = xy"' ) be a product state.
P(y,¢p) 20 — 1 —||x|*> — |lyl|* + Tx(T" To)
—1 + Tl'(TTTD)

|V
S

(I To) =1 and (I.Tp) < 1
— T =Ty =xy"

- mgonsequence: The state is entangled iff ||T||>1 page 124105




d cannot be even

(in a theory with entanglement)

irsa: 09080002 Page 125/195




d cannot be even

(in a theory with entanglement)

Fliping all coordinates of a local (Bloch) vector x: Ex = —x
Regular local transformation if d evenasdetE=1
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d cannot be even

(in a theory with entanglement)

Fliping all coordinates of a local (Bloch) vector x: Ex = —x
Regular local transformation if d evenasdetE=1

!

% = (x.y,T)_ —_— UV =(=x,y,-T)
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d cannot be even

(in a theory with entanglement)

Fliping all coordinates of a local (Bloch) vector x: Ex = —x
Regular local transformation if d evenasdetE=1

E
E. = (x.y,T)_ — ¥ =(=x,y,-T)

(1= I + [l¥lI* = I171I)

b = | -

(ll¥l*=1) >0
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d cannot be even

(in a theory with entanglement)

Fliping all coordinates of a local (Bloch) vector x: Ex = —x
Regular local transformation if d evenasdetE=1

E. — (x.y,T)_ —_— ¥ =(=x,y,-T)

P2 (v, ) (1= [1xI* + llyll* = 17°1%)

b = | -

(l¥l*=1) >0

Repeat the same fory: Ey=-y
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d cannot be even

(in a theory with entanglement)

Fliping all coordinates of a local (Bloch) vector x: Ex = —x
Regular local transformation if d evenasdetE=1

E
% = (x.y,T)_ — ¥ =(=x,y,-T)

. ' 1 ‘ 2 . Al = 1.
Po(,w) = 30— IxIF+IIyll* = IT]?) vl
o x|l =1
= SUlylF=1) >0
- ||T[:1

Repeat the same fory: Ey=-y
No entanglement,
only product statesd=




Axiom (3) on Subspaces:

Upon any two linearly independent state 1.2 2ne can construct
a two-dimensional subspace that is isomorphic to d-1 sphere S4-1.
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Axiom (3) on Subspaces:

Upon any two linearly independent state 1)1, 12 2ne can construct
a two-dimensional subspace that is isomorphic to d-1 sphere S4-1.

Y = (e, e, To=ere))
(—el, —€&, Tg
(—ei1, e, —1p)

Yy = (el'.'_el!_TD)

b
I

-~
o
I
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Axiom (3) on Subspaces:

Upon any two linearly independent state 11, 12 2ne can construct
a two-dimensional subspace that is isomorphic to d-1 sphere S4-1.

Y = (e, e, To=ee))

Yy = (—ey,—ey, 1) .
Y3 = (—ep,er,—1p) .
Yy = (e, —e;,—Tp)

State W belongs to Pio (¥, ¢y
12 subspace iff: Pyo(1), 1)
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Lemma 1:

The only product state belongingto S,, are W, and W.,.
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Axiom (3) on Subspaces:

Upon any two linearly independent state 11, 12 2ne can construct
a two-dimensional subspace that is isomorphic to d-1 sphere S4-1.

Y = (e, e, To=ere))

Py = (—ey,—ey, Ip) .
Y3 = (—e;,er,—1p) .
Yy = (e, —e,—Tp)

State W belongs to Pra(¥, ¥
12 subspace iff: Pyo(1), 1)
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Lemma 1:

The only product state belongingto S,, are W, and W,
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Lemma 1:

The only product state belongingto S,, are W, and W,

Let ¥, = (x,y, xyl) € S;2. We have

1 = Pa(¢p.¥1) + Pra(¥p. ¥2)
1

1
- 1(1 + xe| +ye; + (xeq)(ye1)) + 1(1 — xe; — ye; + (xe1)(ye1))

1
- “2'(1 + (xe1)(ye1))

= Xej=ye; =1V xe; =ye; = —1
< X=y=e V X=y=—e€.
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Lemma 1:

The only product state belongingto S,, are W, and W.,.

Let ¥, = (x,y, xyl) € S12. We have

1 = Pa(¥p,¥1) + Pra(¥p, ¥2)
1 1
— _—1_(1 + xe; +ye; + (xeq)(yer)) + 1(1 — xe; — ye; + (xer)(ye1))
1
= ~2-(1 + (xe1)(ye1))
= Xej=ye; =1V xXe; =ye; = —1
< X=y=e V X=y=—e€.

~oceiie®  All other pure states belonging to S, (if exist) are entangled!




Lemma 2:
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Lemma 2:

R61 = —€
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Re1 = —€

If the state ¥ € S12 then, ¥ = (R, )Y € S34 and
(1

Uy = (e,e,1p= elef)
vy = (—e,—e, o)
Y3 = (—ep, e, —Tp)

irsa: 09080002 Yy = (el » €1, _TU )
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Re1 = —€

If the state ¥ € S12 then, ¥ = (R, )Y € S34 and
(1

If v» € S19 we have

1 = Pio(0,¢1)+ Pra(0.12)
= Pp((R, 1)U, (R, 1)) + Pro((R. 1), (R, 1))
= Plg('l;i?f. ’I;',-‘:g) =+ Plg('i;.‘f. L_l)

U = (e,e,1p= elef)

P = (—ey,—e1,1p)

Y3 = (—eq, e, —1p)
— vy = (er,—ey, —1p)
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d must be 3

(in a theory with entanglement)
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d must be 3

(in a theory with entanglement)

Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x: ), = (R;, 1)
Regular local transformation asdet E=1
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d must be 3

(in a theory with entanglement)
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Rel = —€;

If the state ¥ € Si2 then, ¥ = (R, )Y € S34 and
(11

If ©» € S12 we have

1 = Pio(¥, 1)+ Pra(W.12)
= Pp((R. 1)V, (R.1)Y) + Pa((R, 1)U, (R, 1))
= Pa(¥',93) + Pra(¢, ).

P = (ep,e,Tp= Ele{)
Py = (—ey,—e1,1p)
Y3 = (—ey,e1,—Tp)

3 09080002 vy = (e, —ey,—1p)
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d must be 3

(in a theory with entanglement)

N

(T
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d must be 3

(in a theory with entanglement)

Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x: ), = (R;, 1)
Regular local transformation asdet E=1
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d must be 3

(in a theory with entanglement)

Y € Syo

1. Fliping the first and the i-th coordinate of a local vector x: ¢; = (R;. 1)
Regular local transformation asdet E=1

(=1 ( = \

Lo

T; —ix:

Lo -
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Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x:

d must be 3

(in a theory with entanglement)

Regular local transformation asdet E=1

[ T \

Lo

I

=

Pirsa: 09080002

( —I; \
o
— T

L }

Y — Y

T,
L

T

\ 7.

Iiq
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d must be 3

(in a theory with entanglement)

Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x: v, = (R;. 1)y
Regular local transformation asdet E=1

T i ( Til Tlrf \ _Tll _Tld'

b T2 \ ( ? \ I ... Tu ( { [24 \
: — : | — : : —r :
I —Z; Ty oo I3 =Ty aw i

K T4 ) K. Td ) \ _T:“ L le ; / \ i':-“ . tfd )

2. Fliping the first, the j-th, k-th and the I-th coordinate of a local vector x:
Vit = (Rjre, L)Y
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d must be 3

(in a theory with entanglement)

Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x: ), = (R;, 1)
Regular local transformation asdet E=1

: Lz / Til T]d \ _Tll _'Ild

( :z ! ( ? \ In ... Ta ( I ... [24 \
| — Y e ¥ : 5 Nl :
o — Ly ... Ta Ty s — g

k v ) \ =) \ Ty ... Tu ) \ :-Fdl t_fd‘ )

2. Fliping the first, the j-th, k-th and the I-th coordinate of a local vector x:

'@'f";’jki — (ij. ]1)':,-?'.-'
T}.J}
T) ..}
T = L TEI — (7—-’1 ----- T}d)
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d=3

After transformation 1 the state is in subspace 34:
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d must be 3

(in a theory with entanglement)

Y € Sio

1. Fliping the first and the i-th coordinate of a local vector x: v, = (R;. 1)y
Regular local transformation asdet E=1

T - / Til T]d \ _Tll _'Tld

( T \ ( ? | I ... T ( f [24 \
: — : j J—— ' b i
I, —I; I—EI il I;_:._: L I;l I i

k v ) \ =) \ Ty ... Tig ) \ I-Fd: i’};d )

2. Fliping the first, the j-th, k-th and the I-th coordinate of a local vector x:
'I-f"'/’j;;._g = (Rj;;g, ]1)(.‘

v = (xy, (T, ..., TENTYy 7= T%-’” Pl )
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d=3

After transformation 1 the state is in subspace 34:
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d=3

After transformation 1 the state is in subspace 34:
0 = Py, ¥:)
l—ai+a5+---—a +---+ 25+ ||y|]?
—I TP+ TSP + - = 1T + - + || TIP
= 1—2z7 — 227 — 2| T — 2571 + |IxI* + [lyl* + |71
= 2(2—af —af = ||T | = IT71P).
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d=3

After transformation 1 the state is in subspace 34:
0 = Pa(v, )
l—ai+as+---—x + -+ 25+ ||y|[?
—TNP + TN + - = (1IN + - + [T
= 1—223 — 222 — 2| T2 — 2T + [Ix|P + [lyl2 + 17112
= 2(2—af —af — ||T| ~ IT)P).

— o+ af o+ || TP+ [T =2
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d=3

After transformation 1 the state is in subspace 34:
0 = Py, ¥:)

1_,t."i"{_l..i_i______..;2+___+;.I,§+F|y”2
)12 ()12
NP IE IR+ - — P+ PP
2 i3 ¢ 2 ’ ()12 2 2 7112
= 1—223 — 222 —2||T7)% - 2212 + |1 + |yl + |

2 2 ()12 (x) 12
= 22-a3 -2 — |ITO)? - |TE|P).

= o+l TP+ T =2

After transformation 2 the state is in subspace 34:

: 09080002
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d=3

After transformation 1 the state is in subspace 34:
0 = Pp(¥, )
l—ai+as+---—a + -+ 25+ ||y|]?
TN + TN + - = T2 + - + 1T
= 1—223 — 222 — 2T — 2T + [Ix|P + Iyl 2 + 17112
= 2(2—af —af = ||T| = IT71P).

— o+ af o+ || TP+ T =2
After transformation 2 the state is in subspace 34:

* : 2 : EITH 2 )12 ()12 _ «
— 25+ + 2+ TP+ TP+ TP + 7)1 =2
for all 7, 5. &k, [
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d=3

After transformation 1 the state is in subspace 34:
0 = Pu(¢.v)
I— :L"f + ;1'..'3 + 00— :L‘? + -+ ;rf, + ||y |?
—N TP+ NTS NP+ = TN + - + TP
= 1-22% — 202 —2||TP|2 — 2T + I + Iyl + |7

2 9 ()2 (x)12
= 22-a? -2 — ||TP|P - IT)P).

2

=z} a] o+ |IT0) P + T
After transformation 2 the state is in subspace 34:

v 2 2 : (=) 12 )12 ()12
— 25+ + 22+ TP+ TSP+ TN + T2 =2
for all 7, 7.k, 1

irsa: 09080002 r:[‘l,[::;":l;I — T:{}‘I'} — TLI} — 0. Page 160/195




d=3

| ( T TW  T® )
Yv=ixv.I) ’ ¥ .

TY = (T, - ., Ts)T

i

Pirsa: 09080002 Page 161/195




d=3

After transformation 1 the state is in subspace 34:
0 = Pia(t,)
1 —:rﬁ —{-;1.‘3 + .- —:r'f + ---+;r§+ [|y||2
—[ITNP+NTSO NP+ = (IT21P + - - + 1T
= 1-20% — 227 = 2|| TP |2 = 2 T|P + |[xI2 + Iy | + /7112

2 2 ()12 (x) 12
= 2(2—af —2? — TP — IT°1P).

— 2ol + || TP+ T =2

After transformation 2 the state is in subspace 34:
w— 2+ 2%+ 7)o+ || TP+ TS+ TP+ T =2
for all 7.7, k.1
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d=3

T = ( = T ... W )

¥ = (x,y,T)
T{_,tf) = | ;7. T.'H)T

i

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
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d=3

T = ( TH;]' le];;} o T{H} )
Y=y, T) 1 2 d

T —(T....,. TP

i

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
— y'f 4 _U,_) 5 HT(]U]H:! 3 ||TE!}}||2 _9
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d=3

| § ( T'v) TL;;J U )
Y=tx,y.I) . 3 d

T{_yi = 1 ;7. ZH)T

i

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
— yliz -+ Uf 5 ||T'(]'t”||2 3 ”TEH]”Q _9

4. Fliping the first, the j-th, k-th and the I-th coordinate of local vector y:
(11.*- Rﬂ'ﬁf-)
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d=3

r=(10 TP .. 1P )

{' — (X-._Y'- T)
T['H:l A (T]; ..... Y:F)T

i

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
n— 1/ _Uf - ||T(]5”||2 £ ||TE'”}||2 _9

4. Fliping the first, the j-th, k-th and the I-th coordinate of local vector y:
(1, Rju)
— i +; + vk + 37 + TP+ 1TV 1P + 1T + (1T = 2
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d=3

. T={EP B ... 2"

meyyy T )
TE”) = (11, - - - Tu)!

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)

— 2+ 2+ || T2+ || T | = 2

4. Fliping the first, the j-th, k-th and the I-th coordinate of local vector y:
(1, Rjp)
— yi +y; +yi +u0 TP+ TP+ TP+ TP =2
Ypo=yYs=---=Ya=0

=
Tg’” i T:{f"} S Tf—fm —0
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d=3

=2 (y) (y) (y)
T={ =P 3¢ ... 3]

{- -_— (X_.. }("- T)
T{_H:' = (T]i ..... IE)T

i

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
— 31+ ] + [T + T =2

4. Fliping the first, the j-th, k-th and the I-th coordinate of local vector y:
(11.*- Rﬂﬂf-)
— 4 + 45 + 35+ 7+ TP+ TP + TP + TP = 2

Yo=Yz =---=ya=10
(y) (u) (y)
T, =T33 =---=T; =0
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d=3

, i i— ( 'Y T}]!;'} oW )
¥ =(x,y,T) VT .

TEH:’ = (T]i ..... Y:E)T

3. Fliping the first and the i-th coordinate of local vector y: (11, R;)
— i + 7+ [T+ | T3| = 2

4. Fliping the first, the j-th, k-th and the I-th coordinate of local vector y:
(]1.*- Rﬂ'ﬁf-)
7+ 43+ yi+ 7+ TV NP+ TP+ TP+ T = 2

===
(v) _ ply) _ _mly) _
L' =13 =--=T; =0
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M

No entanglement,
only product states$




Real Quantum Mechanics allows
entanglement
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed

"Tl‘:l‘

Xr.Z9

e e e
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed

11415 0 —i\ [0 —i
xp7y, * ™ (i 0)(5 0)

T T T T
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed

*1:415 0 —i\ [0 —i
xpzy, + lyy= (-i 0)(5 0)

i A A A
r= (.Z-‘C, Vs L. n) “Additional” parameter
) \‘—““’(e.g. available from a global measurement)

Local Bloch vectors )
Correlationtensor
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed

*’p r = (O =) (0 -
X7, ¥ w \i 0J\i 0

T T T T
Y= Ln “Additional” parameter
) \‘—"’(e.g. available from a global measurement)

Local Bloch vectors )
Correlationtensor

Normalization ||x||* + [v|]* + || T||* + |m||* =3

Maximal entangled states: |x{|> = [y{]> =0 [T|]> =2:|m/* =1
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Real Quantum Mechanics allows
entanglement

From local measurement: 2+2 +2x2 < 9 Needed

*1:415 0 —i\ [0 —i
xp27y, * lyy™ (-i 0)(5 0)

| A G A
= (.Z-‘C, Vs il ! n) “Additional” parameter
) \‘—““’(e.g. available from a global measurement)

Local Bloch vectors )
Correlationtensor

Normalization ||x||> + [|]* + || T||* + |m||* =3
Maximal entangled states: |x{|> = [y{]> =0 [T|]> =2:|m/* =1
=P Maximal violation of Bell’s inequality possible!

Bell (CHSH) inequality violated iff (T, ) + (T,,)?2 1 (=2 for max)
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Hardy’s 5 Axioms

Axiom 1. (Probabilities) Relative frequencies (measured by taking the pro-
portion of times a particular outcome is observed) tend to the same value
(which we call the probability) for any case where a given measurement is
performed on a ensemble of n systems prepared by some given preparation in
the limit as n becomes infinite.

Axiom 2. (Simplicity) K is determined by a function of N (i.e. K =
K(N)) where N = 1.2, ... and where, for each given N, K takes the mini-
mum value consistent with the arioms.

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible
distinguishable states) behaves like a system of dimension M.

Axiom 4. (Composite system) A composite system consisting of subsys-

tems A and B satisfies N = NaNp and K = K 4Kp.

Axiom 5. (Continuity) There erists a continuous reversible transforma-
Pisa: 0008005 0my on a system between any two pure states of that system. Page 1771195




Hardy’s 5 Axioms

Axiom 2. (Simplicity) K is determined by a function of N (i.e. K =
K(N)) where N = 1.2, ... and where, for each given N, K takes the mini-
mum value consistent with the arioms.

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible

distinquishable states) behaves like a system of dimension M.

Axiom 4. (Composite system) A composite system consisting of subsys-
tems A and B satisfies N = NgNp and K = K 4Kp.

Axiom 5. (Continuity) There erists a continuous reversible transforma-
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Hardy’s 5 Axioms

Axiom 2. (Simplicity) K is determined by a function of N (i.e. K =
K(N)) where N = 1.2, ... and where. for each given N, K takes the mini-
mum value consistent with the arioms.

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible
distinguishable states) behaves like a system of dimension M.
Requires entangled states

Axiom 4. (Composite system) A composite system consisting of subsys-
tems A and B satisfies N = NaNp and K = K 4Kp.

L, Barrett: “local measurements determine the state”
Axiom 5. (Continuity) There erists a continuous reversible transforma-
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Hardy’s 5 Axioms

Axiom 2. (Simplicity) K is determined by a function of N (i.e. K =
K(N)) where N = 1.2, ... and where. for each given N, K takes the mini-
mum value consistent with the arioms.

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible
distinguishable states) behaves like a system of dimension M.

Requires entangled states
Axiom 4. (Composite system) A composite system consisting of subsys-

tems A and B satisfies N = NaqNp and K = K 4Kp.

L, Barrett: “local measurements determine the state”
Axiom 5. (Continuity) There erists a continuous reversible transforma-

Pisa 09080985 0y on a system between any two pure states of that system. Page 180/195

1 e N A B P LA TLY ok




Hardy’s 5 Axioms

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible
distinquishable states) behaves like a system of dimension M.

Requires entangled states
Axiom 4. (Composite system) A composite system consisting of subsys-
tems A and B satisfies N = NaNp and K = K 4Kp.

L, Barrett: “local measurements determine the state”
Axiom 5. (Continuity) There erists a continuous reversible transforma-

Pisa: 0080930 on. a system between any two pure states of that system. Page 181/195
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Hardy’s 5 Axioms

Axiom 3. (Subspaces) A system whose state is constrained to belong to an
M dimensional subspace (i.e. have support on only M of a set of N possible
distinquishable states) behaves like a system of dimension M.

Axiom 4. (Composite system) A composite system consisting of subsys-
tems A and B satisfies N = NgqNp and K = K 4Kp.

Axiom 5. (Continuity) There erists a continuous reversible transforma-
Pisa: 000809301, o a system between any two pure states of that system. Page 1821195




3 Axioms

with an information-theoretical flavour
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3 Axioms

with an information-theoretical flavour

Two-dimensional systems contain at most 1 bit of information.
They are fundamental.
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3 Axioms

with an information-theoretical flavour

Two-dimensional systems contain at most 1 bit of information.
They are fundamental.

1. Axiom 1: Any state of two-level system can be prepared by mixing
at most two (in a single shot) distinguishable states.
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3 Axioms

with an information-theoretical flavour

Two-dimensional systems contain at most 1 bit of information.
They are fundamental.

1. Axiom 1: Any state of two-level system can be prepared by mixing
at most two (in a single shot) distinguishable states.

2. Axiom 2 (“Locality”): The state of a composite system is completely
determined by measurement on subsystems.
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3 Axioms

with an information-theoretical flavour

Two-dimensional systems contain at most 1 bit of information.
They are fundamental.

1. Axiom 1: Any state of two-level system can be prepared by mixing
at most two (in a single shot) distinguishable states.

2. Axiom 2 (“Locality”): The state of a composite system is completely
determined by measurement on subsystems.

3. Axioms 3 (“Subspace”): Every system constrained to belong to a
two-dimensional subspace is a two-level system (satisfies Axiom 1).
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3 Axioms

with an information-theoretical flavour

Two-dimensional systems contain at most 1 bit of information.
They are fundamental.

1. Axiom 1: Any state of two-level system can be prepared by mixing
at most two (in a single shot) distinguishable states.

2. Axiom 2 (“Locality”): The state of a composite system is completely
determined by measurement on subsystems.

3. Axioms 3 (“Subspace”): Every system constrained to belong to a
two-dimensional subspace is a two-level system (satisfies Axiom 1).

—p Classical or Quantum Theory.
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Further Research
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Further Research

1. Example of Real Quantum Mechanics suggests that “Locality
Axiom” is perhaps too strong. Real, Complex and Quaternionic
Quantum Mechanics obey “Subspace Axiom” and thus allow

entangled states.
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Further Research

1. Example of Real Quantum Mechanics suggests that “Locality
Axiom” is perhaps too strong. Real, Complex and Quaternionic
Quantum Mechanics obey “Subspace Axiom” and thus allow
entangled states.

2. Classical Limit: Number of system’s degrees of freedom in the
fundamental theory is the number of independent configurations
of a classical apparatus.
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Further Research

Example of Real Quantum Mechanics suggests that “Locality
Axiom” is perhaps too strong. Real, Complex and Quaternionic
Quantum Mechanics obey “Subspace Axiom” and thus allow
entangled states.
Classical Limit: Number of system’s degrees of freedom in the
fundamental theory is the number of independent configurations
of a classical apparatus.

Classical Limit
f-li'
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Further Research

Example of Real Quantum Mechanics suggests that “Locality
Axiom” is perhaps too strong. Real, Complex and Quaternionic
Quantum Mechanics obey “Subspace Axiom” and thus allow
entangled states.

Classical Limit: Number of system’s degrees of freedom in the
fundamental theory is the number of independent configurations
of a classical apparatus.

Classical Limit
f*

\_ Fundamental __
theory
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Further Research

1. Example of Real Quantum Mechanics suggests that “Locality
Axiom” is perhaps too strong. Real, Complex and Quaternionic
Quantum Mechanics obey “Subspace Axiom” and thus allow
entangled states.

2. Classical Limit: Number of system’s degrees of freedom in the
fundamental theory is the number of independent configurations
of a classical apparatus.

Classical Limit J. Kofler, C.B.,
"l = Classical world ansing out of quantum phyvsics
under the restriction of coarse-gramed
measurements
Phys.Rev. Leit. 99, 180403 (2007)

\_ Fundamental __ C.B. arXiv:0905.3363.
Pirsa: 09080002 theory In the Kreisgang between classical and quaneagnesios
phvsics (UmMolti modi della filogofia 2008/2)




Thankyou for your attention!

FWF FOXi
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