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Abstract: We study generic single-field dark energy models, by a parametrization of the most general theory of their perturbations around a given
background, including higher derivative terms. In appropriate limits this approach reproduces standard quintessence, k-essence and ghost
condensation. We find no general pathology associated to an equation of state w_Q < -1 or in crossing the phantom divide w_Q = -1. Stability
requires that the w_Q < -1 side of dark energy behaves, on cosmological scales, as a k-essence fluid with a virtually zero speed of sound. This
implies that one should set the speed of sound to zero when comparing with data models with w_Q < -1 or crossing the phantom divide. We
summarize the theoretical and stability constraints on the quintessential plane (1+w_Q) vs. speed of sound squared
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The Universe accelerates

In 1998 the Unmiverse started accelerating... Compelling evidence from supernovae
+ other observations
a i7G _
- =———(p+3p) w=p/p
a 3

* Data are converging towards w = -1

* A 1s the simplest explanation: w = -1

e Quintessence
(here a general single field dark energy)

wo{z} z-1

Not spatially homogeneous
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Outline

= Study the most general theory of single field quintessence

* Quintessence perturbations with a given background evolution w(z)
» L= -%{aaﬁ — V(o) gives wy>-1. Is there life for w, <-1?

* Can we cross w, = -1 (phantom divide)?

* Any relation with the speed of sound c_?

* Phenomenology of ¢;=0

* Theoretical constraints on the quintessential plane: (1+wg) Q, vs ¢’
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Building up the action

K-essence: S = / d*ry/—¢ Plo.X) . X =—¢"909,0
Let us expand around: ds® = —dt* + a(t)?d7> O = oOylt)
9 o
T.uv = = PQ = 2XoPx — Py PQ = P,

VETLY o

Action for perturbations. making explicit the background dependence

Convenient parametrization: o(t.T) = op(t + =(t.T))
: — N
ott.xz) = (_)n“}-r;)nﬁ-l-st_)nf'-f-.-. A
- o - s l — _—— -3 . . .9 [TTF
4\13. J') —— .\" - .\“ﬂ" - :;-_\”::'2 - 2.\":" - 2.\”:'}'.' - _\.n (}T- - T) = o e
A a=
* 4 3 . : P 2 y o i . oy s . . {T:'I': D Y .
o == ll Ira R} - R}: -+ ;R‘j:- -+ .}Rf.\uﬁ + ;’IR\'.\“] TR =+ R\'.‘.u " —— -+ .‘!f_\'_\:.\';:-
.4 a=
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The action for perturbations

... Integrating by parts + using background EOM
Metric perturbations in synchronous gauge: ds® = —dt* + u*'u'}[f'ilJr + hy; )dx'da’

= 1 o 1 (Vx)2 3. - :
hy =/|il,ru'5 I:;(;JQ + PQ +-l.h”) :"-—;{;JQ-'-_UQ} 2 -L;H[;Jwﬂ-pqlr'——;hj“,-hpqlh.':'
.‘fl = P\' X ."{f - /
Perturbations cannot be
switched off if p,+ p,=0

(p0+ Po)(t) and M*(t) are completely unconstrained

One can always find P(¢. X): (Y

- I 1 =3 ; 2
P(o. X) = EIPQ — po o) + E{pQ -{-pQHDL‘ =+ E.\r'lﬂ]{.\ - 1)

¢=t and the correct py(t) and py(t)
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No ghost!

We require a positive definite time Kinetic term

l i ¥
2\PQ TPQ T iM )" >0

E.g. a minimal ghost field: £ =+ (d0)" + V(o) we<-11!

* Classically. Hamiltonian not bounded. Possibility of exchanging energy between
positive and negative energy sectors.

No pathology until linear theory remains valid.

3
e Quantum mechanically. Vacuum is unstable.
- Decay rate is infinite in any Lorentz invanant theory.
A®
' ~ ,
Mg
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The action for perturbations

... Integrating by parts + using background EOM

Metric perturbations in synchronous gauge:  ds”° = —dt* + a”(£)(4,, + h,, )dr'ds’
) 1 e (Vx)* 3. — :
- =fliJIll'i [E(;‘Jq*hpf‘)-#-*}.‘lrl) :'—E{!JQ-FP{‘]} ”r: "'EHUJ‘Q—*-Ilql'T'—Ef,‘Jq—--PQHIT
\fl — P\'_\' .Yﬁ . /
Perturbations cannot be
switched off if p,+ p,=0

(p0+ Po)(t) and M*(t) are completely unconstrained

One can always find P(¢. X): -

= 1 1 == = 9
Plo. X) = -__;IPQ — ;J‘Q_]"lff)] - '._;“’Q +-pQ]IfJL\ + 5.1”411.‘1]{.11 - 1)~

¢=t and the correct py(t) and py(t)
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No ghost!

We require a positive definite time Kinetic term

l 1 ¥
_fj’r_: T~ PQ T iIM )" >0

E.g. a minimal ghost field: £ =+ _(d0)" + V(o) wo<-11!

 Classically. Hamiltonian not bounded. Possibility of exchanging energy between
positive and negative energy sectors.

No pathology until linear theory remains vahid.

S
e Quantum mechanically. Vacuum is unstable.
- Decay rate i1s infinite in any Lorentz mvanant theory.
A®
[' ~ E
Mg
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Quintessential plane

ll+wol Q_Q

Let us study the different theoretical constraints on quintessence
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No ghost and c¢g*

PQ + PQ
PQ + PQ + 4M4

|
..'.Cn

¥
-

v=)?
{pQ.f-m}{ a }

=
2

2
s
#

— (po + po +4M*Y) =

1
2
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w < -1 and gradient instabilities

1 (Vx)? — PQ T PQ
5 (Pe +pe +4M*) 7 — S(pg +Po)—3 - & pQ + pq +4M*
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Small ¢g* limit

Instability rate: @ =1 c_k. What happens when cg” is very small?
Relevant instabilitites @ > H only at short scales

> 1 {'\"*J- 3 I
S =f.1*.;;; [ (PQ + pg +4M*) = —={pg+pq) +-Hipq+ml* —*W*Pu”'

Consider the limit p,+ p, = 0. no spatial kinetic term. Enhanced symmetry: T = x+¢

Scalar with shift symmetry: L=\-gMP(X),. X =—-¢"0,00.0
In an expanding Universe. we expect o—0 .
Another possibility: © = ¢t P'(c*) =0 (with P” > 0)

T, = M*P(X)g,., +2M*P'(X)8,00,0

Ghost Condensate limit: time evolving scalar in exact de Sitter
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w < -1 and gradient instabilities

Vz)? 2—_Patr

1 \ -2 1 (V= —
;(pQ+pq+-l_1f4}iT‘)—§{pq+pq} = > S o+tpo+aMt
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No ghost!

We require a positive definite time Kinetic term

l 1 }
=(pg + pg +4M7)7" >0

E.g. a minimal ghost field: £ =+ _(d0)" + V(o) we<-1"

e Classically. Hamiltoman not bounded. Possibility of exchanging energy between
positive and negative energy sectors.

No pathology until linear theory remains valid.

3
e Quantum mechanically. Vacuum is unstable.
~ Decay rate is infinite in any Lorentz invanant theory.
A®
I' ~ 2
Mg
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Quintessential plane

(I+wg) Q,

Let us study the different theoretical constraints on quintessence
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Small ¢¢* limit
Instability rate: @ =1 c_k. What happens when cg” is very small?
Relevant instabilitites @ > H only at short scales

(Vx)*

2
L

= 1 a1 3 == :
- =/d*.rui|};(pq +p(‘)+4jfl)ﬁ"'—~_;{j.1‘_?+p(‘;} +:;H'i;);_.;+_llz_l)]4'f‘—:;{;JQ—*-WHI:"

Consider the limit p,+ p,= 0. no spatial kinetic term. Enhanced symmetry: T > x +¢

Scalar with shift symmetry: L= \/-—9 JﬂP(X) ; _—— -ﬂppauO(')pG
In an expanding Universe. we expect o—0
Another possibility: o =ct  P'(¢*) =0  (with P” > 0)

T,.. = M*P(X)g,, +2M*P'(X)0,00,0

Ghost Condensate limit: time evolving scalar in exact de Sitter
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Higher derivative

We have to consider higher derivative operators

.'l'!'-' O6 + 3H(o It does not change the background evolution.
- Only perturbations.

Leading spatial denvative
term
< M'#*  Higher time derivative terms can be
neelected form < M In the ghost condensate limit:
No additional degrees of freedom w x k*
)

The Ghost Condensate is a point of enhanced symmetry.

A small breaking of the shift symmetry (and thus a small ¢ ) is technically natural

Pirsa: 09070027 Page 21/41




Small ¢g* limit
Instability rate: @ =1 c_k. What happens when cg” is very small?
Relevant instabilitites @ > H only at short scales

(Vrx)*

¥
a=

2 1 2 1 3. & 1 :
. =f1i*ru"|::;(pq +pq+4)d‘}:"—-;{pf_‘,+pqi +;Hipq+;p]rr‘—:;{pq+pqlhr

Consider the limit p,+ p, = 0. no spatial kinetic term. Enhanced symmetry: 1 > x +¢

Scalar with shift symmetry: L=\—gM'P(X). X = —¢"9,00,0
In an expanding Universe. we expect o—0 .
Another possibility: 0o =ct  P'(¢®)=0  (with P” >0)

T,.., = M*P(X)gu., +2M*P'(X)0,00,0

Ghost Condensate limit: time evolving scalar in exact de Sitter
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Higher derivative

We have to consider higher derivative operators

= i (06 + 3H(o)2 It does not change the background evolution.
1{ —_ > LD 1™ i

= Only perturbations.

= Leading spatial derivative
term
< M'#*  Higher time derivative terms can be
neglected for m < M In the ghost condensate limit:
No additional degrees of freedom w x k?
3

The Ghost Condensate is a point of enhanced symmetry.

A small breaking of the shift symmetry (and thus a small ¢ ) is technically natural
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Stability analysis

- - - L- LI
IGradient instability: (pg + po ~ 4M*) =7 — (pg + Q)= — MP— =

i

2 . _(pg+pQ) . _Petpg
- A\TEATE MAMZ2 ™

Jeans instability: taking into account the mixing with gravity gives rise to a sort of Jeans
like instability

- AL g AM? AM?
S=fd'r|[2M'% - — | - - V= == = o - - 2
f I[ . (' ) ] nry Y h

Bl e A, 2 :_(_11_11‘-‘)-'
e e At it — 2,

Stability - ‘ MAL? |
wmdow i e = H Mg, <1 Very conservative...
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Back to the plane

This limit is very conservative and anyway pheno iurrelevant




Stability analysis

= = o > k* -
iGradient instability: (pg +po M) " — (pg + PQ)— - U"'{ =

'l

2 . (pg+po)* e P TIE oa
= MZALH MM+ ™

Jeans instability: taking into account the mixing with gravity gives rise to a sort of Jeans
like instability

¥

S:]d': ll\f‘:‘r"—i(-—t‘ ) ] —_— 2 M o M

> %2 47003 SAMH
= = _‘_fl 4_ _1_! . 2 _ _2 ~ "] "" I: :
Solving forh: 7+ W\‘ = *__,M'_F_:t'\" ¥ —t Wi ™ M,
St.':lbilit‘_‘" -y ., < ﬂr*"f: < 1 R
- (1 +wQ)ilQ < HMZ, ~ Very conservative...
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Back to the plane

This limit is very conservative and anyway pheno irrelevant




Higher derivative in the codes?

0777 7 (1+Wg) Qg
o i ?.r / 77 7
’ o l{:
o

] \'x_ \K"\ > “\..\

o . 3 }\\\ \"1. o N : "'.\\
R : y N N '-. L‘k W :.__\ o
A N

AVE thost condensate
o
.Up

Sq D _%[:f’:dt a’ [_1m +PQI{:T!- A (?)-]
2 e -
A2

~Lesme modes k/a~H are dominated by w=c_k for: [(1 + wg)Qq > 5
Mp



Small ¢?: how small?

uv?

, 2 2% *
HM

Ve The scales M are the cutoff of my theory raezom

M>(1mm)Y' — Ic d< 103
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Higher derivative in the codes?

=‘H

a2} [ e |-oa + ) o5 -t () |

M?
M3

~L-asmo modes k/a~H are dominated by w=c_k for: |(1 + wq)Qq| >



Small ¢i*: how small?

S o— (1+wg) Q,
¥ AT
; s
AP

Lorentz
uv?
M= /"
UF
L3
1 _- : (Vx)2 _ e}’ .-
SQ - E/dafdt ﬂ! [-L‘!-I:_Z = '[PQ +.PQ} ﬂg = '11'2 (_a.‘l ) winst, — (1 + H'Q}ilq ,‘.;;.ff

, HM

Prsgosorozr <<= H = 0T < 2 The scales M are the cutoff of my theory ragesva

M>(1mm)!' —Ic I < 103"




The phantom divide

- What happens to perturbations when w, =-1?

Fluid equations: c& Beas Danc 03
= » B » % . 7 H h
d = —(1l +w) { [.l."' + 9 (c; — )] 2 - -}} —JH( (e — w)d
o 2, @ & 1 u
— — =T — 3 =3 = ik 2 =plp=w—
2 Hi 3e jk2+l+u 0 = ik v, o =p/p=u St
c2=dp/ép T =0
The one given by scalar Kinetic term
- The phantom psychosis:
k
e I* divergence: ¢, — X (Hu 04 So what?
e 2™ divergence: in 6 equation  [Caldwell. Doran 05] ¢s” — 0 at the crossing

e 8 > Z<h

v SREADIILY

Higher derivative terniye 24

MG TNl Paldheernll Dhiaaraers S B omes B e TNER



Pirsa: 09070027

The phantom divide is ... a phantom

Lorentz
uv?

AL?
M2

-" bR ,-_.!’ o ” /
e
77 Z 7 7 ;,r 77777
:2 fp"f e 7 ,f;’ 1;'?- s s :;,r" :
;‘ NN 777077777
grad. unstabie {E’-‘ lc::‘...-"r ' ,;f Z {;"4 ;_":- :_f; fr,:-‘,’-"‘ ff / }4{ :/?f,-'f *
; ’ .,.f - /f" ,_?" o ,.::'; o , l__:,f' ‘rJ —-"? ;f
- o > “mT
& 'r',’r‘/ # '/ J"J. .r'r. o o .-;:d
R . : Y o e
1 : = = (Vx)? . =
Sq = 3 d’rdt a’ [4.1!“.-:* - (M)r - (w — +3H(p )7
a-

: el N2 :
- pQ)h= — M (E - ﬂ__;) ] Nothing strange happens when you cross
wo = _l Page 33/41

7777777777, \ophantom divide
' 777




For example...

- ¥ ) A= - l - )
P(X.0) = —3Mp,H*(0) — Mg H(0)(X + 1) + ;M (o)(X — 1)° No other energy
= Cﬂﬂlpﬁﬂﬂﬂtﬂ
1 + ey
‘ ol -
H /m : : l
H/m-* "l
|;_Lr_' .u‘_ul i ang b ﬁu -
1 H:F

* The GC strip is very tiny. Effectively w = -1 is crossed by a k-essence with ¢*=0

* Numerical recipe. When comparing with data w(z) going through w,=-1. set =
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w<-1: two interesting limits

:

g e ) =
w=c k withc ~0 e S

1l +w

1 — 3w

Dark energy escapes (!) from dark matter wells: ¢ =~ dpm

t
. Cs : -1
Clusters on scales large than sound horizon: 1/kpEsh. =a / :fff ~ 2¢c,Hy
0N

\
Fractional difference in ® \
between smooth and clustered = @ \ |
quintessence \
\x\ :
Hu. Scranton \.\‘
04
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ISW- galaxy correlation

Is it possible to exp distinguish ¢ =0 from ¢ =17 Until which value of 1+w,?

I‘__ L b: T t rrrrrrrrr I:

[ \ 04E =

== r \ o -

e ~03F 3

Corasamt. Giannantomo. E l& ' j:l' £ ]
Melchiom 05 o - J - 02F 3

s 005 - o | .

o [ = . G 01F [;S={] ‘

L (e) r (d) \'_

u i-' i |'_ u ._— g g i g ', W |

i
-
|
w
[
[\ &
i
o

4 -3 -2 -1 @

g

10 » = - ) §
2| “ ' Hu Scamon | DiStinction possible for 11 +wg| Z 005 2
] | Hu.Sa
a | - .
H

oS ’ Forecasts done only forw> -1 __.

Pir:

o
=
m'_ﬁ
sl

a @5’8’5&9‘: b E'._"f*':l Y E Page 36/41
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Non-linear clustering

What happens at very short scales? For ¢~ = 0 quintessence clusters at all scales.

Effect on non-linear structure formation

o’ X
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Quintessence ~ A

M-
Ghost condensate limit | For cosmo scales: o ~ k2 (1 ~wg)ilo < E

| .
S¢ = ,Efff’i,rrff a’

MR - AL (JE - \‘_f,”) ]
2 a-

The scalar degree of freedom does not disappear even for 1+w,=0

M2 V3dppm

x+3IHT = —— - - The driving of DM is not suppressed by 1+w,
= Y
dpg =AM 7 ~ 4”-3 dppm << dppm No relevant perturbation!
Mg,

The ghost condensate is a modification of gravity, but only on very short scales
Irrelevant cosmologically
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A more general approach v

Usual approach to quintessence/inflation:

. Take a Lagrangian for ascalar £(0.d,0.Uo...)

2. Solve EOM of the scalar + FRW. Find an accelerating solution @ > 0
o = oplt) ds* = —dt* + a’(t)dF

3. Study perturbations around this solution to work out predictions

We want to focus directly on the theory of perturbations around the accelerating solution

0

* Time diffeomorphisms are broken:  —f + (¢, 3) 0o — do + onlt)

e In unitary gauge @(f.r) = oolt) the scalar mode is eaten by the graviton:

&
3 degrees of freedom. Like in a broken gauge theory.
* The most generic action In unitary gauge
: — - 1 . M () ,
oy = fll-l.r'\. '-ff[+R'- er: -f‘(.‘? - —,1';]'-_2 -—-pqli.y' o 1} = -19'.] + 1)

A(E) ..., Mt . . o
D ﬂh - — > r‘h | .!-J']} - ] |
Fa - Page 39/41
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Conclusions

*  General framework to study single field quintessence models

*  Higher derivative terms can stabilize the w, < -1 region

Phenomenology is the same of k-essence models with ¢;* =0
*  The phantom divide can be smoothly crossed if one sets ¢ =0

*  Phenomenology of models with cg>=0 VS c¢g*= | must be further explored

&
. Quintessential plane
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Quintessential plane

b
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