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The measure problem
in eternal inflation

Jaume Garriga,
(U. Barcelona)
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Eternal inflation is quite generic:

1- Models with metastable dS vacua

2- Models with a regime dominated
by quantum diffusion
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Metastable dS vacua

T

N

1

Etemally inflating|

A = decay rate per Hubble volume ~ ¢~
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dr '
dt

& ]

—3HI, - AHT;

Average volume grows unbounded for4 < 3.
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Metastable dS vacua

f 1

Etemally inflating|

v

A = decay rate per Hubble volume ~ ¢~
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g

dl '
dt

« 1 =3}~ LHTF,

Average volume grows unbounded for4 < 3,

A<3

> Eternal infiation

Finite probability that
transition is never complete
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The eternally inflating fractal  (Winitzki 02,05)

p=¢ " survival prob
bh=e¢’ branching factor

N = Hr number of steps

Sierpinsky carpet .= H  (bp)' growsfor p- 15

.\ = Probability that a Hubble sized region contains eternal points

| =155 };f- | Forp 1 b (12 A 3jonly tnvial solutton Y = 0.

butforp 1 5. nontrivial solwtion 0 - ¥ = 1

£ = Set of eternal points (non-empty with finite probability for / 3)

dimE=3-/
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The eternally inflating fractal  (Winitzki 02,05)

p=e¢  survival prob
bh=e¢’ branching factor

N = Hr number of steps

Sierpinsky carpet .= H  (bp)" growsfor p-15

_\ = Probability that a Hubble sized region contains eternal points

Y =1—(lL—Xp )5 | Forp 1 b {12 /- 3jonlyv tnvial solution Y = 0.

butforp 1 4. nontrivial solufion 0 - ¥ = 1

£ = Set of eternal points (non-empty with finite probability for / 3)

dimE=3—/4
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Eternally inflating multiverse
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Eternally inflating multiverse

_______________




Tunneling uphill
is also possible

1_'- / l—“‘ — LJ_-‘-:“':,;_L?*I' 1/ -
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Spacetime structure Minkowski

bubbles

\dS bubbles

~do DU =<
W v v v Vv v"'

dS bubbles.

“Parent” inflating vacuum

® Bubbles nucleate and expand at nearly the speed of light.

> dS (Infiating)
AdS | |
Minkowski ,;F (Terminal bubbles)
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Attractor behaviour of volume distribution:

Fraction of volume T:{ 7) in inflating vacuum of type

=10 Proper time gauge
dr=H"dr
=] Scale factor gauge r=logu
T
—t= 3H T M T rate equation
ar ' o
AT
__Lf?_ =1 M. T‘ /o A= Hj' - FJ
TN S i From bubbles of
Gained from | ost to type “i” in vacuum .
other vacua ather vacua
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e.g. in scale factor gauge, the solution is of the form

Ifr(a) — V{ﬂ} a?ﬂ 2B ZI};{W} a?_v: =% | V{ull ﬂ?“ (a _) m)

Yo=3—9

—g= Dominant eigenvalue of transition matrix Mg‘

& q imin; 24’1_, O<gxl

® |If 75 has positive real part, volume grows unbounded
(that’'s eternal infiation).

® |If ¥, isreal, positive, and non-degenerate, >
late time volume distribution approaches
unique attractor solution

Via ) = e =
(a) <V (a—> ) Independent of initial conditiong ..s
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To each irreducible landscape” there corresponds a unique
attractor volume distribution. __ p
ViD— ¥® T 0<g<l

In this sense, initial conditions do not play a role.

THEORY J.G., Schwartz-Perlov,
- Ca
< 4 (Self-similar fractal)
N _
1

MULTIVERSE
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Models with quantum diffusion

o | L
Generic potential &
(@) = H (p) G
. & ,D{I
D [ ) Quantum Diffusion regime
Thermalization = * H'(p) < H'(p)
ey % g
h'\\_,/ - ' . o
—
Slow Rall

regime H'(p) < Hip)

0P {5?‘55 ~ H-

‘ op of ‘SF

i
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The measure problem Minkowski

A4S bubble bubbles

i

vvvvvv

“Parent” inflating vacuum

2 Everything that can happen will happen an infinite
number of times. We have to learn how to compare these
Infinities. (Otherwise we cannot distinguish probable events from
highly improbable & cannot make any predictions.)
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Galileo: “ Infinite numerable sets cannot
be said to be bigger or smaller than one

another.”

Example

@ =23} = N-jli3.]

Suggeststhat § smallerthan N

4

® Butforeach 7N thereisoneandonlyone 77- =S

Suggeststhat S NOT smallerthan N
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Sequences

The elements of N can be arranged into the natural sequence

1.2.3.2°.56 783 101L1213.14.154° 17,

Frequency of occurrences

Cutting off the sequence at finite length [ |,
the relative frequency of perfect squares is

P(ines) = L iz—)t] {ﬂ—):r:-)

Perfect squares are very rare in the natural sequence.

i
More generally: | We can use infinite sequences
define probabilities, as the frequencies
|
- of occurrence.

: 09060078
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We see thisCMB

e VG258

MuSooes rmormens (]
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file 1

Giordano Bruno: “The universe is infinite,

homogeneous, and full of planets like the
Earth, orbiting stars like the Sun” (¢

—
et

/n an infinite and homogeneous universe:

Some people, very far away,
will see this “unlikely” CMB

-----

Myt Tt

We say this one is "more likely”, because we think of 3 Page205s
specific "sequence ., where this occurrs more often.



Some proposals for the
probability measure
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Measure’s galore:

Proper time cutoff

Scale factor cutoff

Focket-based

Causal-patch

Reheating volume

Empirical approach:

Investigate different measure proposals and discard those

which suffer from internal inconsistencies or strongly disagree
WitH observations.

Garcia-Bellido, Linde & Linde (1994)
Vilenkin (1995)

Garcia-Bellido, Linde & Linde (1994)
De Simone, Guth, Salem & Vilenkin 2008)

J.G., Schwartz-Perlov,
Vilenkin & Winizki (2005)

Easther. Lim & Martin (2005)
Bousso (2006); Susskind (2007)

Winitzki (2008)
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Global time cutoff: Count only observations that

nvers made befors some time 1

Garcia-Bellido nde
= QG - fYAGE
':?z Linae | I'J':»‘ﬁf_a Vilenkin (1395)

T:]Ei:d&‘?:- S orthogs rnal’r‘ X,

o (i) scale-factor time, F=Ina

[ > =mmp steady-state distribution

The distribution does not depend on the choice of X
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Different choices of time variable df=H > dr
give rise to diferent

results for the dominant eigenvalue [ "'()
] 8 VN . o
e W = Scale factor cut-off
N7 \_—/ | Proper time cut-off

The regularized probability distributions will be different
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Proper tlme CUtOff leads Linde & Mezhiumian (1996),
Guth (2001), Tegmark (2004),

to “youngness pal"ad(:)X”F Bousso, Freivogel & Yang (2007)

Volume in regions of any kind grows as

: Driven by fastest-
T SAT . - )
I/j =E 3 B H MPE' xpanding vacuum

(0

I

Observers who take less time to evolve are rewarded by
a huge volume factor.

Observers who evolve fasterthan us by \r=1Gyr
and measure 7., =2.9K are more numerous by

B0
)

exp(x \7) =exp(l0

Proper-time cutoff is ruled out.
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Different choices of time variable di=H" s
give rise to diferent

results for the dominant eigenvalue ['"'(«)
N 5 Vil "l
< = Scale factor cut-off
el \_2,/ Proper time cut-off

The regularized probability distributions will be different
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Proper time cutoff leads Linde & Mezhlumian (1996),
Guth (2001), Tegmark (2004),

to “youngness paradox” sousso. Freivogel & Yang (2007)

Volume in regions of any kind grows as

r AT F[ Uriven by fastest-
i 7 2 = R — G
IJ *€ A max MP;" expanding vacuum

Observers who take less time to evolve are rewarded by
a huge volume factor.

Observers who evolve fasterthan us by \r=1Gyr
and measure 7., =2.9K are more numerous by

exp(x A7) =exp(10”)

Proper-time cutoff is ruled out.
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Scale-factor cutoff — a mild youngness bias

(F=g )i {3—q)

Growth of volume: F: o e =

q XL /1 < l — decay rate of the

nun ol e s
slowest-decaying vacuum

The probability of living at 7= 2.9K
is enhanced only by (T/T,) ~1.2.

Not ruled out and may have interesting observational
conseguences.
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Proper t|me Cutoﬂ-’ Ieads Linde & Mezhiumian (1996),
Guth (2001), Tegmark (2004),

to “youngness paradox” sousso. Freivogel & Yang (2007)

Volume in regions of any kind grows as

i T Driven by fastest-
# . > = — e
I; xXe . A Hum Mpx- expanding vacuum

Observers who take less time to evolve are rewarded by
a huge volume factor.

Observers who evolve fasterthan us by \r=1G~r
and measure 7., =2.9K are more numerous by

exp(x A7) =exp(10”)

Proper-time cutoff is ruled out.
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Scale-factor cutoff — a mild youngness bias

(3—g)1 (3—q |

Growth of volume: I: % ol =g

q L /‘;., << l a 'ij-':,—"CE'_f rate of the

Tin o i A
slowest-decaying vacuun

The probability of living at 7= 29K
is enhanced only by (T/T,) ~1.2.

Not ruled out and may have interesting observational
conseguences.
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Probability distribution for A

In scale factor measure De Simone. Guth

Assumptions: @ Number of observers is proportional to the fraction of
matter clustered in large galaxies (1/ >2101/-).

|
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J.G.. Schwartz-Perlov,

Pocket-based measure Vilenkin & Winitzki (2005)
Easther, Lim & Martin (2005)

Pj xXpw,

P, —bubble abundance.

H"f — weight factor. Sample equal comoving valumes in all bubbles.

(All bubble spacetimes are identical at early times. )

Large inflation inside bubbles
s rewarded:

expansian factar

3
W . OC Z , Auring inflation
J P

(This leads to some problems...)
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Feldstein, Hall & Watari (2005)
"Q catastrophe” J.G. & Vilenkin (2006)

Graesser & Salem (2007)

The expansion factor Z depend exponentially
on the shape of inflaton potential | (@).

P e Z —> Parameters sensitiveto | (¢ have
' exponential probability distributions.
In particular the amplitude of density perturbations Q.
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Feldstein, Hall & Watari (2005)
“Q catastrophe” J.G. & Vilenkin (2006)

Graesser & Salem (2007)

The expansion factor £ depend exponentially
on the shape of inflaton potential | (@).

Parameters sensitive to | (@ )have
exponential probability distributions.
In particular the amplitude of density perturbations Q.
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Census-taker (causal patch) measure

3 Freivogel, Sekino, Susskind & Yeh (2006)
' Susskind (2008)
r r 5 '

- p . Related idea: Bousso (2007).
s . / a {
e |
[
[

Include only spacetime
region accessible to a
single observer (CT).

CT will see an infinite number of other bubbles (that collide
with his bubble). but their abundances depend on the nucleation
rates in the parent vacuum.

=—> [he measure depends on the initial state.

aolagraphy: The 4D theory In the region accessibleto CT
is equivalent (dual) to a Euclidean 2D field theory on L
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Freak observers (“Boltzmann brains”™)

Page (2006),

t — Bousso & Freivogel (2006)
& ',ﬁ_ﬂ-‘

s —— .

2 = b Observers popping out as

- quantum fluctuations
- outnumber regular observers.
@& D ] = = )
Lop ~exp(=M 1)

In causal patch and in scale factor measure:

Bousso, Freivogel & Yang (2008,

(0

BBs are not a problem, provided that

® 1./1 =<1

for all vacua tf‘-jt can suppaort BEBs.

s this satisfied
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/oungness Q Dependence |Boltzmann
paradox catastrophe | on initial state |Brain Parada
Proper time )
cutoff Y
i Scale factor
*v+ cutoff
Pocket-based faa A
measure \ d
Causal patch [~
measure A\
Insert your
own
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A measure from fundamental theory
(JG, A. Vilenkin, 08,09)

® The dynamics of the multiverse may be encoded in its
future boundary (suitably defined).

Inspired by hclographic ideas: Quantum dynamics of a spacetime
egion is describable by a boundary theory

® The measure can be obtained by imposing
E U\/ cutoff in the boundary theory.

o - — ey —.-.__,..,_ — —— —

‘-F ._J'-'hl T
eaied O Scale-iaCiolr CLi _J.".-

—
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Holography

Maldacena (1998)
Strominger (2001)
Freivogel, Sekino,
Susskind & Yeh (2006)
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AdS,,,/CFT, correspondence
Maldacena (1998)

Euclidean AdS:
£ 3 2 £s L P
ds™ =dr~+smh” r dQ p——
I_;' { - ?\\:
Regulate boundary theory: / - == Ak
i . ’ | ||
Integrate out short-wavelength | | | % _bulk IR sutcf
modes of wavelength i_ - = X, / e
The corresponding bulk modes e
have minimum wavelength P T _
e ’ gt Bulk resolution
i (r)=Zsinh7. Require 4 </{° scale

mm) smhr, =1/ &

Variation ofr,,,, < RG flow

g S % B in the boundary theory.

11 K
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dS/CFT correspondence Strominger (2001)

Is the 4D theory describing an asymptotically de Sitter space
equivalent to a 30 Euclidean CFT at future infinity i, ?

I

ds™ =—dr- + H™ cosh™(Hr)dQ;

Future infinityis  §,: r— .

Some potential problems:
1- Scaling dimensions are complex for bulk fields with
,_ s _ _ £ 2
mh s | < | & (these fields oscillate in time)

2- In String Theory, dS space Is metastable, so there is no

Pirsa: 09060078 Page 41/55

such thing as asymptctically dS space.



dS/CFT and the
wave function of the universe

ol r—> = Pix)

" Z5V[P] = | Do e = ¥ []
<

L e-’”}gg*[‘?] = -[D'// €fSGFf[W~‘:51

i T [ i

laldacena 02
. Larssen, MchNees
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ds* = a= 1) :—rhfi i er:I a(n)

saussian wave functional

.F

) T — r'il_l .{fk '-'-'nr
Ulo(x)] x e " J ric Okl

Choice of vacuum (for m=0)

_,j _H

i1l

g

,(An)

(d+1=3)

Plo(x)] x exp [—} /r!*k(_ - . <[
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= —1/Hp

. : kx

o . g -
vfkfk_r'kfk =

| —d

Bunch-Davies

L9~ L In(k) | H —(_}{r'f__il) .
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B x exp (— [en (Gru) o

:

g,

r_J];a'rk.-"- = ,z,'_lr'iikr —k}

Imaginary part of Y. determines the amplitude of
cosmological perturbations.

But there is also the non-local part

H-:{

J

Weer = / 'k A In(A7/ H7) |ok|® + analytic.

3 . 5 Expected formina CFT
(:m_ T {k‘)) ~ ¢ Kk’

Pag
(As In Gubser, Klebanov, Polyakoyv 98



Expected form In weakly coupled CFT

Wlg,l = / u"l..f'x g | RIn(O0/p )R + xR, (/= ) R + o3 B, In(LL) _u"u?‘-"""':] + analvTtic.

Coefficient of logarithmically divergent term is the trace anomaly

2 ~ /‘”‘d‘r\r H [r‘lf‘?: = ealt; , Y —|—:-_;H__I_L_-R’-"-""r:[ _
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|‘L"|j X exp (_ / {[-':k (EA-LI_I—:{) |":"’k|2}

=] H.‘-:

;':];ark.-} == IE\'_lfi[k’ — k)

Imaginary part of V. determines the amplitude of
cosmological perturbations.

But there Is also the non-local part

H_':;‘ . 3 | )
Werr = T / d*k £ In(k*/H") ér_'rki; + analvtic.

8

Expected formina CFT

(T{_ k u”mw) ~ck*lnk’
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Expected form in weakly coupled CFT
Wiy = / dtrg -:| S« RIn(00/u" )R + >R, (/" )R + e3R, i lul.D_-,u:=R‘-";":] + analvtie

Coefficient of logarithmically divergent term is the trace anomaly

T /;x 2/ [eLB2 + 2R, RY + es R RV .
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Proposal:

The boundary theory lives at the future
boundary of the multiverse (suitably defined).
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Future infinity

® Geodesic congruence
singular . projects bubbles onto =
- - ;R = Map of future infinity

® Excise images of Minkowski
bubbles. (They are described
by the 20 bc-undar';_,- degrees

— |

of freedom. (=SS

cfara ® AdS bubbles can be excised
In a similar way (7).

FOorowil — =]

L )
0L
| |
N

The future infinity F includes eternal points
(and the boundaries of excised terminal bubbles).

sk SEAIELTIC g Q,(x N defines a metric on ~ page 49/55



Structure of the future boundary F

| Terminal bukktle
(bubble of nothing)

® Each bubble becomes a fractal “sponge” in the limit.
® Terminal bubbles correspond to holes (with 2D CFTs on their boundaries).

®-@Bribbles walls are sources in the boundary theory. Page 5015



Structure of the future boundary F

| Terminal bubkle
{buckle of nothing)

® Each bubble becomes a fractal “sponge” in the limit.
® T=rminal bubbles carrespond to holes (with 2D CFTs on their boundaries).

®>Buibbles walls are sources in the boundary theory. Paoe s1%



Conformal invariance of the boundary theory

3 (TT) carrelator has the form expectaed in a CFT.

® Distribution of nested bubbles Is invariant under the
Euclidean conformal group in the UV

® Correlator of bubble fluctuations also has the form
expectad in CFT.
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BUBBLE FLUCTUATIONS

Sulk calculation leads to:

=y IHT!A.A-'—_WM -R_}. . ]_ 3
r'-‘. — _I : _!I ) o | el — f-'_l- = :"‘ Yr ==
W] 2 _.. 16 []‘u( ) r=s (’- L) 4 L) g 2 7] T ] I xr| s

Expected result in weakly coupled CFT

Q3.2 = / -F'E_' l'u;l ( f't‘.ti,flwh = éﬁ") = H"_-R

X / dQ d AN £+ 230

= |
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Boundary measure

Renormalization of boundary theory:

_ — Boundary
Integrate out short-wavelength modes 7, . 2 UV cutoff
The corresponding 4D modes have minimum wavelength

A AX )y =al{x.[) <.
A8 f , ) _ Bulk resolution scale
| oo Require 4., <!

= l—a(X.1)4,
= --scale factor cutoff

: e i
g — o =
-—
A = . -
K c2>0 = ¢, —>C.

| 1]

UV cutoff on the boundary «4==» (IR) scale factor cutoffin 4D.
RG flow on the boundary <= scale-factor time evolution.
Page 54/55

iper-norizon scales.
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Summary

® The dynamics of the multiverse may be encoded in its

future boundary F in terms of a theory which is conformal in
the UV.

® The measure can be obtained by imposing
a UV cutoff in the boundary theory.

® This measure Is closely related to the scale factor cutoff.

® The measure may perhaps be formulated even if there is
no dual theory, based on the property of conformal invariance
of the wave function.

® \\Ve hope to further explore these ideas at the upcoming
"= Workshop on holographic cosmology.
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