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Abstract: Thistalk will present an overview of work done in the past decade on quantum state and process tomography, describing the basic notions
at an introductory level, and arguing for a pragmatic approach for data reconstruction. The latest results include recent numerical comparison of
different reconstruction techniques, aimed at answering the question: & quot;is 'the best' the enemy of ‘good enough'?& quot;
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State of a Single Qubit

* Photon polarization based qubits
Yy =aH +BV
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State of a Single Qubit

* Photon polarization based qubits
Y =aH +BV

detector

* Measure Single Copy by projecting
onto V V :getanswer “click” or  polarizer
“no click”

— One bit of information about a and B: you
know one of them is non-zero
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State of a Single Qubit

* Photon polarization based qubits
v =aH +BV

detector

* Measure Single Copy by projecting
onto V V :getanswer “click” or  polarizer
“no click™
— One bit of information about o and B: you
know one of them is non-zero
* Measure multiple (assumed identical) copies: frequency
of “clicks” gives estimate of IBI2
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* Find relative phase of a and by performing a unitary
operation before beam splitter:

I

detector

QWP+HWP polarizer

(unitary
transformation)

eg: ¥ =Y =é(a+ﬁ)H "'%(a_ﬁ)v

* Frequency of “clicks” now gives an estimate of ; a-p 2
* Systematic way of getting all the data needed....
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Stokes Parameters

filter |
.| |

detector
Measure intensity with four different filters:

G. G. Stokes, Trans Cambridge Philos Soc 9 399 (1852)
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Stokes Parameters

filter —

detector

Measure intensity with four different filters:

(i) 50% intensity ng = Tr{p} =" Tr{IIyp}

G. G. Stokes, Trans Cambridge Philos Soc 9 399 (1852)
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Stokes Parameters

filter ] .

detector
Measure intensity with four different filters:
(i) 50% intensity ng =% Tr{p} =5 Tr{IIyp}
(i) H-polarizer n,=N Tr{H Hp}=N Tr{lI,p}

G. G. Stokes, Trans Cambridge Philos Soc 9 399 (1852)
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Stokes Parameters

filter —
——

¥

detector
Measure intensity with four different filters:

(i) 50% intensity ng =% Tr{p} =% Tr{IIyp}
(i) H-polarizer  n,=N Tr{H Hp}=N Tr{IL,p}
(iii) 45° polarizer n, =N Tr{D D p}=N Tr{II,p}

G. G. Stokes, Trans Cambridge Philos Soc 9 399 (1852)
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Stokes Parameters

filter —
—

I

detector
Measure intensity with four different filters:

(i) 50% intensity ng = Tr{p} =75 Tr{IIyp}

(i) H-polarizer  n,=N Tr{H Hp}=N Tr{IL,p}
(iii) 45° polarizer n, =N Tr{D (D p}=N Tr{II,p}
(iv) RCP ny=N Tr{R/Rjp} =N Tr{IIzp}

G. G. Stokes, Trans Cambridge Philos Soc 9 399 (1852)
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Stokes Parameters
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So=2m=N(RpR+ LpL)
S;=2(m-ng)=N(RpL + LpR)

S, =2
S3=2

g

3 — o,

=iN(RpL - LpR)

=N(RpR -LpL)

» These 4 parameters completely specify polarization of
beam
- Beam is an ensemble of photons...

1

e=3

4

55,

=0

- S

Pauli matrices
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2 Qubit Quantum States

Pure states
— Ideal case

y)=aHH)+blHV)+c|VH)+d|VV)

* Mixed states
— Quantum state is random: need averages and correlations of coefficients

(|a|—2 D a*c a*d\

b*a |b° b*c b*d
c*a c*b |d° c*d

d*a d*b d*c |d°

Density Matrix p =

o
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State Creation by OPDC
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Statem =
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reation by OPDC
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State Creation by OPDC

Farent

=gyl

cos@ H +e” sinevV —
" cos@VV +e®sing HH
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Statg Creaiign by OPDC

cos@ H +e® sineVv —
" cosBVV +esine HH

Schmidt decomposition: v =a¢p +b ¢, @,
Arbitrary state: change basis...
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2 Qubit Quantum State Tomography

Dt e o e l'u —
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Coincidence Rate measurements for two photons
Nyp =N Tr{(II, ® I, )p}
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Linear combination of n_ , yields the two-photon Stokes
parameters:

Szp =N Tr{(o,®0,)p}

)
=
0
D
o
©
o
(2]
o
o
o1
()]

Page 22/57

i

BEPARFTMEST OF PEYSIS [ NIVEOSITY OF TINEMINTT)



Linear combination of n, , yields the two-photon Stokes
parameters:

Sz =N Tr{(o,®0p)p}

From the two-photon Stokes parameters, we can get
an estimate of the density matrix:

S
p= 2 a’b(aa ®0p)
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Linear combination of n, , yields the two-photon Stokes
parameters:

S.p =N Tr{(o,®0op)p}

From the two-photon Stokes parameters, we can get
an estimate of the density matrix:

S
p= 2 a’b(oa ®op)
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Maximum Likelihood Tomography*

e Maximum Likelihood fit to "physical” density matrix
— Density matrix must be Hermitian, normalized, non-negative
— Numerically Mingnize the function:

2
X (tuto,.tig) = 2(Tr{p(t1,t2,..115)(113 ®p)}-Nap) /Nap
a,b=0

*D.F. V.]James, et al., Phys Rev A 64,052312 (2001).
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Maximum Likelihood Tomography*

e Maximum Likelihood fit to "physical” density matrix
— Density matrix must be Hermitian, normalized, non-negative

— Numerically Mingnize the function:
2
X (titp,-thg) = E(TF{P(tvtz:---tm)(Ha ®Mp)}—Nyp)” /Nap
a,b=0
— where: p=TT/Tr{TT'} and
= - 0 0 0
tz +1it t 0 0
T(tntp, tyg)=| > ° =
t-” - - ft12 t7 - lta t3 0

b5 +ithg bz +ityy tg+ityg 1y

*D.F. V.]James, et al., Phys Rev A 64,052312 (2001).
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Example: Measured Density Matrix

(a} Rest—Theonstcal b} Imagnary—Theorstical
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Quantum State Tomography |

-Sublevels of Hydrogen (partial) (Ashburn et al, 1990)
-Optical mode (Raymer et al., 1993)

*Molecular vibrations (Walmsley et al, 1995)

-Motion of trapped ion (Wineland et al., 1996)

-Motion of trapped atom (Mlynek et al., 1997)

-Liquid state NMR (Chaung et al, 1998)

-Entangled Photons (Kwiat et al, 1999)*

-Entangled ions (Blatt et al., 2002; 8 ions: 2005)
-Superconducting qubits (Martinis et al., 2006)

*A. G. White, D. F. V. James, P. H. Eberhard and P. G. Kwiat, Phys Rev
Lett 83, 3103 (1999).
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Characterizing the State
Purity
Entropy S =-Tr{pinp} = —Ei A InA

"Linear Entropy" ; (1 - Tr{ pz})
Fidelity: how close are two states?

Pure states: F(y4,95) = 44 5 3
Mixed states: Tr{p;0>} doesn’t work: Tr{pz} =1

F(p1.p2)= [Tr{\ \P1P2 9—1}]2
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Measures of Entanglement
* Pure states

y) =alHH)+ BHV )+ y|VH) +5|VV)

» How much entanglement is in this state?
— Entropy of reduced density matrix of one photon

E=-Tr{paln(ps)} where pa=Trg{y v}

— Concurrence:

C=2ad-By |

— Concurrence is equivalent to Entanglement :

E-= h[ —1- /2] where hx]=-xIn(x)-(1-x)In(1-x)
— C=0 implies separable state
— C=1 implies maximally entangled state (e.g. Bell states)
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Entanglement in Mixed States

« Mixed states can be de-composed into incoherent
sums of pure states:
= 2Pi|¢f)(¢f|
i
*» “Average” Concurrence: dependent on decomposition
C =Y pC(y))
i
* "Minimized Average Concurrence’
Chnin =?£f‘ Y pCy;)
: if :
— Independent of decompaosition
— C=0 implies separable state
— C=1 implies maximally entangled state (e.g. Bell states)
— Analytic expression (Wooiters, ‘98) makes things very convenient!
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Two Qubit Mixed State Concurrence

R= prTZ

/ '\“spin flip matrix”
Transpose

/ _9)

(in computational basis) 0 0 0 -1

g ¢ 1 @

g

O 10 O

Eigenvalues of R -1 00 0
(in decreasing order)

|C Ma"[\f ~Ag = A3 = Aq, U}I

W
5
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“Map” of Hilbert Space*

Tangle

0.2 0.4 05 08 1.0
Linear entropy
*D.F.V. James and P.G .Kwiat, Los Alamos Science, 2002
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“Map” of Hilbert Space*

= MEMS states
- - g(C) 0 0 C/2)
| 0 1-2(C) 0 ©
ax bl = | p”E"'S(C) & 0 0 0 O
c/l2 0 0 g(c)
P 3 . S if C22/3
s 1/3 if C<213
*W_J. Munro et al., Phys Rev A 64, 030302-1
04 - (2001)
02
4] a.2 04 0.5 0.8 1.0
Linear entropy
*D.F.V. James and P.G .Kwiat, Los Alamos Science, 2002
Elrsaé)QOG(% Page 34/57
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Process Tomography

- Trace Preserving Completely Positive Maps: Every
thing that could possibly happen to a quantum state

r__ T p 1' — “o r-sum formalism”™
= EEEPE:' : EE:' s s
i i

set of basis matrices, e.g.:

I, = ;Um(v) @ Tp(y)

IG= %00 Roqy, Ip= %oo oy, I'y= %01 ® og,etc, efc.

Trace orthogonality: 7r{T, I, } =6, ,
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Decompose the Kraus operators: E; = 2

Srvv

then-

= Evaryprv
u,v

where-
2,- Ef,vg*f,p == X*lqu
¥ IS a Hermitian, positive 16x16 matrix(“error

correlation matrix”), with the constraints-

N % Tr{L, L, L =Tr{I; }
u,v
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Process Tomography

16 Input states

{va} —=

16 Projection states
Xaw | o

== {6}
- Estimate probability from counts 16x16 = 256 data:
Pap = Ex;,w ¢b ry Ya ) Ya rv Yp

uv

- Recover x,, by linear inversion
- problematic in constraining positivity
- close analogy with state tomography...

*I. L. Chuang and M. A. Nielsen, J. Mod Op. 44, 2455 (1997)
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Maximum Likelihood Process Tomography
» Numerically optimize

16
X(tr-toss) = Y, | D Xuv(tir--1256) 86 Tuu Wa ) Wa Ty Wb ) — Pap

a,b=1\ uv
where: X, = TTT (256 free parameters)

- Constraints on x,,,,

positive
- Hermitian
- additional constraint for physically allowed process:

¥ X TR, | =Tr{I; }
u,v
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Process Tomography of UQ Optical CNOT*
Mostbkely x,,,,mirﬁ

Actual CNOT
) —e =] L T O B e o P e L
d L2000
R S e e e e B e
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T ze X
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ZD I
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ZSY |
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+0.34

l[HME

i‘lﬂJS

*J. L. O’Brien, G. J. Pryde, A. Gilchrist, D. F. V. James, N. K. Langford, T. C.
Ralph and A. G. White, “Quantum process tomography of a conirolled-NOT

gate,” Phys Rev Lett, 93, 080502 (2004); quant-ph/0402166.
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Characterizing Processes
F(Zideal(P) Emeas(p)) plotted against S(p)

A KapLy o

Change in Tangle, Al

0 02 0.4 0.6 0.8\ l
Linear entropy, S

T(Emeas(P))-T(p) plotted against S( Emeas(P))—S(p)
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Scalability?

» record: 8 qubit W-state (Blatt et al., 2006)
Il |

- Why not more? N qubit state tomography requires 4N-1
measurements (& numerical optimization in a 4N-1
..... @nensmnal space) pago 4157
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Characterizing Processes
F(ZEigeal(P) Emeas(p)) plotted against S(p)

A KuapLy g

Change in Tangle, Al

0 02 0.4 0.6 0.8 l
Linear entropy, S b

T(Emeas(p))—T(p) plotted against S(Z,0.5(0))—S(p)
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Scalability?

* record: 8 qubit W-state (Blatt et al., 2006)
ol -

0.20 ~
0.15~
0.10

- Why not more? N qubit state tomography requires 4N-1

measurements (& numerical optimization in a 4N-1
- iimensional space)
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Fixes?

- Measurements: you can get a good guess at the
density matrix with fewer measurements (it still
requires exponential searching) (Aaronson, 2006)

 Direct Characterization: In some cases you can get
the information you need more directly, without the
tedious mucking around with the density matrix (e.g.
entanglement witnesses; noise characterization)

- Push the envelope: How far can we go using smart
computer science before we hit the wall?

irsa: 09060055 Page 44/57




Pushing the Envelope*

» Step 1: find a smart computer scientist:

- data storage and handling Max Kaznady

- optimization algorithms (conjugate gradient technique implemented
via matrix calculus)

- density matrix via the Cholesky decompostion p =77 /Tr{TT "}
- search space of T matrices to find a state p which ‘best’ fits observations
using conjugate gradient technique.
-use matrix calculus to find an analytic form for dF(T)/ oT .
-code implemented in matiab, see:
hitp://www.physics. utoronto.ca/~dfvi/NST/index. himl

~M.Kaznady and D. F. V. James, Phys Rev A 79, 022109 (2009); arXiv:08Q9.2376
CQo
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Is “the best” the enemy of “good enough”

Are we being too pedantic in looking for the optimal
density matrix to fit a given data set, when a simpler
numerical technique produces a good estimation (i.e.
within the error bars)?

Alternatives:

- ‘quick and dirty’: zero out the negative eigenvalues
rather than perform an exhaustive optimization.

- ‘forced purity’”: we are trying to make pure states, so
why not use that fact?

Both give positive matrices quickly: but
are they the actual states in question?

o
o

Pirsa: 09060055

]

Page 46/57

™




Numerical experiments

- choose a state

- simulate measurement data with a
Poisson RNG

- estimate state using code

-compare estimated and actual state

- Fidelities for 2-qubit states:

Flaulity

Forte %
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Fidelty

- Larger numbers of qubits...

Quick and Dirty Tomagraphy at 5% State Error
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Fidenty

- Larger numbers of qubits...

Quick and Dirty Tomography at 5% State Error
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Numiber of Qubits

Fidelity

Forced Purity Tomography at 5% State Emror

14
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096
0.5t
0=2- _:' 2 quints|
tg - — 3 qubsts|
] j 4 gquiwis|
U | -—— Squbis}
09 T | — & qubis|
------ 7 qubits|
a o4 06 08 1
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Conclusions

- Maybe these techniques can give reasonably good
characterization of a dozen or so qubits....

- Beyond that, how an we know quantum computers is
doing what it’'s meant to?

- well characterized components.

- error correction: you can’t know if it’s bust or noi,
so you’d best fix it anyway.

- answers are easy to check.
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Fidenty

- Larger numbers of qubits...

Quick and Dirty Tomography at 5% State Error
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Fidenty

- Larger numbers of qubits...

Quick and Dirty Tomography at 5% State Error Forced Purity Tomography at 5% State Efror
. : . . : :
09- * I
08—
098 - -
07-
06 = 096
05- ﬁ
L gge-
04-
0.3
0=2+ 2 quints|
02— — 3 qubis)
] 4 m:_
a1 — - S
....... T mi
o, T T r a 02 04 06 08 1
2 3 4 5 & %
Number of Qubits
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“Map” of Hilbert Space*

Tangle

a2z 04 05 08 1.0
Linear entropy
*D.F.V. James and P.G .Kwiat, Los Alamos Science, 2002
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“Map” of Hilbert Space*

MEMS states

1.0
9(C) 0 0 C/2)
1-2g(C) 0 0
0.8 P ”E“S(C)z 0 0 0
c/l2 0 0 gc)
= a6 - g(C)— Cl2 if C=22/3
s 13 if C<213
*W_J. Munro et al_, Phys Rev A 64, 030302-1
ol (2001)
a2z
0 I a2z 04 05 08 10
Linear entropy
*D.F.V. James and P.G .Kwiat, Los Alamos Science, 2002
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- choose a siate

- simulate measurement data with 2
Poisson RNG

- estimate state using code

-compare estimated and actual state

- Fidelities for 2-qubit states:

L=l A
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