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What we did:

We reformulated (a large part of) quantum mechanics:
® high level structural approach based on monoidal categories

® axiomatics expressive enough to cover universal quantum
computation

- and powerful enough to simulate algorithms and prove
equivalence between quantum state and programs

® simple to understand and manipulate graphical calculus

- which is being implemented in semi-automatic GUI based
rewriting tool
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What is a Phase Group!?

® An abelian group of unitary maps on the state space

® which leave some observable fixed
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Ingredients of the Theory

To construct phase groups we need:
® Tensor products:
- Symmetric monoidal categories
® Unitarity:
- j-symmetric monoidal categories
® Observables:

- Special {-Frobenius algebras

This is a very general setting including
much more than just quantum mechanics.
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Why Bother?

What can phase groups say about quantum theory?

What can phase groups say about other theories?

® Qubits, qutrits, etc
® Finite relations
® Toy models

® Convex operational
theories

e Continuous variable QM
® Stab and Spek
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DISCLAIMER

There are going to be a LOT of definitions in this talk.

sorry.
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Quantum Observables
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Complementary Observables
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X and £ Spins

We can measure the spin of qubit (/) = « |0) + F|1)
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X and £ Spins

We can measure the spin of qubit |v/) = « |0) + F |1)
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No-Cloning and No-Deleting

Theorem: There are no unitary operations D such that

D : |¥) — |¢¥) @ |¢¥)

J

D: o) — o) ® |0)

'

unless |¥’) and |®) are orthogonal [Wooters & Zurek |982]

heorem: There are no unitary operations E such that

E : |¥) — |0)
E :|o)— |0)

unless |’) and |®) are orthogonal [Pati & Braunstein 2000]
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No-Cloning and No-Deleting,
abstractly

Theorem: if a {-compact category has natural transformations

0:—=>—& —

e:—=>1
then the category collapses [Abramsky 2007]

(Translation: in our abstract setting there are no universal cloning
or deleting operations, just like in quantum mechanics)
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“Classical” Quantum States

When can a quantum state be treated as if classical?

® no-go theorems allow copying and deleting of orthogonal
states;

In other words:

® A guantum state may be copied and deleted if it is an
eigenstate of some known observable.

We'll use this property to formalise observables in terms of copying
and deleting operations.
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Classical Properties

In general, quantum observables are incompatible - not defined at
the same time : position and momentum; X and Z spin; etc.

Traditional quantum logic constructs a property lattice for each
set of compatible observables; the incompatible properties are
simply incomparable in the lattice.

However if we want to compute with quantum mechanics we
need to know how these observables relate to each other; i.e.
how they interfere.
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Our Approach

We aim to extract the positive content from the incompatibility of
quantum observables:

® basis of monoidal categories : no-cloning, no-deleting;

® observable structures : axiomatised in terms of a copying
operation

® Phase groups : constructed from the observable structures

® incompatible observables : how do classical operations which
act on complementary states interact?’
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Monoidal Categories
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A theory of interacting processes
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Categories

A category consists of objects A. B. (. etc, and arrows between
them:

f:A— B g: B—-C h:C—D

_-1| B Cl
f g ‘ h
BY c D¥
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Categories
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Monoidal Categories

A strict monoidal category is a category equipped with a tensor
product on both objects and arrows:

fRh:ARC—-B®D

Aj C
AL
BY ¥D

The tensor is associative:

(f@g)@h

=f2 (g

Al B} C
eI
BY C D
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Monoidal Categories

The tensor product is bifunctorial, meaning that it preserves

composition:
(go f)R(koh)=(gRk)o (f R h)
Aj 1 €
£ e
B D
g || k

and identities:

idaesp =ids ® idp A
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Monoidal Categories

In particular we have the following:

(dp R k)o(fRidp) =(fRdE)o (i daAR k)= fRE
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Monoidal Categories

In particular we have the following:

(dp R k)o(fRidp) =(fRdE)o (idAR k)= fRE
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Monoidal Categories

Of course, it’s quite possible to have arrows between tensors of
objects which are not tensors themselves, e.g.

1: A B—-CD®E

could be drawn like:
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Monoidal Categories

Monoidal categories have a special unit object called / which is a
left and right identity for the tensor:

IRA=A=ARI
dr® f=Ff=f ®id;
No lines are drawn for / in the graphical notation:

I — A O - A—1I ONow:1I—1

T + ¢
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Monoidal Categories

The arrows ¢ : | — [ are called scalars and they enjoy some
special properties:

Cy X €5 = €706
Ci; ¥ € = Co : Ci
Any arrow [ : A — B can be multiplied by ¢ using the tensor:

A
\ g4

it doesn't matter where ¢ is drawn.
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Monoidal Categories

The arrows ¢ : [ — [ are called scalars and they enjoy some
special properties:
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cp R = e€32XP ¢y
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Monoidal Categories

The arrows ¢ : | — [ are called scalars and they enjoy some
special properties:

cpXRX€cr = ¢€196¢C

C; X Co == Co X C1

Any arrow [ : A — B can be multiplied by ¢ using the tensor:

& [

\7:

it doesn’'t matter where ¢ is drawn.
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Symmetric Monoidal Categories
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Symmetric Monoidal Categories
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Symmetric Monoidal Categories
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Symmetric Monoidal Categories
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T-Monoidal Categories

A monoidal category is called {-monoidal if it is equipped with an
involutive functor, (-)' which reverses the arrows while leaving
the objects unchanged, which preserves the tensor structure.

f-A—B ff-B— A
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T-Monoidal Categories

An arrow f: A — B is called unitary when:

A B
/] \

\ f

X 7

.4_|

p—
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T-Monoidal Categories

An arrow f : A — B is called unitary when:

A B
E

f
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T-Monoidal Categories

Anarrow [ : A — B is called unitary when:

A B

A B
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The Category FDHIilb

FDHilb is the category of finite dimensional complex Hilbert
spaces. It is T-monoidal with the following structure.

® Objects: finite dimensional Hilbert spaces, A. B, C.etc
® Arrows:all linear maps

® Tensor:usual (Kronecker) tensor product; | = C

e f'is the usual adjoint (conjugate transpose)

A linear map ¢» : I — A picks out exactly one vector. Itis a ket
and v’ : A — [Iis the corresponding bra.

\

Hence v'f 0o & : [ — [ is the inner product (¢’ | @).
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Example: Preparing a Bell state
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Example: Preparing a Bell state

0): I — Q —Q
: H:Q—Q

AX :QRQ—-QR2Q

1 0 0 O

01 00 S= 5 S 5w o See E-X—F )
0 0 0 1 vzl o 1 F\ 1 —1 &) \ &
0 010
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The Category FRel

FDHilb is the category of finite relations. It is T-monoidal with
the following structure.

® Objects: finite sets, X. Y. Z. etc

® Arrows:Relations R C X x Y

® TJensor:Cartesianproduct; X @ YV := X x Y, I = {x}
e fiis relational converse: (r.y) € f < (y.x) € f'

A relation R C {*} x X is simply a subset of X ;its converse is
also a subset.

Hence STo R: I — [isnon-empty iff RN S £ ().
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Compact Closure

d: I - A"® A e: ARA
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Compact Structure of FDHilb

In FDHIilb the compact structure is given by the maps:

£y V)

whenever {a;}; is a basis ford and{a;}, is the corresponding
basis for the dual space A"
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Compact Structure of FDHilb

In FDHIilb the compact structure is given by the maps:

d:l-—-i a; R a; e:a; a; — 1
;

whenever {a;}, is a basis ford and{a;}, is the corresponding
basis for the dual space A~

In the case of C? the map d picks out the Bell state

100) + |11)
/2

which is the simplest example of quantum entanglement.
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The Category FRel

FDHilb is the category of finite relations. It is {-monoidal with
the following structure.

e Objects: finite sets, X. Y. Z. etc

® Arrows:Relations R € X x Y

® Tensor:Cartesian product; X @ ¥V := X x Y, I = {x}
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Compact Closure
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Compact Structure of FDHilb

In FDHilb the compact structure is given by the maps:

£y N1

whenever {a;}, is a basis for4d and{a;}, is the corresponding
basis for the dual space A"
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Compact Structure of FDHilb

In FDHIilb the compact structure is given by the maps:

d:1— Z a; X a; e:a; La; — 1
whenever {a;}; is a basis for4d and{a;}, is the corresponding
basis for the dual space A”

In the case of C?the map d picks out the Bell state

100) + |11)
V2

which is the simplest example of quantum entangiement.
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Example: Quantum Teleportation

Aleks

Bob

2

Pirsa: 09060012

Bennertt et al 1993; Abramsky & Coecke 2004



Example: Quantum Teleportation

Aleks

Bob

a

Pirsa: 09060012

Bennertr et al 1993; Abramsky & Coecke 2004



Example: Quantum Teleportation

Aleks

Pirsa: 09060012

Bennerr et al 1993; Abramsky & Coecke 2004



Example: Quantum Teleportation

Ga

Y

Aleks

Bob

4

Pirsa: 09060012

Bennertr et al 1993; Abramsky & Coecke 2004



Example: Quantum Teleportation

Aleks

Bob

2

Pirsa: 09060012

Bennetr et al 1993; Abramsky & Coecie 2004



Example: Quantum Teleportation

Aleks

@

Pirsa: 09060012

Bennertt et al 1993; Abramsky & Coecke 2004



Graphical Calculus Theorem

Thm: one diagram can be deformed to another if and only if their

denotations are equal by the structural equations of the category.
C
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Observable Structures

Copying, deleting, and all that
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Observable Structures
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Observable Structures

A e ¥ -9

Monoid Laws
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v v

Pirsa: 09060012



Pirsa: 09060012 Page 105/212



Pirsa: 09060012 Page 106/212



Pirsa: 09060012 Page 107/212



Pirsa: 09060012 Page 108/212



Pirsa: 09060012 Page 109/212



Pirsa: 09060012 Page 110/212



Pirsa: 09060012 Page 111/212



Pirsa: 09060012 Page 112/212



Pirsa: 09060012 Page 113/212



Pirsa: 09060012 Page 114/212



Pirsa: 09060012 Page 115/212



Pirsa: 09060012 Page 116/212



Pirsa: 09060012 Page 117/212



Pirsa: 09060012 Page 118/212



Pirsa: 09060012 Page 119/212



Pirsa: 09060012 Page 120/212



Pirsa: 09060012 Page 121/212



Pirsa: 09060012 Page 122/212



Pirsa: 09060012 Page 123/212



Pirsa: 09060012 Page 124/212



Pirsa: 09060012 Page 125/212



Pirsa: 09060012 Page 126/212



Pirsa: 09060012 Page 127/212



Pirsa: 09060012 Page 128/212



Pirsa: 09060012 Page 129/212



Pirsa: 09060012 Page 130/212



Pirsa: 09060012 Page 131/212



Pirsa: 09060012 Page 132/212



Pirsa: 09060012 Page 133/212



Pirsa: 09060012 Page 134/212



Pirsa: 09060012 Page 135/212



Pirsa: 09060012 Page 136/212



Pirsa: 09060012 Page 137/212



Pirsa: 09060012 Page 138/212



Pirsa: 09060012 Page 139/212



Pirsa: 09060012 Page 140/212



Pirsa: 09060012 Page 141/212



Pirsa: 09060012 Page 142/212



Pirsa: 09060012 Page 143/212



Pirsa: 09060012 Page 144/212



Pirsa: 09060012 Page 145/212



Pirsa: 09060012 Page 146/212



Pirsa: 09060012 Page 147/212



Pirsa: 09060012 Page 148/212



Pirsa: 09060012 Page 149/212



Pirsa: 09060012 Page 150/212



Pirsa: 09060012 Page 151/212



Pirsa: 09060012 Page 152/212



Pirsa: 09060012 Page 153/212



Pirsa: 09060012 Page 154/212



Pirsa: 09060012 Page 155/212



Pirsa: 09060012 Page 156/212



Pirsa: 09060012 Page 157/212



Pirsa: 09060012 Page 158/212



Pirsa: 09060012 Page 159/212



Pirsa: 09060012 Page 160/212



Pirsa: 09060012 Page 161/212



Pirsa: 09060012 Page 162/212



Pirsa: 09060012 Page 163/212



Pirsa: 09060012 Page 164/212



Pirsa: 09060012 Page 165/212



Pirsa: 09060012 Page 166/212



Pirsa: 09060012 Page 167/212



Pirsa: 09060012 Page 168/212



Pirsa: 09060012 Page 169/212



Pirsa: 09060012 Page 170/212



Pirsa: 09060012 Page 171/212



Pirsa: 09060012 Page 172/212



Pirsa: 09060012 Page 173/212



Pirsa: 09060012 Page 174/212



Pirsa: 09060012 Page 175/212



Pirsa: 09060012 Page 176/212



Pirsa: 09060012 Page 177/212



Pirsa: 09060012 Page 178/212



Pirsa: 09060012 Page 179/212



Pirsa: 09060012 Page 180/212



Pirsa: 09060012 Page 181/212



Pirsa: 09060012 Page 182/212



Pirsa: 09060012 Page 183/212



Pirsa: 09060012 Page 184/212



Pirsa: 09060012 Page 185/212



Pirsa: 09060012 Page 186/212



Pirsa: 09060012 Page 187/212



Pirsa: 09060012 Page 188/212



Pirsa: 09060012 Page 189/212



Pirsa: 09060012 Page 190/212



Pirsa: 09060012 Page 191/212



Pirsa: 09060012 Page 192/212



Pirsa: 09060012 Page 193/212



Pirsa: 09060012 Page 194/212



Pirsa: 09060012 Page 195/212



Pirsa: 09060012 Page 196/212



Pirsa: 09060012 Page 197/212



Pirsa: 09060012 Page 198/212



Pirsa: 09060012 Page 199/212



Pirsa: 09060012 Page 200/212



Pirsa: 09060012 Page 201/212



Pirsa: 09060012 Page 202/212



Pirsa: 09060012 Page 203/212



Pirsa: 09060012 Page 204/212



Pirsa: 09060012 Page 205/212



Pirsa: 09060012 Page 206/212



Pirsa: 09060012 Page 207/212



Pirsa: 09060012 Page 208/212



Pirsa: 09060012 Page 209/212



Pirsa: 09060012 Page 210/212



Pirsa: 09060012 Page 211/212



Pirsa: 09060012 Page 212/212



