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Abstract: As a necessary step towards the extraction of realistic results from Loop Quantum Cosmology, we analyze the physical consequences of
including inhomogeneities. We consider a gravitational model in vacuo which possesses local degrees of freedom, namely, the linearly polarized
Gowdy cosmologies. We carry out a hybrid quantization which combines loop and Fock techniques. We discuss the main results of this hybrid
guantization, which include the resolution of the cosmological singularity, the construction of the Hilbert space of physical states, and the recovery
of a conventional quantization for the inhomogeneities. In addition, an analysis of the model at the effective level confirms the robustness of the Big
Bounce scenario, with preservation -or partial amplification- of the amplitudes of the inhomogeneous modes through the bounce in a statistical
average.
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INHOMOGENEITIES
IN LOOP QUANTUM

i COSMOLOGY:

| THE GOWDY MODEL




_Motivation

= The loop quantization of homogeneous cosmologies has been
studied in detail. Besides, a satisfactory Fock quantization of
immhomogeneous (Gowdy) cosmologies has been achieved.

® The simplest possibility to mmcorporate inhomogeneities 1s a hybrid
quantization. The Gowdy T° model 1s a natural test bed.

= An mitial smgularity appears in the homogeneous solutions of the
model (Bianchi I). How do imhomogeneities affect its resolution?
Does the loop quantization of the zero modes suffice to resolve the
singularity? (Different from the “BKL” approach).

® Does the Big Bounce persist? How are the imhomogeneities
affected?

® Questions m mund are intermal time. semuclassical behavior,
validity of the Fock quantization, perturbative approaches,
primordial fluctuations...
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= The Gowdy cosmologies are vacuum spacetimes with compact
spatial topology and two commuting Killing vector fields.

= We consider the case of a T° topology and linear polarization.
® The classical metric 1s
ds '—&rr[‘ﬂ( dfz—}-dﬂl)—f—tﬂ e Ve e Yd s

0,0,6eS'. &_,a, areKilling vectors.

b(t.0)=a+BInt+) [c,J,(nt)sin(n@+e,)+d,N,y(nt)sin(n0+e,)].

» Generically, 7=0 is a curvature singularity.

® For vanishing inhomogeneities, we get Bianchi I with compact
spatial sections.
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i Metric and degrees of freedom

= With a convenient gauge fixing, the reduced metric 1s

. S ZnE 5 Zmwe ]
» 1B PaPsl| rpepy N do'| —prde’ rdd
ds—Tr T2 E0 rEall dt*+——|+e Pl —— o'

|
! 47 ;_ (ZTT) (2y)
|

{Ps}

The spatial dependence of the metric 1s on 0 via the field &, which
| has no zero mode. I 1s determined by (&, p,) and has no zero mode.

| ® Two “global” constraints remain in the system: the zero modes of
the Hamiltoman and 0 -difeomorphisms constraints.

® The zero modes can be seen as the degrees of freedom of a
Bianchi I model with T3 compact sections.
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B £ can be understood as a (gravitational wave) field propagating on
the Bianchi I background.

® The Bianchi I background 1s described by the Ashtekar variables

F~Bl\a P; a BINE Cj i [ i ]_ -y i
(E );'_411_2 &fa (A )-a—géa, LC‘ ,pﬂv—g'ﬂ‘(;y&f.

= We expand & and its momentum in Fourier modes, (&, P¢ ).,
and introduce the (free-ficld) creation and anmhilation-like variables

mlE +i K- P”
PO S RS R [T
v2|m K ™
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‘ ¢ onstramts

‘ = The diffeﬂmorphisms constramt generates S! translations.

j C —Zm} ~a.—a _a ).

It does not depend on the zero modes.

m Scalar constramnt: Bianchi I plus the mhomogeneous Hamiltonian.

= _AE e prie pie poie pc“p
. V|p. P2y

i

| 41!3'}%[ (5' P* -C PE}_
€. —— E EHJ + z
’v'llpipzp3} - lomt y 1)ﬂ l

|

Page 7/29




. Fock quantization: summary |

= We adopt the complex structure naturally associated with the

identification of |(a,,,a, )| as creation and annihilation operators.

At

We construct with it the symmetric Fock space F*.

® The field dynamics and the gauge group of S! translations are
unitarily implemented i this quantization.

| = Given these unitary requirements the Fock quantization is unique,
| as well as the field parametrization of the (gauge-fixed) model.
|
|

® With a complete deparametrization, the physical Hilbert space 1s

the subspace F ;M annihilated by the constraint
2 o ~F p

Cﬂ: ZI‘?I}G m E CIFJ'! a?ﬂ_ a—?}‘f Q—Fh‘. ] =

= A basis of this physical space 1s provided by those “n-particle”
states || 71,,; ) with Zm}ﬂ m(n,—n_,)=0.
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\ Bianch I: representatlon

1 m For (Ii—i{l, 2 , we consider the algebra of almost periodic
functions of ¢ We call Cyl- the COI‘I‘&SPOIICIIHE‘EELIDI’ space. The

Hilbert space H ;. is the tensor product of H LR, dp. )
rp §-
holonomies is given by (/,=2G )

| ® Defining NV, = =(c'lp j" —eXp (ip,c 12), the action of fluxes and
- — \ = ) o
Piluy)=4my L p :‘ LT ni*;}l“fﬁ —]--“r"'-“r) '

m Using standard methods of LQC, we get

e ——,

] |
BE
1‘-"‘JT?A'S’H = “I

. |

-~

CBI_ZL'I. I, K)=m{123) A4,

sgn(p;)sin(f,c i

2L (e sgn po)+ sgnt py)sim e | 2|




Smgularlty resolution

= We adopt an improved dynamics proposal fi; «y|p ;.

= We chanege basis: (- _5/4
2 = - N E el [iRE . aEm):, g .
P; :47Ty]p5’gn(,UIJ{D31’;‘) Vij- %= o |4“P; * D_ff:

> —.-1_ e ) o) ‘3Tv133v E T .
= Bl B J“H ot 11

19 3I

¥ |PJ

= With our factorization: Z —'l J
1

\-PL

A,=ay|p]|sin(fr,c") -Sgﬂ(.ﬁ)+5gﬂ(pﬂﬁi}1(ﬁf5}]u’ B} a=(8\3myr) "

m % annihilates all the “zero volume” states: states in the basis
v, ®

v,)®|v,) with any v,=0.

] | Zf |

3 = These zero volume states decouple. The singularity 1s resolyed,

e 10729




__Densi_tjzed constraint

s We call Cy/; and H) the space of cylindrical functions and the
kinematical Hilbert space without zero volume states. We restrict
to them 1n the following.

—————

1

R!P_II

introduce the map:

is invertible in # . . In the dual Cy/." we can

ff?r

® The operator

1z

.--"-_-l-.-

[

1
|
|
J Solutions to the Bianchi I constrant (in the dual) are now

(w|—(y]

annihilated by

—1/2

Fo

CBI

—Eki2

-~

1
VP22 py

=

v | PP 2F1|

We do not chanee the representation. and continue in H - .
= . kin
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' | Densitized constraint (2)

“T"i‘”:,_--_hr =
glpfl__bmtpfc | SgH\ P;

&,—a

\ Ipx" i

VI: ——¥51 J’Z;{ -l FI)‘*"TI"_E?' =% | 1*1)‘1‘"1_2 " } )

@I

| B3
AT TN
J g(0):=0, s.(v):=sgn(vx2)+sgn(v).

= The O ; are abservables in Bianchi L

= Owing to the presence of the signs. f+(v)) (f-(v;)] vanishes in
the whole interval [—2.0] ([0.2]).
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\ Superselection and no-boundary

| - 6I11‘I_2::—?T1-}/Z;4:Ilf+(1*})!1-}‘!‘2:}—f_{_VI”V‘I—ET I
| O, does not mix the semilattices /.= F(e,+2n), nEN|,
| with €, m (0,2]. Z; P
e T i R S S S o
a8 -4 0 4 8

m We call H : the subspaces of states with support m these
semilattices. Each of them provides a superselection sector.

® The WDW analog of C:)I wouldbe 8miyGp,c, .

= Although @, 1s instead a “second-order” difference operator,
when one hits the origin one gets a consistency relation. In this
sense, the constraint equation provides a no-boundary.

= O ;(with the natural domain) is essentially self-adjoint on H_

€r°
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. Spectrum and eigenfunctions

= @), has an absolutely continuous spectrum.

-~

: E:’ I.'.

Ge oc R - o Y

o L 5 | 5 i i +€r |
: l'E!_ ‘Jm__r: d ;‘.)\ ‘ el | el 5 @f ‘1|L ——] I\ y ZJ_U E?l
| odd ——
| evern
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-

- C.=200.6,+6,6,+6.0,).

Since @, are observables and we know their associated resolution
of the identity, it 1s straightforward to solve the constramt.

® The same results can be obtamed with group averaging. Physical
states have the form

wv, vy v)=[ dAa [ dA@A,A,)el (v,)el(v,) el (v,)

with the Hilbert structure g€ H " :=L (R, d A, dA,|A, and

AJAI=—A A /(A +A).

= A complete set of observables is given by ©,,0 .1
- - 0
for any given section V;.
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. Hybrid model

"R F°,

_?H.‘l g

m The kinematical Hilbert space is ;.

Kim

® Including the inhomogeneities in the constraint, the zero volume
states still decouple. We restrict ourselves to =H._®F

ﬁ:r?f . phys -

Proceeding as in Bianchi I, we arrive at the densitized constramt:
1

£

~ w2 : -
- 2 = 165+6), ) ol e~
Cc——C,. CE_-—zj( — ) L= H:,..+32n|p|H;: ),
y i ¥ "’J[Pl J
B, =2 5r—(2a) 8, + L8l +a,a ), BE:=Xlmlala,

m O, and ©, arc observables, but O, is not.

If we view the constramnt as an evolution equation. p; plays the
role of imtermal time. Essentially, this was the time chosen to
deparametrize the system in previous quantizations.
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‘ _Densitized constraint |

m We restrict to (superselection) H. @ H_®H_®F;

phvs "

» We define C . with domain the span of
[ 3R e = e W SRS L ST for Wy T o Nk
va@]t—l) @-|}3>-@|mm;>——]1:_-1,1!3,1?3, )5 = & [mm})e}?mf-
The operator 1s well-defined and symmetric.

= The (complex) eigenvalue equation for C . leads to
=

. o o
CﬁévvvzfV;i”m;.':ﬁ)}" ]_I,{YI’»’I,VI,VHQ{H_ ), peC.

.rl"!| f
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‘ Eigenvalue equation: solutions

1 = Substituting (¥|=)" [ .dA,dA,(v|® ell®l el

1. *\:- '\3 [ -

we get (’Y’[El M” m-"-—ltfr EI”Z Sl deaga [H Fle,+ -l—f-f’_li
x P H_SJ_Hi[El-l—ZSj H.”m- ,

F_tw) L ] i
F(vl} f+(v[) HFI[VI]._2HLAI+A3)f+(V1)
Xl 22 A (ﬁ _;A } JHE Sﬁs = 3 I LIHB ~

|

|

O (M ) 1s the set of paths from 0 to M with jumps of 1 or 2 steps.
5 .| are the points followed by a jump of 1 step.

n.rlr .I

P denotes path ordering.
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i Physical states

= Solutions to the constraint correspond (formally) to p=0.

| They are determined by the mnitial data “F[Elll

| m [f we identify solutions to the constraint with mtial data,
| observables are operators acting on these data.

A complete set 1s provided by the observables mntroduced for
Bianchi I and a complete set acting on the inhomogenous modes.
[t 1s easier to relax the S! symmetry and consider, e.g., the
operators representing

|| - - i —HE - it - TR + |
|t|._1-C—H;f+T—c-—ﬂ-z-’zgn;_zg—m’P§+P§ ’IPE—IPE | me<IN

Reality conditions select the space L*(R*, d A, d A,
Restoring the S! symmetry, we finally arrive at

L (R*,dA,dA,

A, +A,))@FF.

A, +A|)@F%, .

D50095 Page 19/29




‘ Effective dynamics

l ® [n order to extract physics, we appeal to the effective dynamucs.

| - H@?""@?,f 1

| ¢.=—%(0,6,+0,0,+0,0,)+2| HE,_+321% p|HS
= 1 ¥ e ‘

| poled . (M e

| (5 — ‘Sltl‘ —_—| M=l N2V3my

| = . == '

B ‘*ZTQa a +a a +a.a |, BH:=) |maa,

| 2|m

|

m ©,and O, are constants of motion.
: é - 3 2 F-
® A bounce m p; 1s characterized by ‘ P II =M 0.

m Bounces for p, and p; are not atfected by mhomogeneities.
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| Effective dynamics (2)

® Forabouncemn p,,

-

. 2 L (0,+0,)'HE e
‘PISE: d = == r+1677_3"_];ip1‘H§_@:@3 ,
{ @:_}_@3)& : —lpl‘ I
Simnce H:  H:>0, the mhomogeneities increase the value of 2,

when ©,0,<0.
® The dynamics was probed using Monte-Carlo methods, for a

population of 10+ points, with a, generated with Gaussian
probability except for the S! translation constraint.

® The number of modes was restricted to m<m,,.. =35, 10, 20.
B The equations of motion were mtegrated with Mathematica.

= Special attention was paid to the case @,0,>0.
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|Effectivebounce .|

] ® The numerical analysis confirms the bounce m all three directions.

| logu(p2/i3)

A

% ZF 2.5 3 3.5 & log ,o(p1/171)
Initially p,=p,=p,=180/,, ©,=60,=100/;, H; =0.657,

[ =

3 = = r— 0TS
H!erj__"o-0507. m.’fﬂﬂ:{'_'s' } 0._._.:.' 73.”
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!___Big Bounce mn p, __

1 = Possible values of p at a bounce for the case ©@,0,>0.

p1/l %;
10000 ; Here,

0,=37501,,
= \ @,=25001,

=S HE /Hi=2107*
| =
| |
| g1l HE

L2E

500 1000 1500

There might exist critical trajectories with no bounce, but they
correspond to a zero mesaure set of mitial data.

® Besides, the bounce happens typically at a value of P, which 1s at
least 10% that found in the absence of nhomogeneities.
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\ Big Bounce and nhomeogeneities (0,0,>0)

.l = We have studied the behavior of  Alag, |=lim
'I which 1s always well defined.

® We take an statistical average, disregarding phases.

| = Ala,| is antisymmetric in the phase of a,, in the sector where the
| inhomogeneities dominate the bounce dynamics.

| Then. the amplitudes of the gravitational waves are statistically
| preserved through the bounce.

® [n the sector where the vacuum dynamics 1s approxmmately vahid
around the bounce, A ‘d . 1S positive m average, so that the bounce

pumps energy mto the mhomogeneities.

® The results are valid for all values of m

X ©
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iBig Bounce mn p,

® Possible values of p,ata bounce for the case @,60.>0.

| PL-"I"-%:

| 10000 . Here,

i -: b |

| 1000 ; ©,=37507",

| 100 0,=25001>,

| o HS /Hi=210""
| el 500 1000 1500 Ha,

There might exist critical trajectories with no bounce, but they
correspond to a zero mesaure set of mitial data.

® Besides, the bounce happens typically at a value of p, which 1s at
least 10% that found in the absence of nhomogeneities.
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| Big Bounce and inhomegeneities (6,0,>0)

1 m We have studied the behavior of AFgmj :hmt_mhlm[—hmrﬁ_m Ig:m| s

which 1s always well defined.
® We take an statistical average, disregarding phases.

= Ala,| is antisymmetric in the phase of «,, in the sector where the
inhomogeneities dominate the bounce dynamics.

Then. the amplitudes of the gravitational waves are statistically
preserved through the bounce.

® [n the sector where the vacuum dynamics 1s approxmmately vahd
around the bounce, A ‘am 1s positive in average, so that the bounce

pumps energy mmto the mhomogeneities.

® The results are valid for all values of m

maax -
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\Big Bounce in p, |

:l ® Possible values of p,ata bounce for the case @,0.>0.

’. Pl,—”%!

f 1 :

! 0000 Here.

| 1000 | @,=37507,

| i—\ _ -

| =T ©,=25001,
= H_/Hi=210""
| 1

|

| a.1 EE

500 1000 1500

There might exist critical trajectories with no bounce, but they
| correspond to a zero mesaure set of mitial data.

= Besides, the bounce happens typically at a value of p;, which 1s at
least 10% that found in the absence of nhomogeneities.
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, Big Bounce and mhomeogeneities (0,0,>0)

= We have studied the behavior of ﬁtﬂ__m;:}_@ lﬂml —tim,___ Iaml "

| which 1s always well defined.
m We take an statistical average, disregarding phases.

= Ala,| is antisymmetric in the phase of @,, in the sector where the
inhomogeneities dominate the bounce dynamics.

Then. the amplitudes of the gravitational waves are statistically
preserved through the bounce.

® [n the sector where the vacuum dynamics 1s approxmmately valid
around the bounce, A ‘am 1s positive in average, so that the bounce

pumps energy mto the inhomogeneities.

® The results are valid for all values of m

HIaX ©
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‘ Conclusions

® By combining the loop quantization of Bianchi I and the Fock
quantization of the Gowdy model, we have constructed a hybrid
quantization of these cosmologies in vacuo.

® We have obtained a well-defined constramnt, found the solutions,
and proceeded to determine the physical states and observables.

® The physical Hilbert space 1s equivalent to that of the Fock
quantization.

® The mitial smgularity is avoided owing to the loop quantization
of the zero modes.

® [n the effective dynamics, the Big Bounce persists. The universe
size at the bounce 1s not radically changed by the nhomogeneities.

® For each gravitational wave mode, the amplitude at early and late
times 1s either preserved or mcreased m norm in statistical average.
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