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- Motivation and Goals

Perturbation theory for non-equilibrium economics (with Simone
Severini, I0C)

.  What are the symmetries of the economic system?

Py What is the space of (gauge in-equivalent) equilibria of the economy?
How small fluctuation are " dissipated”? (perturbation theory)

What is the role of the trading network topology?

What is the relaxation time?

Will use example of pure exchange economy.

birum finance (work in RN RN S
vmmet e l‘njfﬂﬂﬂff-
id arbitrage.
e fi ‘__._incﬂme world.
Spo. mc ke‘t'

wancial arbitrage (micro-macro connection)
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Basic Picture...

ACTO connection:

Finance
= Effective macro theory
dX, = p, X dt + 0, X, AV « Well defined principles of
. : y 5 : | — equilibrium (no-arbitrage)
AV + r(XaxV - V) + SO Uy V=0 * How to describe out of equilibrium?
= fany basic principles or constraints?)
Micro/Macro
» Hard to understand the
fransition

Interacting Agents
» Well defined concept of equilibrium.
» Poor understanding of out of

equilibrium dvnamics. (usually
approached using computer
simulations)

» Any basic principles out of
equilibrium?

»Inspired by kinetic theory  Pae548




There are N agents and P products in the economy. Greek letters will go over
agents: a.p = 1.2... V. and latin letters over products: 1) = 1.2.... .P. Will use
notation @ € A ;1. € P

?’1; = mventory of product / of agent a

mmetry Principle: Each product can be measured in any units we want,
i the dynamics of the economy should be invariant under a change of unit

i 0'n_ . where ¢' € R™

equivalence class of all n’ and ;¢ suchthat n!, = o'n/
B ik
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Basic set up:
- We assume minimal rationality so that agents have an index of satistaction
1. (7, t) which they seek to maximize. However, we allow
heterogeneous and changing preterences.

Basic properties: (), := d/dn/,

3% >0, #FQ%W<0 lim,: ., &N, = oc

Agents might have an opmnion of the relative value of their goods. We denote

h_ se rate by(Ma); and obeys (this will be part of the index of
faction, and might have nothing to do with actual prices)

. 1 -

2 ;"-:‘-.,-': '@ﬂfa)ik(ﬂfa)%j = V&5 k € Pa
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Pure Exchange Economy

Basic set up:
Under the gauge transformation we have the following properties:

aigct i (¢i)_laiQa

i if +3\—1 i
(Ma) i—9 (¢7) (Ma) j
& work m continuous time, and we assume that agents trade
abilistically.
(/) = Probability per unit time that agent a encounters f3

and make an exchange involving products i and ;. (like
cross section in particle physics)
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- Equilibrium Landscape
A pure exchange equilibrium is defined by a set of exchange rates

-
E iy

1/ 1} and inventories {ﬁ:,} such that every agent is maximally satisfied
with its inventory:

- (n), + An',nl — MAR',...) =
a&nl = - l &ﬂl=[}

et the following equations:

=0, Ya€cA;i,jeP

n

learn just from scale invariance?

= AT
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- Pure Exchange Economy

Basic set up:

- There are N agents and P products in the economy. Greek letters will go over
agents: a.f = 1,2...._N, and latin letters over products: 1) = 1,2,....P. Will use
notation @ € A ;i,j € P

n; = inventory of product i of agent a

p Principle: Each product can be measured in any units we want,

quivalence class of all 1/ and n’ suchthat n; = o'n
: L

Page 10/48



- Pure Exchange Economy

_ sic set up:
We assume minimal rationality so that agents have an index of satisfaction
Q. (7fa. t) which they seek to maximize. However, we allow
heterogeneous and changing preferences.

Basic properties: (), := ¢ /dn/,

90 >0, 80 <0 lim,,: .. ;{2 = oc

gents might have an opinion of the relative value of their goods. We denote

se rate by(Ma)'; and obeys (this will be part of the index of
iction, and might have nothing to do with actual prices)
- 1
ewr \1 s
My) ; = =, Vi, €Py
a) j |
X (M,)’,

-- — £
excnan

R (ML) (Mo)% . Y i,j.k € Pa
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Equilibrium Landscape

can show only using symmetry arguments that the space of
equivalence classes of equilibria at any pomt in time i1s the manifold:
(Vazquez and Severini (2009))

V= (R—i-)N_I

r many agents N — o~c we have that the landscape of gauge in-
valent equilibria, at any point in time, is isomorphic to the space
Ith distributions.
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- Equilibrium Landscape

A pure exchange equilibrium is defined by a set of exchange rates
{ M } and inventories {7, } such that every agent is maximally satisfied

d | — : :
-0 (n), + An',nl — M An',...) =@
dAn’ : = l An'=0

t the following equations:
i

M-’;BJQQN =0, Va€A;i,jeP

learn just from scale invariance?
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q 'Equilibrium Landscape

One can show onmly using symmetry arguments that the space of
uivalence classes of equilibria at any point in time is the manifold:

;m;uez and Severini (2009))

- (R—-‘.—)N_l

f many agents N — oc  we have that the landscape of gauge in-

alent equilibria, at any point in time, Is isomorphic to the space
alth distributions.
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~ Equilibrium Landscape
\ pu ¢ exchange equilibrium 1s defined by a set of exchange rates

: 4 and inventories {7} such that every agent is maximally satisfied

i

'with its inventory:

- (n), + An',nl — M.An',...) =
a&n: - = l &ﬂ'=[}

t the following equations:
f

B M'9,0,)|. =0, Y a€A;i,jEP

learn just from scale invariance?
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Equilibrium Landscape

One can show only using symmetry arguments that the space of

alence classes of equilibria at any pomnt in time i1s the manifold:
Wmluez and Severini (2009))

- (R-e-)N_I

r many agents N — ~¢ we have that the landscape of gauge in-

valent equilibria, at any point in time, Is isomorphic to the space
lth distributions.
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Perturbation Theory

Jne would like to have a “complete™ theory of economics out of
*4_ ibrium. Given the complexity of the economic system, this is very
"_‘j_‘;-.,- y. Instead, one can develop some kind of “kinetic” theory of
S] fluctuations around equilibrium. In physics, we call this
urbation theory. Some theories in physics are indeed best

ood using this technique (e.g. String Theory).

4
Vio).

E /

unstable j
<>

understand the (in) stability of
¢ the equilibrium

stable stable

Perturbation theory allow us to
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.n—Equilibrium Dynamics

In general we can decompose the product number as

—

”(f) =n,(t) + t‘)ﬂu

4 '\

A_[‘hlt['ary Uﬂﬂ“mﬂ Small deviation from
family of equilibria equilibrium

1ant fluctuation (x'):

% n'I X

sarized approximation.
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Non-Equilibrium Dynamics

d 1 dnl, \
(r!r o ) Falt)) = };_Z"T 3(Angs(t)

% §1 . a Q
% g = L (B,JQBJQ — 8:93;59) - &nitj = —ﬁ‘lﬂlj

(@9) [20(5,9)° + #Q(8.0) - 2000,09,0,0] " .

=0, 0. =90, 9.
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In Pictures...

How we derive the right hand side of the master equation

e

In equilibrium there is no
exchange that would

benefit both agents.
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linearized fluctuations are

d 1 dnl e iy 1 . =
(rh‘ ¥ n' dt ) <"n(”,f = FZ””"N'AHH 3(E)

4

. . an .
B~ L(3609,0-000,60) , Anly=—oCAnd;,
| ;

09Q) [290(9,9)* + #9(8,9)* - 28,00,09,0,0] "

:J,'-Qg.r 6Q=QQ_Q.3'
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In Pictures...

How we derive the right hand side of the master equation

In equilibrium there is no
exchange that would

benefit both agents.
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In Pictures...

‘How we derive the right hand side of the master equation

Out of equilibrium, now
there is a region in

/ which a trade will benefit
both agents

In perturbation theory
we assume that this
region is small.

e n
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One can show, given our assumptions about the probabilistic nature of
the economy, that the Master Equations which govern the evolution of

I'j 1 f!f_,:‘ {3 T 1 ij is :
([!r : ”.£ dr ){\In{r)_{' ey f}* Zﬂri-iﬁA”ﬂ .;ir]

- X
ol ~ L(0000,0-090,60) , Amjy=—5oAnl; .

[30) [620(5,0)* + 870(8,0)* — 28,00,00,0,0]

() - F"-i % -+ Qg . o) = Qn =2 Q.'.‘i' .
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In Pictures...

‘How we derive the right hand side of the master equation

Out of equilibrium, now
there is a region in

/ which a trade will benefit
both agents

In perturbation theory
we assume that this
region is small.
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n-Equilibrium Dynamics

th 2 economy, that the Master Equations which govern the evolution of
‘the hlu'arlzed fluctuations are

d 1 dn! 1
e a— — -’r“:—E 7 (An" (1))
(rh‘ * n', dt )<’"{ )) =3 Taa\an,s(t),

o
~ L(8,000,0—8909,6Q) , Anl,= 5 5.0 a3 -

[@,9) [820(0,0)* + #Q(3:0)* - 25,00,90,0,9]

b ""':..a +QS- EQZQQ—Qj-
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In Pictures...

How we derive the right hand side of the master equation

In equilibrium there is no
exchange that would

benefit both agents.
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In Pictures...

low we derive the right hand side of the master equation

Out of equilibrium, now
there is a region in

/ which a trade will benefit
both agents

In perturbation theory
we assume that this
region is small.
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A Universality Theorem

Qnm now a more special case where, in any of the possible

ilibria the following conditions are met:
The index of satisfaction is time independent ¢},{} | = ()

n
Agents have homogeneous preferences (in equilibrium).

One finds from the evolution equations, that there are new conserved

1antities which allow us to prove the following result:

yiven an initial perturbation, the final wealth distribution is
nder 0f the dynamics of the non-equilibrium theory. In

lar, it is completely determined in terms of the initial conditions,
dependent of the probability, and the network of interaction

homogeneous economy is unstable under small
se that the final wealth distribution will not be
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t economy, that the Master Equations which govern the evolution of
the linearized fluctuations are

d 1 dn' 1
0y +_r ¢ \ s 1) I,A 17 £))
(f“ id n* dt ) <‘“{ :I?j n' 2 :fTri.‘II" ”,‘ .H }

iy ik j.-‘

0,11

L(8409,Q - 809,60) , Anjy = —2=And;,
J

':i , o .Q(Bj 0)* + 3? Qa:2)* - 26,—{1@(18,—3;0] b

B0, -5, Q=095
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In Pictures...

‘How we derive the right hand side of the master equation

Out of equilibrium, now
there is a region in

/ which a trade will benefit
both agents

In perturbation theory
we assume that this
region is small.
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A Universality Theorem

Consider now a more special case where, in any of the possible
equilibria the following conditions are met:
The index of satisfaction is time independent ¢),() | = ()

r
Agents have homogeneous preferences (in equilibrium).

One finds from the evolution equations, that there are new conserved
1antities which allow us to prove the following result:

of the dynamics of the non-equilibrium theory. In
it is completely determined in terms of the initial conditions,
pendent of the probability, and the network of interaction

‘homogeneous economy is unstable under small
: that the final wealth distribution will not be
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Non-Equilibrium Dynamics

O can show, given our assumptions about the probabilistic nature of
the economy, that the Master Equations which govern the evolution of
linearized fluctuations are

- 1 dﬁ:' t \ 1 t7 L)
(‘“ * n' dt ) <J““]f i FZ"T,.,NLAH” .jif:l.

ik

B L(3:305,0-805;60) , Amgy=—7 olny.

0) [820(5,0)° + PQ(8.0) - 25,00,00,5,9]

=0, +Qs, Q=0,- Q5.
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In Pictures...

How we derive the right hand side of the master equation

e

In equilibrium there is no
exchange that would

benefit both agents.

ro

[
Page 34/48



j"‘l.-l-i non-equilibrium dynamics.
‘We also want to study if there are instabilities in any of the possible
‘equilibria.

Consider following simple example with a regular graphs of degree d
and P products. Agents choose their trading partners at random from

eir neighbors in the Graph. They also choose a pair of products at

Graph adjacency

matrix. Auﬁ =11if
(a.p) are connected

and zero otherwise.
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The Role of the Trading Network

One can show that the evolution equation for the perturbations becomes

] — l 1} - J" - , I"*
;m)-4({(})_1);.&”((.%) (za) — (xh) + (x}))

From studying this equation one can show the following results:
The system is stable in that perturbations relax exponentially in time as.

I ~ e YAt ~AX >0
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0.10 7N
< 3 T Dashed lines = r o
0.05 e s complete graph AL
1
,-LF T & — : g
__:: {} ;{_N} e F_ B e < S my -
e T g T e =
RIY —_— Solid lines =cycle 1
-0.10 ="
0 10 20 30 40 50 60 T~
t

lied to more complicated examples of agents
See S. Vazquez and S. Severini (2009).
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agents with changing preferences. In this model agents have a prnior
‘arbitrary opinion on the relative value of products but learn the true value
- by bartering. This is one of the basic ideas of the PARTECON model.

Consider convex index of satisfaction:

Qo =log) [(Ma)jnd]” 0 <wv <1
J

I'ﬂ Tum, one will end with
Q. =log ) [M;nl]"
J

equations to describe the dynamics of the
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eterogeneous Changing Preferences

Ve assume that when two agents a and } meet and trade, they update
their internal preferences as for all i.J € P (they learn from each other).

__157123 Py a}(na "’QJ)
Anl, . 3i(Qa + )

(Ma); = (M3); =

d define gauge invariant variable (can use product # 1 for reference
ut loss of generality):

= (Ma)zl(t) i Mz'l
= Mil

2

Ya -
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— (zh) — (z1) + (=5

)

Perturbation of the
product number around
homogeneous
equilibrium

Perturbation of the price
opinion around
homogeneous equilibrium
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crogeneous Changing Preferences

Yerturbation dynamics. Dashed lines are for heterogeneous changing
preferences with v = 0.9. The solid lines are for the homogeneous
- unchanging preferences. As v 2 I (wealth maximization), the relaxation
time goes to infinity and the economy never reaches equilibrium.
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Heterogeneous Changing Preferences

\ slightly more complicated model allow us to model heterogeneous
agents with changing preferences. In this model agents have a prior
‘arbitrary opinion on the relative value of products but learn the true value
by bartering. This is one of the basic ideas of the PARTECON model.

Consider convex index of satisfaction:

Qo =log) [(Ma)ind]” 0 < v <1

J

ilibrium, one will end with
gk = logZ[M}ﬁ&]"
J

> equations to describe the dynamics of the
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Het 'geneous Changing Preferences

tmdmngmg preferences As v 2 I (wealth maximization), the relaxation
time goes to infinity and the economy never reaches equilibrium.

—— - ———————
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Other Models

| .=-r can also model production processes, out of equilibrium using
- similar techniques. One defines production as a metabolic process that
. "iﬂkﬂs some products as input and produces an output, e.g.

it+7— k

S

Jne can also define a production equilibrium, and show that near such
quilibrium, the output of the production process 1s given by

K** (+aiQaP1 — 8,0, Pl + aksza)
-P‘;Ank
—P‘LAnk

L
aill'
Q

Conversion rates

(technology)
-~y dn' dn’
+ 0 QR + 20,0,Q, P P, 2% =Pk =P,
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Other Models

One can introduce a Market Maker which is a profit maximizer. He/
‘she adjust prices in respond to excess demand.

One can show that, when agents are in a near-equilibrium state, the
dynamics of the prices is given by:

b api o, 1 a2 (052 — M19,0)
st 2 5, Jid;Q,

v T'.* gna:ajnq . afﬂﬂ (ajnﬂ)z l afna(a!na)2} E
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Conclusions

A mdelmg, assuming near-equilibrium dynamics.
~ This allow us to study the stability of economic equilibria.

- The role of gauge symmetries is crucial to restrict the class of possible
models and utility functions.

The models still have enough flexibility to simulate changing
references, speculations etc.

ices only exist after a trade: they describe the relative flow of

R be interpreted as a kind of kinetic or fluid theory for
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agents with changing preferences. In this model agents have a prior
albltraly opmion on the relative value of products but learn the true value

by bartering. This is one of the basic ideas of the PARTECON model.
Consider convex index of satisfaction:

Qa:logZ[(Ma)}n-;}“ 0 < v <1
one will end with
Qo =log ) _[M;nl]”

ide equations to describe the dynamics of the
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leterogeneous Changing Preferences

ation dynamics Dashed lines are for heterogeneous changing
preferences with v = 0.9. The solid lines are for the homogeneous
tmcha:ngmg preferences. As v 2 I (wealth maximization), the relaxation

fime goes to infinity and the economy never reaches equilibrium.

T - —_——— - = = e =
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