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Unimodular quantum gravity as a
solution to the cosmological
constant problem
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The path integral quantum theory is unimodular

Why is the cosmo constant is so small

Hamiltonian quantization, time and the inner product
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n1e cosmological constant problems

1. Why the cosmo constant is not enormous.

2. Why it has the particular value it has
3. Coincidence problems.

lany people have worked on unimodular gravity and commented

1at it might have something to do with the cosmological

ynstant problems
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The basic idea:
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The basic idea of unimodular gravity:

. 1
Sunz - —abRa £'rnutter = /
/M o ( 29" Rab + (Gab U))

let(g) has been constrained to be equal to a fixed volume element:
V—9 = €

The diffeomorphism group is reduced to volume preserving diffeo’s:

Oa(€qv?®) = 0

The eq’s of motion are just the tracefree part of Einstein

1 1
Pl — ZgabR = 4nG (Tab = ZgabT)
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4

1 1
Rop — —Gap it = 4nG (Tab = ZgabT)

This has a decoupling symmetry:

This means that contributions to the energy-momentum tensor
proportional to the metric don’t couple to gravity!
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1 1
S ZgabR = 4nG (Tab - L_lgabT)

The divergence of this yields

Oo (R+ 47GT) =0

which implies that thereisa constant| _4A — R + A7 GT

so one gets the Einstein equations with an arbitrary A

Ga.b — Agab — 4‘TI'GTab

The decoupling symmetry is still present:
Tub i T(;b = Tab + gabc
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Unimodular gravity is not a new theory, it is a reformulation of GR.

Why isn’t this the solution to the first cosmological constant
problem? Or, why isn’t the fact that A is not Planck scale evidence

that this is the right formulation of GR for coupling to quantum
physics?

Weinberg discussed this in his 1989 review and said:

“In my view, the key question in deciding whether this is a
plausible classical theory of gravitation is whether it can be
obtained as the classical limit of any physically

satisfactory [quantum] theory of gravitation."

We will study this problem and see that the answer is YES.
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The Henneaux-Teitelboim formulation

irsa: 09050091 Page 9/48



The Henneaux-Teitelboim reformulation of unimodular gravity

They introduce a new field, which is a three form a__,

There is then a four form

Ostcd — 0051 b= Ef abed = Uagl

1 , . |
SHT:/M ;’_g( ch(gabRub+o)+£rraattEf) : @b
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1 | -
HT = —ab .' matter
5 —[M\/ g( SﬁG(g Rap +90)+ L )+—8ﬂ'G

This has full spacetime diffeo invariance and an additional gauge
invariance: a=> a + dr and also an additional field ¢

Equations of motion:

Gap — @gap = 4nGT g,
| W=
3 4

|
o o

so ¢ =/ aconstant

Decoupling symmetry:
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The a, 4 field measures a global time:

Lga_[gla=Vd=LH
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he canonical route to quantum gauge theories:

vtart with the classical action

Nork out Hamiltonian formulation
Gauge symmetries imply constraints

sauge fix to get deterministic dynamics in phase space.

-onstruct fully gauge fixed path integral in phase space
“Faddeev-Poppov”

Nork backwards to configuration space path integral

—onstruct quantum effective action for averaged fields.
Question: is the resulting quantum effective action unimodular?

so, the decoupling symmetry is present quantum mechanically!
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The answer is YES.
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amiltonian formulation of Henneaux-Teitelboim:

1 1 ~
SvHT = f = —abRa ' Ematter) b
Mv 9( S?TG(Q b+ @) + ot
Canonical momenta: < — \/a(k” s qin)
Primary constraints: Fr—Fo—Nn —Tge —1{
Secondary constraints:
H=hog+ o +4nGp =0
i ~ i e L_, 3
D‘:ijru h{):— 7! Tk — K +°R
q 2



amiltonian formulation of Henneaux-Teitelboim:

1 . AT
SvHT X f = —abR 3 .' i Ematter Je=iif >h
M g ( 837G (9% Rab + 9) 8nG "
Canonical momenta: =y — \/g(k;%" = qij K)
Primary constraints: Fi=VFy=mny =5 =0

Secondary constraints:




Primary constraints:
F;=Fy =y =7n:s =0 E=F+¢d=0

Secondary constraints:
H=ho+¢+47Gp=0 C= N /q—d;a* Yec=0c0=
Cis new and with™N are second class: {C, ;TN} - \/a
0;a’
V4

We solve € and eliminate them with N by setting: N =

We then eliminate ¢ and its momenta by solving E.

As a result H turns into: W = Py — hy — 47Gp = 0
G_ turns into G — 0. Fo =1}
=e=gombining them:  S; = 9;(hg + 4nGp) =0 ™



Primary constraints:
F; =Fy =y =7%n: =0 E=F+¢=0

Secondary constraints:
H=ho+¢+4rGp=0 C=N/g—da' Gc=00=
Cis new and with™N are second class: {C: T N} = \/5

We solve € and eliminate them with N by setting: N —

We then eliminate ¢ and its momenta by solving E.

As a result H turns into: W = Py — hg — 4nGp =0

G_ turns into . —0.0s—1)
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The final canonical system

Canonical pairs: (g, 1), (a*, P,)

Constraints: W =Fy— hg—4nGp =0

S; = 9i(ho +4nGp) =0
DF =N _%"

Hamiltonian:

e / ("'(ai&i)(h[] + 47Gp) + N'D; + &'S; + @' P,
2



The path integral quantization
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onstruction of the path integral from the constrained
amiltonian theory:

The starting point is the fully gauge fixed and constrained integral
- f dq;;d7* da® dP,dWdPyd(D;)8(S;)5(W)S( P,)d( gauge fixing) Detrp
X exp -z/dt] (ﬁ‘jkq'jk + P.a® + (8;a')(ho + ixGp))

1is can be transformed into:

v, -— /dgabdlllé vV —g — €)0( gauge fixing) Detpp\/—g

dt —R Ematter
xexpz[ /( - + ))
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onstruction of the path integral from the constrained
amiltonian theory:

The starting point is the fully gauge fixed and constrained integral

= /dqijdﬁ-kifi&adPud'lfdP:pJ(Di)d(Si)J(W){i(P,;)d'( gauge fixing)Detpp

X exp 'E/dt] (ﬁ‘jkfjjk + P.a® + (8:a")(he + A Gp))

nis can be transformed into:

( gauge fixing)Detppy/—g

1
ST £matter
3rG t ))
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The final canonical system

Canonical pairs: (g, x*?), (a*, P,)

Constraints: W =Fy— hg —4nGp =0

D =V a"

Hamiltonian:

o / ("(aiai)(h{] + 47Gp) + N'D; +w'S; + u' P;
b3



The path integral quantization
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onstruction of the path integral from the constrained
amiltonian theory:

The starting point is the fully gauge fixed and constrained integral
= / dg; jd7*' da" dP,d¥dPyd(D;)d(S;)6(W)( P;)d( gauge fixing) Detpp
X exrp -z/dt/ (Frjkcjjh + P.a* + (8:a")(he + 47 Gp))

nis can be transformed into:

" = /dgabdllfé vV —9g — €)d( gauge fixing)Detppy/—g

dt —R Cmatte*r
xe.rpa/ [( e - ))
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onstruction of the path integral from the constrained
amiltonian theory:

The starting point is the fully gauge fixed and constrained integral

— / dg; jd7~' da® dP,dVdPyé(D;)d(S;)6(W)6( P;)é( gauge fixing) Detpp

X exrp -3./dtj (ﬁ'jk(jjk + P.a® + (3a")(ho + A Gp))
5

1is can be transformed into:

( gauge fixing)Detppy/—g

1
— Cmatter
G 5 ))
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Pi

So the final path integral is:

/dgabd\}[!é (v —g — €0)d( gauge fixing)Det ppy/—g

dt —R £m{1tt8f
xea:pz/ /( STI'G + ))

So Weinberg’s challenge is met: the semi-classical limit is
unimodular gravity. So if we define the quantum effective
action, it is a function of the determinant-fixed metric. Hence
the quantum effective equations of motion have the decoupling
symmetry.

VA

Top — T = Top + gasC
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> make this more precise we define the quantum effective action

xpand around flat spacetime, pick coordinates €0 — 1

gab = |€ZP(R_)]ab 6*°h. =0 Fp =8%hoy =0

Introduce external current:

Z[Jab] — o f]ﬂb] /dhab{f@'[}_( gauge ﬁxj-ng)fotppﬁz{Sum‘k'f_u hﬂh.f”'h

Define expectation value:

oW " e b 5—10
< B >— = ab
< Goi >—e2p < I > is unimodular

In perturbation theory

9050091 Page 28/48
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Details of the construction of the path integral

Pirsa: 09050091



Why is the cosmological constant so small?

Could this be a quantum effect?
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le can rework the partition function into a form conjectured
y Ng & van Dam

&= /dA Hdgﬂbd\lié'( gauge fixing)Detgp

X exp 1 / V—g (R + 2A + £matter)
M

| the semi-classical approximation:

A : matter Z
/d/\Ze.Lp:,/ ( 471'G|(£ 2))

ab- W

1is is dominated by histories for which

fw Ematter T)
g w—%@ﬂ”{}’ Vol

(ﬁmatter ) >

ge 31/48
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What is the meaning of:

fM Ematter T) e (E*ma.tte*r =
-flTl‘G Vol

T)>
2

For perfect fluids matier _ D

So we find, roughly, neglecting P:

< Jre /9P
Vol
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To make more progress and to address the issue of
time, we work in the loop representation, where there are
exact results about the quantum theory.
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Unimodular gravity in the Plebanski formalism:
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anonical pairs: (A} - E%), (%, 7,), (&%, o)

onstraints:
i1k Ha b —a 1 ai
D, = E;{Fpy, = 0 Gre = %0 =1
Me =
dlly constrained momentum space path integral:
Z = ] dA! dE®da’da®dr.dm,0(H)d(Da)d(G")d(G.)d(m.)d( gauge fixing) Det pp

XETXP 1 / dt / (Ef.ﬁl - Ti'(}{:iu - ﬂ'céc)
>
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Momentum space path integral

z = f dA' dE®da®da” dr o dr,0(H)5(D.)6(G')d(G.)d(w.)5( gauge fixing) Det

X eTP 1 / dt/ (E‘f‘AIﬂ + moa® + ﬁ',_.fi“)
v

becomes unimodular configuration space path integral:

Z = fﬂ!A1 de*d (det(e) — €g) §( gauge fixing)Det p

X exp z/dt[ e e AF L]
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The canonical quantization of unimodular gravity.
1) The connection representation.

2) The spin network representation.
3) Infrared regularization and finite temperature
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ey results of loop quantum gravity:

*The Hilbert space of spatially diffeomorphism invariant states, H9#
is precisely defined.

*The volume operator is precisely defined on H¥¥,
*The hamiltonian constraint can be precisely defined on H9#

*These and other operators are uv finite
ey open issues:

*The inner product on physical states, ie solutions also to
the Hamiltonian constraint

* The issue of physical observables.

* The issue of time and evolution.

irsa: 09050091 Page 38/48



ey results of loop quantum gravity:

*The Hilbert space of spatially diffeomorphism invariant states, H9#
is precisely defined.

*The volume operator is precisely defined on H¥¥
*The hamiltonian constraint can be precisely defined on H9#
*These and other operators are uv finite
ey open issues:

*The inner product on physical states, ie solutions also to
the Hamiltonian constraint

* The issue of physical observables.

* The issue of time and evolution.

Might unimodular gravity’s global time provide a new approach
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to these? Some first thoughts....



The connection representation:

Rename aU — T g 7

i

Accumulated four volume: 7T = / T
>

Canonical pairs:

{T(z),7(y)} = 6*(z.y)
{AL(z). E2(y)} = 6°(z.y)d.6"

Wavefunctionals: W/[A, T]

The hamiltonian constraint:

h-2- det(e)U(A, T) = h¥(A,T)

Pirsa: 09050091 \
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i) |
e full set of quantum constraints: g EEJAE? E?Fqbk

zh%def(e)\ll(AT T) = h¥(A,T)
O ”
aT

lus SU(2) gauge and spatial diffeomorphism constraints.

hysical observables are correlations between A and T.

) solve these as usual we go to the spin network representation:

U(A,T)— (T, T)
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spin network basis



)lving the Hamiltonian constraint, starting with a graph I'

artition space into regions, R, each containing one vertex (w volume)

/ T —7 E:Ti:T
R z

1is defines a partition of the elapsed four volume time.
ssociate each t, to the vertex v, /] ( T, )

ach region has a volume operator and hamiltonian operator

:/\/a hi:/}é
J R R

ne Hamiltonian constraint is now:
oT;

th—V, (T, 7;) = h; ¥(T, 7;)

09050091 Page 42/48

lulti-time evolution by the time of each node.



FEP1: Euclideanize and compactify the N time coordinates:

0 <7 <2Z2xp

FEP 2: Work in H¥# the hilbert space of gauge and spatially
diffeomorphism invariant states times [L? (s!) M

FEP 3: Fourier transform to discrete E’s i 3

\IJ(F {Ez}) . f H dTL'Ei_'LEfﬂ ih,llf(l“ T-i)

which solve time independent Schrodinger equations

o~

h(z)¥(T,{E;}) = E;det(e)¥(T,{E;})
FEP 4: For each set of discrete E’s solutions to this define a subspace
of Ha#

di f
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STEP 5: Solve the remaining constraint, which is now in the form

(E: — E;)¥(T,{E:}) =0

The solutions of this live in a subspace of HY" defined by

hys dif f
B Z { =N . Ba=N . }

n

_ Gmn

o)

An
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onclusions:

Jnimodular gravity can be quantized via path integrals and the
resulting quantum theory is also unimodular.

qus, the quantum equations of motion have the decoupling symmetry

Tab — Téb — A gabc

Hence the first cosmological constant problem is solved.

"he second, why so small, problem and third, coincidence problem
are also addressed at least at a hand-waving, semiclassical level,
a la Ng and van Dam.

"here is a physical time coordinate, which is elapsed four volume.
The hamiltonian quantization can be carried out in LQG and this
time might be used to give a new approach to the physical inner
product and physical observables.

“hre-path integral can be constructed for Plebanski opening up rewe s

e e o N R e IR e e e s



STEP 5: Solve the remaining constraint, which is now in the form

(E: — E;)¥(L, {Ei}) =0

The solutions of this live in a subspace of H¥f defined by

phys dif f
Z H{E1 =l Ea—l ..}

Grmn
1)

B =
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FEP1: Euclideanize and compactify the N time coordinates:

0 S T3 S 271'3

FEP 2: Work in H9® the hilbert space of gauge and spatially
diffeomorphism invariant states times [L? (s!) N

TEP 3: Fourier transform to discrete E’s : 3

¥ (T, {E:}) = f{ [[dre™ 5 how(r. 7)

which solve time independent Schrodinger equations

o~

h(z)¥(T, {E;}) = Edet(e)¥(T, {E;})

FEP 4: For each set of discrete E’s solutions to this define a subspace
of H#
dif f
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)lving the Hamiltonian constraint, starting with a graph I

artition space into regions, R, each containing one vertex (w volume)

/ f = EjTi:T
R 7

1is defines a partition of the elapsed four volume time.
ssociate each 1, to the vertex v, /] ( . x;)

ach region has a volume operator and hamiltonian operator

v;;:/\/a hi:/Fa
J R; R,

ne Hamiltonian constraint is now:
8‘?}'

h—V, (T, ;) = h; (T, 7;)
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lulti-fime evolution by the time of each node.



