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Abstract: The space of regular noncommutative algebras includes regular graded Clifford algebras, which correspond to base point free linear
systems of quadrics in dimension n in P*n. The schemes of linear modules for these algebras can be described in terms of this linear system. We

show that the space of line modules on a 4 dimensional algebra is an Enriques surface called the Reye congruence, and we extend this result to
higher dimensions.
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Noncommutative Algebraic Geometry

Noncommutative Algebras

Familiar Examples

Noncommutative Geometry — Functions do not commute

yX £ Xy
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Noncommutatve Algebraic Geometry

Noncommutative Algebras

Familiar Examples

Noncommutative Geometry — Functions do not commute

VX — XV

Noncommutative Algebras
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Noncommutatve Algebraic Geometry

Noncommutative Algebras

Familiar Examples

Noncommutative Geometry — Functions do not commute

Noncommutative Algebras

Matrices C"*" complex entry n x n matrices.
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Noncommutstuve Algebraic Geometry

Noncommutative Algebras

Familiar Examples

Noncommutative Geometry — Functions do not commute

Noncommutative Algebras

Matrices C7*° Cc}mp|e}( entry n X n matrices.
Quaternions H=R1 = R/ = R = Rk

7 —k k|
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Noncommutstve Algebraic Geometry

Noncommutative Algebras

Familiar Examples

Noncommutative Geometry — Functions do not commute

VX = Xy
Noncommutative Algebras
Matrices C"*" complex entry n x n matrices.

Quaternions H=R1ZR/I =2 Rj =R
=g -} ) =
,‘-:j‘: “:J’k:—l
_—— —_ = : =) -} == . =
H=R(.j)/(i=j"=—1.ji=—ij]) k=14
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Noncommutatve Algebraic Geometry

Matrices with generators and relations

X ¥) ™ —
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Noncommutatve Algebraic Geometry

Matrices with generators and relations

C e i =T = —1 v — Oy}
) _/0 1 0 (¢ O 0
0 0
X — ==
1 E 0
\1 0 0 e — o &
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Noncommutatve Algebraic Geometry

Noncommutative Surfaces

Noncommutative Surfaces
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Noncommutative Algebraic Geometry

Noncommutative Surfaces

Noncommutative Surfaces
g plane Cg4[x.y]
yxX = gxy

— il
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Noncommutative Algebraic Geometry

Noncommutative Surfaces

Noncommutative Surfaces

yx = qxy

Weyl Algebra Clx. d]
Polynomial differential operators
Ix —x0 =1
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Noncommutatve Algebraic Geometry

Noncommutative Surfaces

g plane Cglx. y]
yX = qxy
geC

Neyl Algebra C|x.d]

Polynomial differential operators
ox —x0 =1
Properties in common with polynomial functions C|x. y]
surface basis {x'y/}
irreducible domains fg =0=f =0o0org =0

smooth good homological algebra properties
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Noncommutatve Algebraic Geometry

Sklyanin algebra

nin algebra Artin, Tate, and Van den Bergh

K.;'-J.'.'. !

LN

-
(TR RSN E
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Noncommutative CP<
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Noncommutatve Algebraic Geometry

Sklyanin algebra

ebra Artin, Tate, and Van den Bergh
- T 110 P
Noncommutative CP=
Generated by x. y. z with relations
5
avx — bxy — cz-
.
azy + byz + cx*
>
axz + bzx + ey~
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Noncommutatve Algebraic Geomerry

Sklyanin algebra

ebra Artin, Tate, and Van den Bergh
- e i
Noncommutative CP<
Generated by x.y.z with relations
~5
ayx +— bxy — cz-
3
azy +— byz - cx*
7,
axz + bzx + ¢y~

N
-~
A}
1
J
(L
Uy

Has similar good properties.
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Noncommutative Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:
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Noncommutatve Algebraic Geometry

Sklyanin algebra

ebra Artin, Tate, and Van den Bergh

- TR
Noncommutative CP-
Generated by x. y. z with relations
.
ayx + bxy + cz©
)
azy — byz +— cx*
.
axz + bzx + ¢y~

L\ Y M m = |
f 1 |

L
o
W)

uy

Has similar good properties.
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Noncommutatve Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:
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Noncommutative Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:

as Sklyanin algebras are parametrized by a triple
(E.o.N)

elliptic curve E, an automorphism o € Aut E, and A
degree three line bundle on E.
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Noncommutatve Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:
Sklyanin algebras are parametrized by a triple

Classifying alg
(E.o.N)
elliptic curve E, an automorphism o € Aut E, and A
degree three line bundle on E.

Classifying modules Point modules of Sklyanin algebra are given

by elliptic curve E.
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Noncommutative Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:
Sklyanin algebras are parametrized by a triple

(E. a.\)
elliptic curve E, an automorphism o € Aut E, and A

degree three line bundle on E.
s Point modules of Sklyanin algebra are given

(laccitving module
by elliptic curve E.

Problems and Methods New problems and techniques from
algebraic geometry applied to noncommutative

algebra.
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Noncommutatve Algebraic Geometry

Interactions with algebraic geometry

Algebraic geometry enters in four ways:
ebras Sklyanin algebras are parametrized by a triple

E.o.A)

el[[ptlc curve E, an automorphism o € Aut E, and A

11}

s o .

e —
oy 8 | _--_r.- - ¥
—— B Y 1 — i

I
I'*-\-.- b

(4§}
ug

q

—_— “{'[

degree three line bundle on E.
'ules Point modules of Sklyanin algebra are given

by elliptic curve E.
New problems and techniques from

alﬂ‘ebra;c geometry applied to noncommutative

algebra.
pplications s Noncommutative algebraic geometry applied to

commutative algebraic geometry, physics.
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Classifying Reguilar Algebras

Artin-Schelter Regular Algebras

A graded k-algebra A =GF A
A is connected Ag = k
A is Artin-Schelter Regular of dimension d if
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Classifying Regular Algebras

Artin-Schelter Regular Algebras

A graded k-algebra A =G A
A is connected Ag = k
A is Artin-Schelter Regular of dimension d if

@ global dimension of A is d
@ dim A, < cn’® for all n some c.J polynomial growth

© A is Gorenstein

i k i—d
e A = { 0 else
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Classifying Regular Algebras

Artin-Schelter Regular Algebras

A graded k-algebra A =G A,
A is connected Ag = k

A is Artin-Schelter Regular of dimension d if

@ global dimension of A is d
@ dim A, < cn’® for all n some c.d polynomial growth

© A is Gorenstein

; k i=d
Exigll A { 0 else

A is commutative = polynomial algebra
dim A < 3 classified
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Classifying Regular Algebras

Classification in Small Dimensions

Dimension 2

>
|

kix.y)/xy — qyx gc= k™
X.y) /xy — yx +— x>

or A
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Classifying Regular Algebras

Classification in Small Dimensions

Dimension 2

k-..c

(1

or A == X._V X_‘V ] _}-’{X _XE

Dimension 3 classified by

@ Artin-Schelter 1987
@ Artin-Tate-Van den Bergh 1990

Important Invariant - Point Modules
Most interesting component: Sklyanin Algebras
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Classifying Regular Algebras

Classification in Small Dimensions

Dimension 2

A = kix.y)/xy — qyx gc= k™
3
or A = (x.y)/xy — yx+x~

Dimension 3 classified by

@ Artin-Schelter 1987
@ Artin-Tate-Van den Bergh 1990

Important Invariant - Point Modules

Most interesting component: Sklyanin Algebras
Dimension 4 No classification

Many know examples and families

Lu, Palmieri, Wu, Zhang
- opelton, Smith, Vancliff e 3062




Graded Clifford Algebras

Regular Clifford Algebraé

V vector space dim n

Qr..... Qn» quadrics in B(V)
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3 raceﬂ Clr;'fmr: iiget:ras

Regular Clifford Algebras

V' vector space dim n

Qi..... Q. quadrics in B(V)

Let A' = k[V*]/(f.---. f,)
Assume dimg A < > Complete intersection
P(W) linear system spanned by Q;

W — Sym? V~
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Graded Clifford Algebras

Properties

Theorem (Bernstein, Gelfand, Gelfand, Buchweitz, Bondal,
LeBrun,Orlov,Kuznetsov,Kapranov)

o A= A" = Ext}y(k. k) = k(V) /(W + A2V)+

e D?(A) dual to D2(A")
@ A is Artin-Schelter Regular
)
A= kPW*(*V
GV L vy — Z w' wi(vi. v;)
w' ¢ W*
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Graded Clifford Algebras

Properties

Theorem (Bernstein, Gelfand, Gelfand, Buchweitz, Bondal,
LeBrun,Orlov, Kuznetsov,Kapranov)

o A= A" = Ext}y(k. k) = k(V) /(W + A2V)+

e D?(A) dual to D?(A")
@ A is Artin-Schelter Regular
=
A= kPW*|(*V
ViV + viv; = Z W’:W,-(v,-. V)
w' € W*

® A = A sheaf of algebras on P(W)
A =Clh(W).
Pirsa: 090500408 H;_I(f) ==c Z dlm A:‘tf == 1 (1 =— = f)n == H?{V}(t) Page 34/62




Graded Clifford Algebras

Examples

Theorem Regular Clifford Algebras are a component in the space
of Artin-Schelter Regular algebras of dimension > 4
~ open dense subset of Gr(n. Sym”V*).
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Graded Clifford Algebras

Examples

Theorem Regular Clifford Algebras are a component in the space
of Artin-Schelter Regular algebras of dimension > 4
~ open dense subset of Gr(n. Sym”V*).

Examples
kix.y
VX -+ Xy
kK(x_¥.z

_
axy + ayx — bz~

o
ayz + azy +— bx~
azx +— axz +— bz-

kiw.x.y.z

six generic symmetric relations
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Graded Clifford Algebras

Properties in dim 4

Propoerties of dim 4 regular Clifford algebras

o L/ =/(A) = P(W). ramified on

Aj
A

quartic symmetroid
10 ordinary double points not in general position
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Graded Clifford Algebras

Properties in dim 4

Propoerties of dim 4 regular Clifford algebras

o / —Z(A) = P(W). ramified on

A3 = quartic symmetroid
A> = 10 ordinary double points not in general position
1
@ at 10 ODPs A ~Clp x y | Atiyah Flop Algebra
y z

D?(A) ~ D?(small resolution)
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Graded Clifford Algebras

Properties in dim 4

Propoerties of dim 4 regular Clifford algebras

o Z —7{ A} < P(W). ramified on

A3 = quartic symmetroid
A> = 10 ordinary double points not in general position
1
@ at 10 ODPs A ~Cl x y | Atiyah Flop Algebra
y z

D?(A) ~ D?(small resolution)
@ A is Azumaya outside A,
@ Z Fano, unirational not rational (Artin-Mumford)

@ / has no projective small resolution
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Graded Clifford Algebras

Linear Modules and Subalgebras

Linear Module L of dimension d is

Al~A/Al  Hi(r) =1/(1 — 1)
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Graded Clifford Algebras

Linear Modules and Subalgebras

Linear Module L of dimension d is
al~ A/Al  Hi(t) =1/(1 — )

Linear Subalgeba of dimension d is a subalgebra B C A
Artin-Schelter Regular Algebra with

Hg(t) = 1/(1 — ¢)°
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Graded Clifford Algebras

Linear Modules and Subalgebras

Linear Module L of dimension d is
AL~ A/Al  Hi(t)=1/(1—1)*

Linear Subalgeba of dimension d is a subalgebra B C A
Artin-Schelter Regular Algebra with

Hg(t) = 1/(1 —t)?

L(A. d) = linear modules of dimension d
S(A. d) = linear subalgebras of dimension d
dimA =3 L(A.1) = €lliptic curve point modules
dmA=4 L[(A.1)=20 pts point modules

Al
[(A.2) = projective surface line modules
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Reye Congruence

Reye Congruence

W C Sym* V* dmV =dimW =4

web of quadrics in P(V) base point free (generic)
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Reye Congruence

W C Sym? V~ dimV =dim W =4

web of quadrics in P(V) base point free (generic)
s wp €V 3 V°
S=PxP°n (V(wi(x.y) =0V%i) CP(Va V)

pairs of points polar wrt to quadrics in net

STTA—0 S is K3
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Reye Congruencs

Reye Congruence

W C Sym? V* dmV =dmW =4

web of quadrics in P(V) base point free (generic)

Wi ... wsg € VT3 V7

pairs of points polar wrt to quadrics in net

SNA=0 S is K3
S — Gr(2.4)—G(13)
(x.y) — Xy

rsaopp@ge £ is an Enriques Surface. page 45/62




Reye Congruencs

L CP(V) line L =Xy

Qw quadric with bilinear form w

Q2L — U=wfx x|

|
<
-

3 linear conditions on @,
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Reye Congruence

W C Sym* V* dimV =dim W =4

web of quadrics in P(V) base point free (generic)

S =P xP°n (V(wi(x.y) =0 ¥i) CP(V 3 V)

pairs of points polar wrt to quadrics in net

SNA=0 S is K3
S — Gr(2.4) =613
(x.y) — Xy

reaoppage £ is an Enriques Surface. page 47/62




L CP(V) line L=Xy

Qw quadric with bilinear form w

G I <«— 0O—wix x]
— w(x.y)
= w(y.y)
3 linear conditions on @,
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Reye Congruence

L CP(V) line L =%y

Qw quadric with bilinear form w

Qe 2L —x 0O0—wfx x|

|

<
,:;.

<
—

3 linear conditions on @,
Generic L C P(V) is in Qu € P(W) for point w

E={LcGr(2.V): {QcP(W): Q2 L} isalinein W}

Reye Congruence

irsa: 09050040
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Reye Congruencs

Theorem E — E’ is Enriques.
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Theorem E — E’ is Enriques.
proof [ € E' then 3 line P(U) C P(W) of quadrics O L
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Reye Congruencs

Theorem E = E’ is Enriques.

proof L € E’ then 3 line P(U) C P(W) of quadrics O L
Web of quadrics W in P(V)

induces a pencil of quadrics P(W/U) in L

Quadrics in L are [ N Q,, only depends on W /U since
if quadric is in P(U) since 2 L equation is zero on L.
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Reye Congruencs

Theorem £ — E’ is Enriques.

proof [ € E' then 3 line B(U) € P(W) of quadrics 2 L
Web of quadrics W in P(V)

induces a pencil of quadrics P(W/U) in L

Quadrics in L are [ N @, only depends on W /U since
if quadric is in P(U) since 2 L equation is zero on L.
Diagonalize pencil ax®> -~ 3y in PL  withx.y € L

L x.y

So wi(x.y) =0%i= (x.y) €S

irsa: 09050040
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Reye Congruencs

Theorem E — E’ is Enriques.

proof L € E’ then 3 line P(U) C P(W) of quadrics O L
Web of quadrics W in P(V)

induces a pencil of quadrics P(W/U) in L

Quadrics in L are [ 1 Q,, only depends on W /U since
if quadric is in P(U) since 2 L equation is zero on L.
Diagonalize pencil ax®> — 3y” in PL  with x.y € L

_‘{V

So wi(x.y)=0Vi= (x.y)eS

Theorem A graded Clifford Algebra
LA.d)={(L.LU)cGr(n—d. V) < Gr(d.w): LC QvYQ c U}

— S(A.d) A/AL — k(L

: 09050040
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Consequences

Corollary
o L(A.n—1)=P(V*)
@ L(A.n— 2) has Calabi-Yau étale double cover dim n — 2
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Reye Congruence

Consequences

Corollary
o L(A.n—1)=P(V7)
@ L(A.n— 2) has Calabi-Yau étale double cover dim n — 2

@ A generic then L(A.d) = 0 for n small d large

e (n—2d—l

@ B € S(A.d) then = map pullback by projection

L(B.k) — L(A. kK~ d)
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Reye Congruence

Toric Example

Web of Quadrics

> :, > >
xi X +x0X5 +-x3X5 + xa Xy

~

A" = k[Xi]/(X?)
A = k(x;) [ i + %%

A3 coordinate tetrahedron

A> 6 coordinate lines
K3 surface scpP xp?
P2s A

6 P! x Pls [

|..-|

} arranged in cuboctohedron

4 | s A - S :
E Reye Congruence 3 Pl Ple arranged in RIP~ quotient
P x P s
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Reye Congruencs

Consequences

Corollary
o L(An—1)=P(V7)
@ L(A.n— 2) has Calabi-Yau étale double cover dim n — 2

@ A generic then L(A.d) = 0 for n small d large

E n—2d-+1

@ B € S(A.d) then 3 map pullback by projection

L(B.k) — L(A. k - d)
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Reye Congruence

Toric Example

Web of Quadrics

2 2 2 2
x1 X{ —x0X5 —x3 X5 + xa X5

~

A' = kXi]/(X?)
A—Kk(xz) )220

A3 coordinate tetrahedron

A> 6 coordinate lines
K3 SUﬂCaCE ScCP <P

P%s A :
} arranged in cuboctohedron

6 Pl « Pls ]

4 P%s A PR, .
E Reye Congruence 3 Pl Ple arranged in RP? quotient
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Reye Congruence

Questions

@ Describe L(A. d) dimension, degree, Kodaira dimension,
singularities

@ When does A' have noncommutative deformations?
- 3 ] : 5 -
dim Exty - A (A . A )o > dimcok Jacobian

@ Classify Artin-Schelter Regular Algebras

@ |ldentify other components
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Reye Congruencs

Toric Example

Web of Quadrics

2 2 2 2
x1 Xi 0 X5 —x3 X5 + xu X5

~

A" = k[Xi]/(X?)
A = k(x;) /% + X%

A3 coordinate tetrahedron
A> 6 coordinate lines

K3 Surface SscPe <P
P%s A :
6 pl « Pl } arranged in cuboctohedron
P x P*s L[]
4 P°s A 2P
E Reye Congruence _ _; pl arranged in RP? quotient
- Sl L=l LA
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Reye Congruence

Questions

@ Describe L(A. d) dimension, degree, Kodaira dimension,
singularities

@ When does A' have noncommutative deformations?
- g [ §E = :
dim Exty (A . A )o > dimcok Jacobian

@ Classify Artin-Schelter Regular Algebras

@ |dentify other components
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