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Abstract: The classical "split" rational R-matrix Poisson bracket structure on the space of rational connections over the Riemann sphere provides a
natural setting for studying deformations. It can be shown that a natural set of Poisson commuting spectral invariant Hamiltonians, which are dual to
the Casimir invariants of the Poisson structure, generate all deformations which, when viewed as nonautonomous Hamiltonian systems, preserve the
generalized monodromy of the connections, in the sense of Birkhoff (i.e., the monodromy representation, the Stokes parameters and connection
matrices). These spectral invariants may be expressed as residues of the trace invariants of the connection over the spectral curve. Applications
include the deformation equations for orthogonal polynomials having "semi-classical" measures. The $\tau$ function for such isomonodromic
deformations coincides with the Hankel determinant formed from the moments, and is interpretable as a generalized matrix model integral. They are
also related to Seiberg-Witten invariants. (Thistalk is based in part on joint work with: Marco Bertola, Gabor Pusztai and Jacques Hurtubise)
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@ Generalized isomonodromic deformations over CP'
© R-matrix Hamiltonian structure
© Spectral residue theorems and isomonodromic Hamiltonians

o Example: Semiclassical orthogonal polynomials
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Generalized isomonodromic deformatons over CP'

Question: Allowing {a,.£7;.} i<.<m  tovary, what are the most

1<j<dy, 0<v<n

general differentiable deformations in A(x) that preserve {M,,.S,;. G, }?

Answer: (Schlesinger (1905) - Jimbo, Miwa. Ueno (1981))
The necessary and sufficient conditions are the compatibility of the
overdetermined system:

d
Dx¥ = 0. c)au v =0Q,V. o — V=03V
where
1 oT, oT,
Qﬂ- = “::‘(x . Q,, = — ( YU_T)
/) (] (_)ta ),pav dap -pny

whera P, = Principal partat x = a,



Generalized isomonodromic deformanons over CP'

Question: Allowing {a,.£7;.} i<.<»  tovary. what are the most

1<j<dp. 0<r<n

general differentiable deformations in A(x) that preserve {M,,.S,;. G, }?

Answer: (Schlesinger (1905) - Jimbo. Miwa. Ueno (1981))
The necessary and sufficient conditions are the compatibility of the
overdetermined system:

% a
aa,,‘” Q. F“’ Q2.V.

DxV = 0.

where

ng - “‘(X - ) .y =— ( i Yu_1)
dta - Y oa, P,

whera P, = Principal partat x = a,,




Generalized isomonodromic deformanons over CP

Monodromy preserving deformations

Overdetermined ifferential system
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Generalized isomonodromic deformatons ower CP

Isomonodromic ~-function

Closed 1-form on parameter space

Define a 1-form on the space of deformation parameters {a,,. L,j}»

n d m
-i-a‘ : oF y_“ " hijdtf)l o hlxdf.thr
r=— ,"=1 a—1
where
| Y. oT.
B.— res e | Y, — 22—
J X—x . J_?X f_fra.)
vy
Y, 0T, \
h;-re::-tr( e
— '5). 14 I_Jf}i,}
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Seneralized isomonodromic deformanons over CP

Monodromy preserving deformations

Overdetermined ifferential system

= |
irsa: 09050039 2 |‘
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Generalized isomonodromic deformatons over CP

Isomonodromic ~-function

Closed 1-form on parameter space

Define a 1-form on the space of deformation parameters {a,,. %}

vy
n d m
-'u.-‘ : i7 ;_‘ _ hgjdtf} T hl_;df“l‘zfr
pr=— J.'=1 a—=—1
where
- w_10Y, 0T,
hj — mes il Y _j' 52
X=—o - { :
oX ¢ -",f)
AY, OT, \
hlzres-tr(,,?_’_{
— X ‘—”HL' }
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Generalized isomonodromic deformations over CP

Isomonodromic ~-function

The zero curvature equations imply this is a

Closed 1 —form (Jimbo-Miwa-Ueno (1981))

dw =0.

Therefore, there exists, at least locally, a function 7™ determined. up to
a parameter independent normalization factor, by:

Isomonodromic —-function

din(+™) = ..

Actually, 7™ is globally defined. away from collision points of the poles
and resonances, as a section of a line bundle, and is holomorphic
where defined (Miwa. 1981).

irsa: 09050039 Page 25/62



Seneralized isomonodromic deformanons over CP'
Fuchsian case: Schlesingerequations

Fuchsian case: Schlesinger equations (alld, = 0. dy = 0):

Schlesinger equations (1905)

Pirsa: 09050039 ’ ' Page 26/62
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Generalized isomonodromic deformanons over CP'

Settingm =2, n=3.seta; = 0. ax = 1. a3z = t and eigenvalues

civ(A,) = +6,. sv=1.2.3. sz(gg _g)

This reduces to Painleve Pyq:

Pu_1(1 11\ (duy?
= Z\o =1 o dt

(1 1 1 )du
— -+ —+

t t—1 wu-—t
ulu—1)(u—-1t E _Ht—1)
-+ 2(f—1)2 (a—+-.3?+ "(u—1)2+0(u—t)2)'

where

1 1 1 3 1 1
ﬁz(gx—l-E)Z 3=—§9§. Y= 9%, O = — 9%—}- 2



Generalized isomonodromic deformanons over CP'

Total derivative:
X’Hp — XH., % Xgp )
where X° = C)D = “explicit derivative”
v C)(t,,
Since _
17 SR

T (x—ay)2  Ox
Hamilton’s equations = Schlesinger = zero curvature:
A

dex,,

9,
X

={A.H}+ X2 (A)=[.A] +
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Generalized isomonodromic deformanons over CP'

Take alld, = 0.0y =1

A(x)ﬁAo+Zx a
=1 g
Ao = diag(hy. .. .. n). Ac=—)Y A
r=1

r-function and Hamiltonians:

din(7™) = Z h.da, + Z kzdtz
h, = ﬁln Ka :a=KL|“
Motk s [ﬂf( Y —zi) TN (V)P - ((Y H Z")_t’w:lllj
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Generalized isomonodromic deformanons over CP'

Total derivative:
XH” XH,. .5 XO
where X? = 00 = ‘“explicit derivative”
v da,,
Since
2 A 0,
XA = G = x

Hamilton’s equations = Schlesinger = zero curvature:
A
dex,,

C)Q

={A.-H} + X3, (A) = [.
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Generalized isomonodromic deformanons over CP'

Lie Poisson structure on [s/*(m.C)]"”
(Ay.....Ap) € [sI"(m.C)]"

n

(f.gt=>) u (A"' [j;: ;’2])

=

Commutative Hamiltonians (non-autonomous):
“time variables” = location of poles {a, }

H, =5 res w(A(x))
. }=0. por—1..., n

Hamiltonian vector field:

X, (A) = {A(x).H.} = [ .Al. Q=



Generalized isomonodromic deformanons over CP'

Settingm =2, n=3.seta; = 0. ax = 1. a3z = t and eigenvalues

civ(A,) = +6,. sv=1.2.3. sz(gg-" _g)

This reduces to Painleve Pyq:

Pu_1(1 1 1 (duy?
a2 2\u u—1 u—t dt
B 1+L+ 1 du
t t—1 u—t;) dt
+u(u—1)(u—t)( t t—1 5t(t—1))_

= X e e —if

where

-

N| -

1 1 1 ; 1
a=(9-x+§)2- 3=—§9%- "'=§'9%* = 6%"'
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Generalized isomonodromic deformanons over CP'

Lie Poisson structure on [s/*(m.C)]"”
(Ar.....Ap) €[sl"(m.C)]"

{f. g} = Xn: = (A"' [c;);:, gg,D

=

Commutative Hamiltonians (non-autonomous):
“time variables” = location of poles {a, }

H, =5 res w(A(x)
e =0 por—1... n

Hamiltonian vector field:

Xu, (A) = {A(x).Ho } = [ . Al. Q=



Generalized isomonodromic deformatons over CP'

Settingm =2, n=3,seta; = 0. ax = 1. a3 = f and eigenvalues

eiv(A,) = +6,. sv=1.2.3. Ax=(95‘= _g)

This reduces to Painleve Pyq:
Pu_1(1 1 1\ (du)?
a2 ~2\u u—1 u—t dt

_(1+L+ 1 )du
+u(u—1)(i:—:)—(1 u—tt dtt—1 _t(t—1))_

T i S T i —

where

1 1 1 ) 1 1
a:(&x+§)2. B=——0, v=_05 §=——05+ -



Generalized isomonodromic deformanons over CP'

Lie Poisson structure on [s/*(m.C)]”
(Ar...... An) = [sI"(m.C)]"

o-Soe(a 35 28]

Commutative Hamiltonians (non-autonomous):
“time variables” = location of poles {a, }

H, =5 res w(A(x))
. H1=0 pov—1... n

Hamiltonian vector field:

X, (A) = {A(x).H.} = [ .Al. Q=



Generalized isomonodromic deformanons over CP'

Total derivative:

XH, — XH., s 3 Xgp .
where X° = 00 = “explicit derivative”
4 day,,
Since .
X0,(A) =~ =

_(x — )2 = o

Hamilton’s equations = Schlesinger = zero curvature:
A
dex,,

92,
X

={A.H}+ X2 (A)=[.A] +
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Generalized isomonodromic deformasons over CP'

Take alld, =0.ap =1

A(X)~A0+Zx -
=1 2
Ao = diag(ty. . ... tm). Ax :=-ZAu
p—Y

-function and Hamiltonians:
din(r™) = Z h,day, + i kaditz
h, = IH"‘?llm ka =a=K1a|n
e E res [ex((Y — 21) "N (V)2 — 2 ((¥ - zlr)"..-\f(;;\e)gl;[

Pirsa: 09050039 2 I\—m Z=Ya



Generalized isomonodromic deformanons over CP'

Total derivative:
i’Hy = XH., = Xgp .
where X° = do = ‘“explicit derivative”
= day,,
Since .
X my=—2 2

(X —a)? T ox
Hamilton’s equations = Schlesinger = zero curvature:
A

dex,,

9,
X

={A.H}+ X2 (A)=[.A] +
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Generalized isomonodromic deformanons over CP'

Take alld, = 0.0y =1

A(x)*Ao+Z =
—1 3

r-function and Hamiltonians:
din(r™) =ih.,da,, 'f‘ikadta
h= e ka= Kala
L [n{(Y 2l) " ()P — 20 ((¥ 'Z")_W(;}lﬂ

Pirsa: 09050039 2 /\—ixl Z=y3



Generalized isomonodromic deformanons over CP'

Connection forrn'
Q= Z Q,day, + Z Qjdta.
v=1
gl A, EzAEp + EpAE;
Q, = o _an+Z =
Hamilton’s equations:
A o9,
oa, : X
oA =N 95
ot {A Kz} + X2(A) = [Q5.A] + x

where the explicit derivatives’are:

] TS WO S T S

Pirsa: 09050039 (x . a v )2 ax 0x Page 40/62




R-matrix Hamiitosan structure

(Other approaches: P. Boalch [Bo] (2001): Goldman [G](1986)
structure on (generalized) monodromy data. Poisson Lie groups; N.

Woodhouse [W](2002): twistor space approach.)

Rational A-matrix Poisson structure
{A(§) 2A(y)} = [r(x —y). Ax) 21+ 12 A(y)].
where A(x). A(y) = End(C™)

P
r(x—y) = —

Poisson subspace of rational elements with fixed pole structure:
{A(x)} C (Lsi(m.C)*)g =sl.(m.C) =sl_(m.C)

c End(C" = C™). Pipp(uav):=vau

(Equivalent to =7_g [si* (m.C)| )



R-matrix Hamiitornian structure

R:=1(P.—P.)

[X. Y]=[RX. Y] +[X. RY]=[X;. Y;] - [X_, Y]
Xy = PL(X). Yi:=P.(Y). (PL= projectors)

Spectral curve: det(yl—A(x))=0
(m-sheeted branched cover of P1)

Casimir invariants: | tjj ar} (center of Poisson algebra)

Hamiltonian vector field for spectral invariant:

H<TI(Lsiim.C)). Xu(A)=[R(}(H)). Al

Pirsa: 09050039 Page 42/62



R-matrix Hamiitoran structure

Equations of motion (total derivative)

IA .

= Xu(A) + XP(A) = [r. A+ T

where Q; := A (4(H)) + f(A) for some f(A) commuting with A:
A. f(A)] =0.

provided

Pirsa: 09050039 Page 43/62



Speciral residue theorems and iIsomonodromic Hamiltonans

= ..

2) Logarithmic derivatives of the = function:

& .
e

h

/}

irsa: 09050039 hb‘ s

I

dint M
dl’p i
OlnT™M
s, l’gj

Int!

M

Joy -

1

_— TS

! Jfa{ X—=aox, )

1
= — res

] Yalx=
1
= — res

2 X—x,,

x! ydx.

x)

trA%(x)

(x — ) T ydx.

.

=t

do

(3.1)

Page 44/62




R-matrix Hamiitoran structure

Equations of motion (total derivative)

A :

O = Xu(A) + XP(A) = [ A+ T

where Q; := A (4(H)) + f(A) for some f(A) commuting with A:
[A. f(A)] =0.

provided
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R-matrix Hamiitoman structure

R:=1(P.—P.)

[X. Y]=[RX. Y] +[X. RY]=[X;. Y,] - [X_. Y]
Xy = PL(X). Yi:=P(Y). (PL=projectors)

Spectral curve: det(yl—A(x))=0
(m-sheeted branched cover of P1)

Casimir invariants: | tjj ar} (center of Poisson algebra)
Hamiltonian vector field for spectral invariant:

HeZI(Lsl(m.C)). Xu(A)=I[R(5(H)). A

Pirsa: 09050039



R-matrix Hamiitorean structure

(Other approaches: P. Boalch [Bo] (2001): Goldman [G](1986)
structure on (generalized) monodromy data. Poisson Lie groups; N.

Woodhouse [W](2002): twistor space approach.)

Rational A-matrix Poisson structure
{A(§) 2A(y)} = [r(x —y). Ax) 2 1+ 12 A(y)].
where A(x). A(y) = End(C™)

P
r(x—y) = —

Poisson subspace of rational elements with fixed pole structure:
{A(x)} C (Lsi(m.C)")g =sl.(m.C) =sl_(m.C)

€ End(C" =2 C™). Pipp(uzv):=vau

(Equivalent to =7_, [si* (m.C)| ")



R-matrix Hamiitorian structure

R:=1(P.—P.)

[X. Y]=[RX. Y] +[X. RY] =[X,. Y,] - [X_. Y]
Xy = PL(X). Yi:=PL(Y). (PL= projectors)

Spectral curve: det(yl—A(x))=0
(m-sheeted branched cover of P1)

Casimir invariants: | t;: ar} (center of Poisson algebra)
Hamiltonian vector field for spectral invariant:

HeZ(Lsl(m.C)). Xu(A)=I[R(5(H)). A

Pirsa: 09050039



Equations of motion (total derivative)

A ;

O — Xu(A) + XO(A) = 0. A+ T

where Q; := R (4(H)) + f(A) for some f(A) commuting with A:
[A. f(A)] =0.

provided

Pirsa: 09050039 Page 49/62



SQECU’EH residue theorems and iIsomonodromic Hamiitonians

Spectral residue theorem

Theorem 1. Spectral residue theorem
1) Deformation parameters (and local monodromy):

;= res (x—a,)ydx, j=0,...4d,

Yal X=o ) _
lo; = - ,)(X)“de- j=0....dp (3.1)

2) Logarithmic derivatives of the = function:

lnr™ 1 - \
hfj =———=—— res (X—a,)ydx. j=1....4,
t'.)tpj j ya{x:r_];, )
onr™ 1 - :
hgj == — =—_ ms Xy j=1...d
dta' ] Yalx=c)
™ 1
irsa: 09050039 hu — — — IS ‘IAZ(X ) Page 50/62

dcy,, 2 X=ax,




Spectral residue theorems and isomonodromic Hamiitomans

Theorem 2. Hamiltonian iIsomonodromic deformations

JA Y,
Itz =195 A+ 5.7
A a9,
T i i~

where

(‘)’fj)’F’ Q, = (‘)’L)’Pﬂ,
a2,
X3 (A) = (N ——

Pirsa: 09050039 Page 51/62



Spectral residue theorems and iIsomonodromic Hamiitomans

Spectral residue theorem

Theorem 1. Spectral residue theorem
1) Deformation parameters (and local monodromy):

- ms (x—a)plx, j=0,...d

y,a{x:ﬁ!_, ]

. —  res (X) JJJ\-’t‘.‘.’b( = . 0

2) Logarithmic derivatives of the = function:

Ilnr™ 1 . _
R = =—— s [(x—a,)ynix. =1....
vy dtfi’ J valx=e }( f»’) Y J
olmr'™ 1 . |
hgj == — = ms Myde j=—1....d4
dtgf ] ya(x==c)
Ilnr™ 1
Pirsa: 09050039 hy — = = — ICS trAz (X )
f_.h *y 2 X—aox,

(3.1)
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Spectral residue theorems and isomonodromic Hamiitomians

Theorem 2. Hamiltonian iIsomonodromic deformations

where

Pirsa: 09050039 Page 53/62



Linear operator

A(y) = AO 1 YA 124 4 ..

O =t+ 50 f a2y 2 (A0 - AO)@ - A0) )",
z= =1

Applying this to the residues. with

A=(x—-—0)*TAX). yi=x—a
gives:

Pirsa: 09050039 Page 54/62



Spectral residue theorems and isomonodromic Hamiitomans

Spectral residue theorem

Theorem 1. Spectral residue theorem
1) Deformation parameters (and local monodromy):

lsz res (x—a,Yydx. j=0....d,

Ya{xth,,] |
= res (x)7'ydx. j=0....dp
Ya(x=2x<)

2) Logarithmic derivatives of the = function:

M 1 : :
hﬁ . — : e e ——— IS (X ‘-'f_lfL,)_jde. j — 1 e
] (_}tpj j ya{ X—ox,, }
nr™ 1 - !
hg; == — =—_ ms My j=1,....d4
dtgf ] Yalx=c)
nT™ 1
irsa: 09050039 hy = : = — ICS 'IAZ(X )

f_'h'ty 2 X=-L1;.-

(3.1)

Page 55/62




Linear operator

A(y) = AD 1 A 124 4 ..

Eigenvalues

O =t+ 50 f a2y 2 (A0 - AO)@ - A0)1)”,
zZ= =1

Applying this to the residues. with

A=(x—a,)*TA(X). Y:=X—a
gives:

Pirsa: 09050039 Page 56/62



Spectral residue theorems and isomonodromic Hamiitonians

Rational S

Theorem 3. Local trace formulae (|[BHHP], 2004)

The Hamiltonian hﬁ 4 can be written as

tr(1+ (x— )% A(x) (2l — A, q, ) 1) >+
8, = res res r(1+(x—¢) (x)( <) )

X=a, 742 J(d, + I)(x — a, )%+

 Fg dl-’

and the principal part of its functional derivative as

} iy (A—-Aq)
P,

2 = [oh

res - . %
e =)

(1+(x—a)* T @A-A4)AX) T

irsa: 09050039 Page 57/62



Example: Semiclassical orthogonal polynomials

([BEH] (2003). [BH] (2004))

/ Pu(X)Pr(X)u(x)dx = Py .
where
pu(x) =x’ +-

p(x) =e ® VM y(x) = Y L(x),
=0

To(x) —too-f-zto"x’

=1
d. £
Tp — E = : - _ I.ﬂ e L
" j=1 J(X —ay) Pty ol

dh _ n d, £
s —hlnp(X) = V'(X) =3 o1 =3 Y oy e




Second kind solutions

o) — exV(X) /e*fv(z)r—dz

Fundamental systems

Vy(x) = (

satisfy

hox W 4(x) = Ay(x)WVy(x).
haap WJ(X) = Qv:J(X)wf(x)*

where each A (x) has the same

L X—2Z

mea(x) oua(x ))

Ta(x)  ou(x)

hal‘p.j Wy(x) = QFJ:J(x)wJ(x)
pole structure as V/(x).



Example: Semiclassical orthogonal polynomials

(N.B. This is not the traceless gauge: the latter is obtained by replacing
WJ(X)—:*Q_?IEV(X)WJ(X).)

Relation between Zy and )/

The partition function Zy(i, ;. «;) of the generalized random matrix
model and the isomonodromic tau function 7 for the associated ODE
are related by

In(Zy) =In(7§) + A2 Y resx—a, T,(X)Tu(X)

0<w<u<n

up to a term independent of the deformation parameters.
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Example: Semiclassical orthogonal polynomiais

The characteristic polynomial of the matrix Dy(x) is given by
V! . V!
dex(y — D)) = ¥# — yv'0) + b (e — 0 )
ch—1
=y2—yV'(X)+N ) tyjr1xd™" — B2D(x)inZy

j=1
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Example: Semiclassical orthogonal polynomials

where, in terms of the Virasoro generators

v®) d'z’*:’i mt. 9
L M+ 57
- jgiﬁ...dyq
the operator D(X) is:
D(x) := Zn: Lt Eava‘“)
'_p:’x—npé}ap par- —i—2

n d.+1

1 v
_ Z Z (x _ay)fvf?—)f

=1 =2
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