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Abstract: This talk is a report on joint work with Mohammed Abouzaid and Ludmil Katzarkov about mirror symmetry for blowups, from the
perspective of the Strominger-Y au-Zaslow conjecture. Namely, we first describe how to construct a Lagrangian torus fibration on the blowup of a
toric variety X along a codimension 2 subvariety S contained in atoric hypersurface. Then we discuss the SYZ mirror and its instanton corrections,
to provide an explicit description of the mirror Landau-Ginzburg model (possibly up to higher order corrections to the superpotential). This
construction alows one to recover geometrically the predicted mirrors in various interesting settings: pairs of pants, curves of arbitrary genus, etc.
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Mirror symmetry for Calabi-Yau manifolds

Symplectic geometry (A) Complex geometry (B)
(X.J.w.Q) Calabi-Yau (XY, Y, w". Q") Calabi-Yau
Gromov-Witten invariants Hodge theory
L agrangian submanifolds Analytic cycles
Fukaya category . Derived category of coherent sheaves

@ Calabi-Yau: (X.J) complex manifold, =~ compatible Kahler form
Kx = Q™% ~ Ox, Q = Q"%(X) holomorphic volume form
example: C". Jy. wo = f:'Zdz‘,- \dZ;. Qo =dzi1 A --- A dz,
(do not require |Q|* ~ " or Ric = 0: “almost Calabi-Yau")

@ symplectic data « determines complex data JY. Q" and vice-versa

How to construct a mirror?
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The Strominger-Yau-Zaslow conjecture

SYZ conjecture

X, X" are dual fibrations by special Lagrangian tori over a base carrying
an integral affine structure.*

* special Lagrangian fibrations are hard to come by; singularities induce
“instanton corrections’ on the mirror; ...

(= Joyce, Fukaya, Kontsevich-Soibelman, Gross-Siebert, ...)
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The Strominger-Yau-Zaslow conjecture

SYZ conjecture

X, X" are dual fibrations by special Lagrangi&n tori over a base carrying
: . Lo
an integral affine structure.*

* special Lagrangian fibrations are hard to come by; singularities induce
“instanton corrections’ on the mirror; ...

(= Joyce, Fukaya, Kontsevich-Soibelman, Gross-Siebert, ...)

SYZ from homological mirror symmetry
For each point p € XV, O, € D?Coh(X") — L € F(X).
HF (L. L) ~ Ext™(O,.0,) ~ H*(T";C)

.
— points of X" & Lagrangian tori in X (+ U(1) local system)
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| andau-Ginzburg models

X Kahler (¢(X) = 0), D anticanonical divisor = X \ D open Calabi-Yau.
= M = open C¥mirror to X \ D. What about X7
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| andau-Ginzburg models

X Kahler (¢(X) = 0), D anticanonical divisor = X \ D open Calabi-Yau.
o

= M = open CY mirror to X \ D. What about X7

L ©— X\ D special Lagrangian bounds holomorphic discs in X
— Floer homology is obstructed (9% = {my.-}) and generically trivial.
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|l andau-Ginzburg models

X Kahler (¢(X) = 0), D anticanonical divisor = X \ D open Calabi-Yau.
o
— M = open CY mirror to X \ D. What about X7
L ©— X \ D special Lagrangian bounds holomorphic discs in X
— Floer homology is obstructed (9% = {my.-}) and generically trivial.

The mirror of X is a Landau-Ginzburg model W: M — C
(M noncompact CY mirror to X \ D; W= superpotential, holomorphic)

The superpotential modifies interpretation of A and B models on M: e g,

Symplectic geometry of X < complex geometry of singularities of W
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A rough conjecture (SYZ for —Kx effective)

Conjecture

(X.w.J) compact Kahler manifold, D C X anticanonical divisor,
Q < Q™%X \ D) = can construct a mirror as

@ M = moduli space of special Lagrangian tori LC X \ D
— flat U(1) connections on trivial bundle over L

@ W : M — C counts holomorphic discs of Maslov index 2 in (X. L)
(Fukaya-Oh-Ohta-Ono’s mg obstruction in“Floer homology)

@ the fiber of W is mirror to D.
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A rough conjecture (SYZ for —Kx effective)

Conjecture

(X.w.J) compact Kahler manifold, D C X anticanonical divisor,
Q < Q™%X \ D) = can construct a mirror as

@ M = moduli space of special Lagrangian tori L X \ D
+ flat U(1) connections on trivial bundle over L

@ W : M — C counts holomorphic discs of Maslov index 2 in (X. L)
(Fukaya-Oh-Ohta-Ono's mg obStru%tEon in Floer homology)

@ the fiber of W is mirror to D.

Conjecture doesn't quite hold as stated, because:

@ W presents wall-crossing discontinuities caused by Maslov index 0
discs = need “instanton corrections to correct these discontinuities.

@ According to Hori-Vafa, need to enlarge M by “renormalization’.
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Special Lagrangians

(X.w.J) compact Kahler manifold, dim¢c X = n; D = o71(0) € |[Ky .
Q o T D) v TN L)

[" C X \ D is special Lagrangian if w;; =0 and Im(€2);; = 0.

irsa: 09050028 Page 11/33




Special Lagrangians

(X.w.J) compact Kahler manifold, dim¢c X = n; D = o71(0) € |[Ky .
O o "N\ D)9 cCPIXNDR.)

L™ C X \ D is special Lagrangian if w;; =0 and Im(€2),; = 0.
2

Proposition (McLean, Joyce)

Special Lagrangian deformations = H, (L) (=~ H'(L.R)), unobstructed.

HL(L)={0 €2 (L.R)| df =0. d*(v6) =0} “¢-harmonic” 1-forms
v € C*(NL) is SLag iff —1y,w =# and 1,Im(Q) = ¢ x @ are closed.
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Special Lagrangians

(X.w.J) compact Kahler manifold, dim¢ X = n; D = o71(0) € |[Ky .
9 o =X\ D) b — 0. cCIXNDR.)

L™ C X \ D is special Lagrangian if w;; =0 and Im(2),; =0.

Proposition (MclLean, Joyce)

Special Lagrangian deformations = H, (L) (=~ H'(L.R)), unobstructed.
HL(L)={0 €2 (L.R)| df =0. d*(v6) =0} “v-harmonic” 1-forms

v € C(NL) is SLag iff —1y,w =6 and ¢,Im(2) = ©* * 6 are closed.

Example

X smooth toric variety with moment map o : X — R"”, A = o(X).
D = o= *(9A) toric divisor, X\ D ~ (C*)", Q =dlogx; A --- A dlogx,.

@ Toric fibers ( T"-orbits) are special Lagrangian.
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The geometry of the moduli space
T ——_—

Definition
M={(L.V)| L C X\ D special Lag. torus, V flat U(1) conn. on C — L}.

(o
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The geometry of the moduli space

M={(L.V)| LcC X\ D special Lag. torus, V flat U(1) conn. on C — L}.

Proposition

o Ty vM={(v.a) € C(NL)& Q(LR)| —t,w+ia € HL(L)® C}.

@ Complex structure J* on M local holomorphic functions:

given 3 € Hx(X. L), zz = exp(— [, w) holas(V) : M — C*.
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The geometry of the moduli space

Definition
M={(L.V)| L C X\ D special Lag. torus, V flat U(1) conn. on C — L}.

;i ’

Proposition
@ Ty vyM={(v.a) C>*(NL) £ QY(L.R)| —t,w+ia € H(L)2C}.
@ Complex structure J¥ on M; local holomorphic functions:
given 3 € Hy(X. L), zz = exp(— [;w) holsg(V) : M — C*.

@ Compatible Kaler form
& ((vi.aq). (va. as) JL ap Aty ImQ —aq Ay, ImQ.

@ Holom. volume form

Q' ((Vl. r'tl) ..... (Vn. i'_'l-n)) == fL(—fvlv-; 5 = f{'tl) AN A (_f’v,,*' -+ f-f:'bn).

— Assuming v-harmonic 1-forms on L have no zeroes, X and M are dual
special Lag. torus fibrations in a nbd. of L (the projection is (L. V) — L).
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The superpotential

3 € m(X. L) = moduli space of holom. maps u : (D*.9D?%) — (X.L) in
class 3, of virt. dim. n —3 + pu(3), where u(3) = 2#4(3 M D) Maslov index.

[ does not bound any nonconstant Maslov index 0 holomorphic discs;
Maslov index 2 discs are regular.

Then for p(/3) = 2, can count holom. discs in class /3 whose boundary
passes through a gensric given point p< L = n3(L) € Z.
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The superpotential

} = m5(X. L) = moduli space of holom. maps u: (D?.9D?) — (X.L) in
class 3, of virt. dim. n—3 + pu(3), where p(3) = 2#(3 M D) Maslov index.

Assumption

[ does not bound any nonconstant Maslov index 0 holomorphic discs;
Maslov index 2 discs are regular.

Then for p1(3) = 2, can count holom. discs in class 3 whose boundary
passes through a generic given point p< L = n3(L) € Z.

Definition
W(L V)= > n3(L)z3(L.V), where z3 = exp(—fj, w) holgz(V).

e

By construction W : M — C is holomorphic. (Convergence OK at least if X Fano)
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The toric case (see also Hori, Cho-Oh, FO?)

X smooth toric variety with moment map o : X — R", A = o(X).
D = o~ Y(9A) toric divisor, X\ D =~ (C*)", Q =dlogx; N --- A dlog x,.

@ Toric fibers ( T "-orbits) are special Lagrangian.

@ M = (domain in) (C*)".
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The toric case (see also Hori, Cho-Oh, FO?)

X smooth toric variety with moment map ¢ : X — R", A = o(X).
D = o~ Y(9A) toric divisor, X\ D =~ (C*)", Q =dlogx; N --- A dlog x,.
@ Toric fibers ( T "-orbits) are special Lagrangian.
@ M = (domain in) (C*)".
@ There are no Maslov index 0 discs; one family of Maslov index 2 discs
for each facet F of A. Primitive outward normal: v(F) € Z".

o W= Y e 2F) 2F) where eqn. of F is (v(F). o) = a(F).

—_—

F facet

Example: X = CP?

L =SY(n) x SY(r) C (C*)* C CP?
boundsg, 3 families of ;1 = 2 discs in CP?
(two of which are D(r1) x {x2} and {x1} x D(r2))

E—A
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Maslov index 0 discs and wall-crossing

Bubbling of Maslov index O discs causes the disc count n;3(L) to jump.

-

e _: o
P P P =

(wall)

Typically, for n > 3 the disc count depends on p € L (= W multivalued).
For n = 2 the disc count is independent of p € L but jumps where L
bounds a Maslov index20 disc (= W discontinuous).
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Maslov index 0 discs and wall-crossing

Bubbling of Maslov index 0 discs causes the disc count nj3;(L) to jump.

f‘.— *-"

Ll = L]
- (.} ]
L L)

1 ¥

(wall)

Typically, for n > 3 the disc count depends on p € L (= W multivalued).
For n = 2 the disc count is independent of p € L but jumps where L
bounds a Maslov index 0 disc (= W discontinuous).

Proposition (Fukaya-Oh-Ohta-Ono + <)

For n = 2, crossing a wall in which L bounds a single Maslov index O disc

in a class &« modifies W by a holomorphic substitution of variables

z3 — z3 h(z,)1P%H92] w3 € (X, L), where h(z,) =1 + O(z.) € C[|z.]].

irsa: 09050028 Page 22/33




Maslov index 0 discs and wall-crossing

Bubbling of Maslov index O discs causes the disc count nj3;(L) to jump.
® @&
P P oty ¥

Typically, for n > 3 the disc count depends on p € L (= W multivalued).
For n = 2 the d|sc count is independent of p € L but jumps where L
bounds a Maslov index 0 disc (= W discontinuous).

Proposition (Fukaya-Oh-Ohta-Ono + ¢)

For n = 2, crossing a wall in which L bounds a single Maslov index O disc
in a class &« modifies W by a holomorphic substitution of variables

z3 — z3 h(z,)1P%H%e] v3 € (X, L), where h(z,) =1 + O(z.) € C[|z.]l.

qi"";r‘r.r

The mirror is obtained from M by gluing the various regions delimited by
the walls according to these changes of variables (instanton corrections).
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Mirror symmetry for blow-ups

(Abouzaid-Auroux-Katzarkov, in progress)

Goal: construct mirror of Xy = blow-up of X along a codimension 2

subvariety Y C X (need Y C D € | — Kx|)

Motivation: a mirror of Xy is almost as good as a mirror of Y.

@ DPCoh(Xy) = (D?Coh(Y).D?Coh(X)) (semiorthogonal decomp.)
(Bondal-Orlov)

@ also expect F(Xy) related to F(Y) (esp. if X =D x C and Y fiber
of a pencil in D)

Simplification: assume (X. D) toric (but not Y).

iy
¥

irsa: 09050028 Page 24/33




Mirror symmetry for blow-ups

(Abouzaid-Auroux-Katzarkov, in progress)

Goal: construct mirror of Xy = blow-up of X along a codimension 2

subvariety Y C X (need Y C D € | — Kx|)

Motivation: a mirror of Xy is almost as good as a mirror of Y.
&

i

@ DPCoh(Xy) = (D?Coh(Y).D?Coh(X)) (semiorthogonal decomp.)
(Bondal-Orlov)

@ also expect F(Xy) related to F(Y) (esp. if X =D x C and Y fiber
of a pencil in D)

Simplification: assume (X. D) toric (but not Y).

Motivating example: what's the mirror of a genus 2 curve 27
Answer: blow up (P!)? x C along ¥ C P! x P! x {0}, take mirror, restrict.
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Blowing up a point

L ocal model in dim. 2:
(Q=dlogx Adlogy, w—=wyq
e

l.

N —C O Iy },
1.0), D — proper transform, Q —7*Q, @ =&, (J&

X = blowup at (

Page 26/33
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Blowing up a point

L ocal model in dim. 2:

X=C"xC,D=C*x {0}, Q=dlogxAdlogy, w —uwy
X = blowup at (1.0), D = proper transform, Q =7°Q, & =&, ([ & =€)

St action (y — €'?y) lifts, fixed point set D U {pt}. p := moment map.
Sl.invariant S.Lag. fibration on X \ D: Lg 4 = {log |7"x| = t1. p = t}.

N sympl. area along x-axis
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Blowing up a point (continued)

X=—0C <xC, D=C"=x{a), U—dlegxc/ dlogy, wi —u

X = blowup at (1.0), D = proper transform, Q = 7°Q, & =&, ([ & =€)
St.invariant S.Lag. fibration on X\ D Lo, —{log|n®™e| —h, p—=56}

o

:wail

Classical: uv =1 for |z| < €€ (above x); uv = €z for |z| > e € (below x).
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Blowing up a point (continued)

X =0C »C, D=C"x{Q) % —diogx\dlogy, « —u
X = blowup at (1.0), D = proper transform, Q =7"Q, & =&, ([c & =€)
St.invariant S.Lag. fibration on X D: Ly i —{log|n™ x| —H, p—1}

(e ]

:wall

Classical: uv =1 for |z| < e (above g); uv = ez for |z| > e ° (below x).

)
111 .
L——

Corrected: {(u.v.z) €1

x C*, uv =1+ ez} Superpotential: W =z

B

(=.hlowup of P xPL: W =z + e Az 1+ ut+e By Page 2913
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Blowing up a curve (A-A-K. in progress)

X—(CP)Y D—|loncsimta Y c P xFP x {0l cDc X

X = blowup along 2, D= proper transform, Q—n*Q fE BE—

@ Sl-action (3™ factor) lifts; new fixed point stratum ~ ¥ at u = €.

~ (Pl rvnl

All reduced spaces ~ CP* x CP~, carry (S.7?) Lag. torus fibrations.

@ This gives a Lagr. T2 fibration on X \ D, with discriminant locus ~
amoeba of 2.
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Blowing up a curve (continued)

/ Walls propagate “vertically” from the amoeba.
: Chambers — components in its complement.

~~ 7~z = >  Need: instanton-corrected gluing across walls.

Work out local models (and glue them together)

X
= P
e =z ML é‘I?
-——08 -
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Blowing up a curve (continued)

/ Walls propagate “vertically” from the amoeba.
: Chambers — components in its complement.

. —F Need: instanton-corrected gluing across walls.
"
1‘!‘_. T

Work out local models (and glue them together)

‘ Mirror: {xyu =1 + ez}
u
X
z ; b= — =5,
i . = = — — |
. ri'ﬂ v xyu = 0¢
+ | ]
2 || p three C?'s glued
y |' along coord. axes

Local mirror: {(x.y.u.z) € C3 x C*, xyu =1 + ez}
Superpotential: W = z + other terms

Pirsa: 09050028

Fage 52/55




Gluing pieces...

- P —~ g
For open curve in (C*)= x C, superpotential W =z

— singular fiber = union of toric surfaces glued along P''s and C'’s
(combinatorics governed by tropicalization of X)) crit. locus of W

am
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