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Abstract: In my talk | will provide an overview of the applications of Wilson's

modern renormalization group (RG) to problems in quantum gravity. | will first discuss the development of the RG for continuum gravity within the
framework of Feynman's covariant path integral approach. Then | will discuss a number of issues that arise when implementing the path integral
approach with an explicit lattice UV regulator, and later how non-perturbative RG flows and universal non-trivial scaling dimensions can in
principle be extracted from these calculations. Towards the end | will discuss recent attempts at formulating RG flows for gravitational couplings
within the framework of a set of manifestly covariant, but non-local, effective field equations suitable for quantum cosmol ogy.
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QG and the RG

e Motivation: Perturbative Quantum Gravity
e Failure of perturbative renormalization in d=4
e Quantum Gravity in 2+& dimensions
* Non-renormalizable theories: Sigma Model
e Methods: Formulation of Lattice Quantum Gravity
» Simplicial lattice-regularized formulation
» Matter fields, Observables
e Methods for determining non-trivial scaling dimensions
e Qutlook: Possible non-perturbative ground state scenarios
e RG running of Newton’s G

» Effective non-local, covariant relativistic field equations
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Perturbative Quantum Gravity

UV Divergences: Compute QM amplitudes by Feynman, 1962
: : : T Hooft, & Veltman, 1974
Feynman diagram perturbation theory:
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Bad high energy behavior: {G e consti G k* + ...
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Non-Renormalizability in Four Dimensions
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Non-Renormalizability in Four Dimensions

——

1 F i b y. ; 3 T - -
= 5 [ e g f 2 ,/ER ;. Also, radiative corrections generate a
N -

167G : host of new interactions. ..
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Non-Renormalizability in Four Dimensions

1 Also, radiative corrections generate a
E= Afddr‘/ﬁ_lﬁwcfddz"@ :

hDSt Dl Il_e-t'h' u!lera‘:tlms. .=

e 1 200 KG
Fe = T—dmm (1672)2 f '2/5 B Bpo™ R

I — A[d“:}:\/ﬁ— IGLG fdd:cv@fi%-;:u_d [dd;r\/ERp,,R"‘"+ifo_d /dd:r\/{JR‘;;k

= A-d perturbation theory in (ordinary) gravity
seemingly leads to a dead end. ..

= Non-perturbative methaods —
non-perturbative regularization, search for a new vacuum.
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* Feynman Path Integral

Reformulate QM amplitudes in terms of discrete FEYNMAN'S
Sum over Paths THESIS

« non-commuting operators P,Q replaced by random
Wiener paths.
 In complex time t=-ir probabilities are real

&4 i F

(as in statistical mechanics: KT —h ).

4 paths mterfere

q q
- K(g",q:T) = Z A &St .a"T)/h
all paths
= o | iS[q(t)
destmctvely I‘L — / ‘Dq(i’)f [q l
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Path Integral for Quantum Gravitation

2 — [ gip gpad DeWitt approach to measure: \/olume
logll™ = f = [9(=)] 994 () 0925(%)  lement in function space obtained from
super-metric over metric deformations.

ka.ad[g(z] = ETJ_ [gl-‘“{_r gp‘j I‘} g“"{r}gm[-ﬂ ‘I‘Agpy{z}yaj(x}]

[ autal = [ T1 etiGlatz))? ] doie )
~ f dulg] = f H [g(@)] DB TT dgg(z) — f I1 Hdgup{r)

p>w F p>w

Zoont = [[dgw] e—,\fdx\/&+ e J dzVaR

Euclidean E-H action unbounded
below (conformal instability).
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Only One Coupling

Pure gravity path integral:

- fd - —Ielg]
d guv] € = |n the absence of matter.

only one dimensionless

- 1 2 coupling:
Ielg] @dfd:r v — @f‘_*/(ﬁ: vIR ping
Rescale metric (or edge lengths): G = Go A&/

QL L= Ag.-" d o grp# = ’\Eﬂ;’ﬁ gp,p
Similar to the g of Y.M. !

H. H. & R Williams, NPB 1984

Ielgl = M‘fd;r\/? = lﬁfl(/:%ﬁd*zfdr JIR
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% Functional Measure cont’'d

Add volume term to functional measure misner 1355) :
under coordinate transformation: z# +€#(x)

a\
I lot=17"* ] dgut=) — ] (der‘f;:,, ) la@1”* ] duw(x)

B pwv

3 %
H ({get ?}%) = H [det(d,” +3ae’)]” = Erp{ ~a%(0) f dir aufﬂ} =1 [eg Faddeev & Popov, 1973]

Skeptics should systematically investigate (on the lattice) effects
due to the addition of an ultra-local term of the type

[I le®]1°"* = exp{ Loa(0) f iz lngm}

£

Such a term would not be expected to affect the propagation
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properties of gravitons (which are determined by R-term).
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*  Perturbatively Non-Renorm. Interactions

Some earl}f work :

«  K.G. Wilson, Quantum Field Theory Models in D < 4 PRD 1973.

+ K. Symanzik, Renormalization of Nonrenormalizable Massless @ * Theory. CMP 1975.
+  G. Parisi, Renormmalizability of not Renormalizable Theories. LNC 1973.

*  G. Parisi. Theory Of Nonrenaormalizable Interactions - Large N. NPB 1975.

+ E. Bréain and J. Zinn-Justin, Nonlinear o Model in 24 Dimensions. PRL 1976.

« D. Gross and A. Neveu __.
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Gravity in 2.000001 Dimensions

- —y
* Wilson expansion formulate m 2+e dimensions \

I ] o Hine
= ;/ d°zy/g R

G is dim-less, Dy (p) = i Nupllve + Nuovpl — oz oo
z = > it per = 9 =~ #
theory is now perturbatively renormalizable : 2 e
Wemberg 1877
o = s Kawal, Ninomies 1995
p—=0Glp) = 3G(u)) Kitazawa, Aida 1393
Jd p
2 et 2[ -\3
3HG) =(d—-—2)G — E{ES —n)G° — — (25 —n ) G + ...
: ——
) i_'_fs’—'_‘-a-_h\‘
: 5 = 5 NGy
& B e S o —
2(25 —n,) 25 —n. - =
15 : .
rr: — e =B+ —— ... \
25 — Tig :
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= More on 2.000001 dim’s ...

Gravitan loops Graviton-ghost loops

e Singularity structure in d > 2 unclear (Borel). ..

e But, analytical control of UV fixed point at Ge .

G
=3 + (m2)k2)(d-2)/2

Nontrivial scaling determined by UV F P/'
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Detour : Non-linear Sigma model

» Field theory description [ O(N) Heisenberg model | :

iid 2

= [do] [] 5(o*@)o"(x) — 1) exp ( | d*z8,0(@) du0"(2) + [d"r;“(:)a“(x))

Coupling g becomes dimensioniess ind = 2. S
. : . EEFer, =
For d > 2 theory is not perturbatively renormalizable, N_A. Kivel et al, 1994

but in the 2+ ¢ expansion one finds: = R e

L
T A

Phase Transition = non-trivial UV fixed point; new non-perturbative mass scale.

N24

= B(¢*) = + 0(9° (d—2)g")
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* Renormalization Group Equations

In the framewaork of the double (g and 2+¢) expansion the model
looks just /ike any other renormalizable theory. to every order . ..

n d

[ai +Blo) s~ 2¢(a) +plo) b

{H} 1 h.! g
JdA q 2 dh:l (Pl': g-1. —’1) 0

2 Callan-Symanzik Eq.
51H|mu.ﬁxed Py = ;ﬂg]

. but the price one pays is that now one needs e — 1!
Similar result are obtained in large N limit...
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=xample of Dimensional Transmutation:

The structure of the renormalization group equations implies
the existence of a new non-perturbative scale :

&' (g) =mo(g) = Aexp (,/g 5‘5))

such that the Callan-Symanzik equation for m is satisfied :

[ aiﬂLB(g)—} m[A.g(A)] =
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=xample of Dimensional Transmutation:

The structure of the renormalization group equations implies
the existence of a new non-perturbative scale :

&7 (g) =m(g) =< Aexp (/g 5d(§))

such that the Callan-Symanzik equation for m is satisfied :

d d

A+ Ble) 3| miA.g(a)] =0
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Detour : Non-linear Sigma model

» Field theory description [ O(N) Heisenberg model | :

. = :
=z = /[da'] H d (0% (x)o”(x) — 1) exp (— 7 fddré}pa“(z)é}pa“(z) — [d“r;“(r)rs"(z))
Coupling g becomes dimensioniess ind = 2. €t i Kt 570
For d > 2 theory is not perturbatively renormalizable, NA. f{%ﬂ:rétal, 1994
but in the 2+ £ expansion one finds: o
392 ~ 2N — ;- N—-2 , 6 a 4
AS+ =A%) = (@-2)g" - ——d' + O0(¢".(d—2)g")

Phase Transition = non-trivial UV fixed point; new non-perturbative mass scale.
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Gravity in 2.000001 Dimensions
limensions %

I i ¥ =
== _/ d°zy/g R

g A =

* Wilson expansion: formulate in 2+= ¢

o

G is dim-less, Do (p) = & Tl + Mo Tlrp|— T3 s Tpo
- - . BV per == ¥ - -
theory is now perturbatively renormalizable : 2 pe—
Weinberg 18977
Kawai, Minomiya 1995

;e o
p—=GLlp) = 3Glu)) Kitzzaws, Aida 1993
dp
. 2 uF 20 ;
gE) = (@—2HC — —(5—0,)E — — (5 —n)E" .- ]
: 3 =
,’-ﬁ'\
- - 4 ]
3 45 . = ¢
(T = "hlr_j}_ = P {”E_—)}l"_ E o ':. 5
2(25 —n,) 25 —n. )l . [ : 1
15 . .
g = —.‘ifl(_-r',,-} = (d—2) + _—Uf—j]l—i‘—”. "\\
23 — Tig t
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Detour : Non-linear Sigma model

» Field theory description [ O(N) Heisenberg model | :

- &d 2
z = /[da] H d(c*(x)o”(xz) — 1) exp( fdd.rc} o%(z) d,0"(z) + [dd.rj"(.r)a“(r))
Coupling g becomes dimensioniess ind = 2. S e
For d > 2 theory is not perturbatively renormalizable, NA. ?{?ynefrét al, 1994
but in the 2+ £ expansion one finds: R R A
d g* N N 2 ot
Ay = By = +0(d°.(d~2)q")

Phase Transition = non-trivial UV fixed point; new non-perturbative mass scale.
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« Renormalization Group Equations

In the framewaork of the double (g and 2+&) expansion the model
looks just /ike any other renormalizable theory. to every order . ..

[ﬂs— +Blo) o — () +pla)h 5

T (p;.g.h.\) =
A 3y 2 dh] (re .. A) =6

P Callan-Symanzik Eq.

di1|mn-ﬂxerlig = ;j{g]

. but the price one pays is that now one needs e — 1!
Similar result are obtained in large N limit. ..
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=xample of Dimensional Transmutation:

The structure of the renormalization group equations implies
the existence of a new non-perturbative scale :

= - = = & -’.I!g'Ir
£ (¢) =mie) < Aexp(— [ 55-)

such that the Callan-Symanzik equation for m is satisfied :

d d

[ A + B(g) a_g] m[A.g(A)] =0
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But are the QFT predictions correct ?

Experimental test: O¢2) non-linear sigma model describes
the phase transition of superfiiid Helnm

Space Shuitle experiment (2003)

High precision measurement of specific heat of supertlmd Helmim Hed

( zero momentum energy-energy correlation at U\ FP)

LIPS er al

J.A_Lipa et al, Phys Rev 2003: a=2-3v =-00127{3)

MC, 4-zexpansion to 4 loops, &to 6loops ind=3: a =2 - 3v =-00725(4)

Elx 13 Semdeeewmine plor of dee qpevife ear ve reduned
Inpperatione vver S fudl poee mesorek. Selow the fmsibon the
dmma scdesed symbals; wers bemed wicy @ dewiey of U0 bins per

Alaan0f the most accurate predictions of OFT ! e S






Example of Dimensional Transmutation:

The structure of the renormalization group equations implies
the existence of a new non-perturbative scale :

E7'(g) =m(g) =< Aexp (,/g ﬁd(ij))

such that the Callan-Symanzik equation for m is satisfied :

d d

[ =7 s B(g) a_gJ m(A.g(A)] =0

irsa: 09050006 Page 28/94



Detour : Non-linear Sigma model

» Field theory description [ O(N) Heisenberg model | :

[ L1 ﬁd-z : a 2 a o a
Z = f[da] I 6 (c*(z)o*(z) — 1) exp (— p _/-dd;r:&nrr (z) B,0%(z) + [:f‘:; (z)o (I))
Coupling g becomes dimensioniess ind = 2. E Mt Ao kit
For d > 2 theory is not perturbatively renormalizable, NA Kivet o€, 1954

but in the 2+ ¢ expansion one finds: s e

392 N -2
oA 2%

Phase Transition = non-trivial UV fixed point; new non-perturbative mass scale.

2T — gy — (@D -

' +0(ds%(d—2)g")
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2 Renormalization Group Equations

In the framewaork of the double (g and 2+&) expansion the model
looks just /ike any other renormalizable theory. to every order . ..

B ’3(0')— — Zllg) +plg) b

[ 9 9
IA g 2 oh

:| {n}(pif-gf-htﬂ-) =0

2 Callan-Symanzik Eq.
ilﬁ|mu.ﬁxed & = *‘rj{g]

. but the price one pays is that now one needs ¢ — 1!
Similar result are obtained in large N limit. ..
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Example of Dimensional Transmutation:

The structure of the renormalization group equations implies
the existence of a new non-perturbative scale :

&' (g) =m(g) =< Aexp (—/g l;gj))

such that the Callan-Symanzik equation for m is satisfied :

d d

[ JA B(g) a_g] m(A.g(A)] =0
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But are the QFT predictions correct ?

Experimental test: (¢2) non-linear sigma model describes
the phase transition of superfhind Helnm

Space Shuttle experiment (2003)

High precision measurement of specific heat of superflmd Helmum Hed

(zero momentum energy-energy correlation at UV FP)

LIPS erak

J.A. Lipa et al, Phys Rev 2003: a=2-3v =-00127{3)

MC. 4-zexpansion to 4 loops, &to Sloops ind=3: a =2 -3v =-00725(4)

ww™ T:;" 'Iﬂl"' 1&*‘ e
[1=T'Ty)
Elz 13 Semsieeembmie por of dee qeeeife hear vo reduoet

Im vy fier fudl ramee mensoped. Bedvw the femsinm the
dmm sedesed symsbals; wers mmed Wity @ desiry of U0 bins per

Altanof the most accurate predictions of OFT ! e e e



The non-linear sigma model i 3d provides an explicit

example of a freld theory which :

v |Is not perturbatively renormalizable in d=3 .

¥" Nevertheless leads to detailed. calculable
predictions in the scaling limitr» a (g« A?).

v Involves a new non-perturbative scale , essential in determining the
scaling behavior in the vicinity of the FP.

¥ Whase naon-trivial, universal predictions agree with
experiments.
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Key question - Back to Gravity :
What is left of the above q. gravity scenario in 4 dimensions?

B(G)

2+ ¢ fixed point
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Strongly coupled gravity

“Hic sunt leones”
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Key question - Back to Gravity :
What is left of the above q. gravity scenario in 4 dimensions?

B(G)

2+ ¢ fixed point
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Strongly coupled gravity

“Hic sunt leones”
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The Lattice Theory
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. Lattice Quantum Gravity -

» Multi-year experience with lattice QCD

zero temperature +—+ infinite time extent T

4!-—?—6-—’—«-—.
Lattice regularization provides explicit short distance cutoff. | i—:_—:;—J:
|
» Regularized theory is finite, allows non- |
pertu rbatwe treatment | statistical mechanics +— quantum field theory
: ensemble - phase space
S . | ensemble average +«— path integral
» Methods of statistical field theory i R 3 exp{—5)
l Ok [ d®zH [ dzy [ d°zL
i finite J; — finite [dzy =T
|
|
|

» Numerical evaluation feasible

» Continuum limit requires UV fixed point
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= Proto: Wilson’ Lattice Gauge Theory

+ U = expl—iagh, A2}

43 Wilson loop r s

Wilson Line Ime
(Palyakoy loop) :

>

{ i, [ ru ~* Ui p

—+ 9(2) (107" + gha ALY (2} + Ola)

Local gauge invariance

— exact lattice Ward identities

Prbpngnhir =M
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Lattice Gauge Theory Works

1 —
LQCD e __EF’-E{;} F(ﬂ}ﬁy i ;Z 'L"; ar.-f-"'

i

i 25 I [mie/AN] 448
iy I iy AT) : - bo i g/ ALY

| Gt {2 A7)
x ((ln [ /03] — %)3 § fi? N %)] -

ag{p) =

Lattice gauge theory provides so far the
only convincing evidence for confinement
and chiral symmetry breaking in QCL.

Only formulation that allows computation
of proton mass from first principles.
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. &' rates
-

'
q—ﬁ—n

e —

D memn;ﬁm? DIS
eep Seatiefing (0IS)

Spectroscopy (Lattice)

ki ;

u

Phato-praduction
G

. Fragmentation

v Z width

_i’:dmays

[ L I I L I

0.1

0.12 0.14

Cts[Mz}
Figure 9.1: Summary of the walue of o (Mz) from vwrioss processes, The valwes
shown mdicate the process and the measured wnlue of g extrapolated to w = Wz,
The ermow shown s the fobed error 'rru:]':uﬁnp; theoretical uneertainties. The AVETHE
quoted In this report which comes from these measuremenis s also shown. See texz

fior discussion of errors.

[Particle Data Group LBES At



Quantum Continuum Limit

= Naive continuum limit : a—0 (A=nw/a— x)

= Quantum continuum limit

(based on RG) :
a—0 gla)—0

1
E = = const. X a exp{

Mphys

1
260g%(a)

} fixed

Generally a phase transition (UV fixed point)
is required for the existence of a non-trivial
continuum limit [Wilson, 1974].
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*  Wilson Loop in SU(N) Gauge Theories
= Wilson loop in Lattice Gauge Theories, < |
W(C) = (tr?exp{igﬁ_ﬂﬁxldx"}), oy R —A{(:'}(fz)_ v' : : . |

Gives linear confinement (es Peskin & Schroeder p. 783]

t = - - - £ i
& = gauge correlation length

Golx) = (tr? E}{p{fg f A #{.r’)d.t"‘“}
c.

X (x) tr?exp{ig fc“ A“{_ﬁf)dx’m}[()}> oy @ exp(—|x|/&).

€ [ =

... Both results are essentially geometric in nature :

= ey they follow (almost trivially) from the use of the SULI(N) Haar measure.
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Simplicial Lattice Formulation

“General Relativity without coordinates’ (TR

= Based on a dynamical lattice.

= |[ncorporates continuous local invariance.

= Pyts within the reach of computation
problems which in practical terms are Figure 42.1.
beyond the power of normal analytical
methods.

= [t affords any desired level of accuracy
by a sufficiently fine subdivision of the
space-time region under consideration.
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o — Curvature det. by edge lengths.




L attice Rotations

———

}. rydz
" (snt+1) = RF,(P)o"(s1) R, = [PE = h ]H

L

R(C) = R(s1,8n)---R(s2.51)

Due to the hinge’s intrinsic orientation, only components of
the vector in the plane perpendicular to the hinge are rotated:

: - g2
L’pu(h) =N Cpvarag_s i?llj = ‘I{d—z;

Elsmenrsy proly posmal parh sround 5 b | manske r i four Smensons.

A, (C) = (*V)"

15

5(h) . S R S
R ) = oy Upns () Uror () Exact lattice Bianchi identity,
Ac(h)
I1 [E&(ML’{::1]" —
R = 23 S
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Choice of Lattice Structure

B A not so regular lattice ..

B Timoathey Malan,
S =l Berg Gallery, Loz Angeles

.. and a more regular one:

legular geometric objects can be
tacked - to form a coordinated
jttice of infinite extent
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% Lattice Measure

Metric deformations linearly related to
squared edge lengths

dgi;(I*) = 3 (dl3; + &lg; — ol3;)

Jacobian from g’s to I's is constant within a simplex, H‘“‘
d{d+1)/2 R. Schrader et al, 1982

i” - X . — 2 a2’ 2 J. Hartle, 1984 ;
(d! dem"’{s)) LI dgis(s) = (=3) [Va®)] g i H. & Williams, 1984 © 1998
—— [l - /: II (Va(s))” I 4i2 o2
5 T

Alternatively, can construct the discrete analog of DeWitt's (super)
metric [R. Schrader]...

16a(s) I = Y G (g(s)) dgi;(s) dgui(s)
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* L attice Measure i1s Non-Trivial

There are important nontrivial constraints on the lattice gravitational measure,

Jury = [T 1T vatsne T a3 et

which is generally subject to the “friangle inequality constraints .

{ Ii >0
1 2
V2 = (?) detg,;'(s) >0  k=2...d

Generally these are implied in the continuum functional measure as well,

but are normally not spelled out in detail ...
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L attice Path Integral

General structure follows from edge fo metric correspondence,

L 2 2 1
S — §(Jf.f;+1+£1._j+1_fa‘+1,j+1) Vo = E detg,:j
- 1 . S S -
bl — % .ﬁf(_fx@— e Ad—lffir ViR —» It = 2 Y Va(®) — 2re Y 6a() An(®)
' h h

-

= f[d,gw] e Jd'z T+ s [d'syTR —  Za(Ao.k) = ][dfz]exp(—flun(f‘))

(d—d) a1 = = 2 a3 2 |
f[ffffyv] = fH [ﬂ{l}] - H dﬂ#u{—ri — /[d! I — ‘/.'; E[ d"’ij H [Iff{"”]g e“ij'

s

Without loss of generality, one can set bare 4. =1 (fixed volume);

Besides the cutoff, the only relevant coupling is x (or G).
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Lattice Weak Field Expansion

Exhibits correct nature of gravitational degrees of freedoms in the /attice weak field limit.
Allows clear connection between lattice and continuum operators.

... start from Regge lattice action Rocek and Williams, PLB 1981
CMS 1983, T.D. Lee 1984

— 250 Y On(1%) An(?)
h
... call small edge fluctuations “e" :

1
IR=-2-* ZE,; Mj Ej
ij

... then Fourier fransform. and express result in terms of metric

deformations : - 2 =
Jg.,:j(lz) = % (61;"',; + Jfﬁj — 6:;})

... obtaining in the vacuum gauge precisely the familiar 77 form in k-0 limit:

1 A T

k*h" (k) hj;" (k) &LD
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Wilson Loop vs. Loop correlations

masa

\

'@’

FIG. 2 (color online). Gravitational analog of the Wilson loop.

i=z._Maoda

nese PRED MNFE 1995
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~ [Texp{ fmc l“:l_d_r"H

(4 4

B

= .o \ S

Y

M,
HG. & (color online). Correlations between action contribu-
tions on hinge i and hinge A arise to lowest order in the strong

Gr(d) ~< /g R(z) /g R(y) é(|x —y| —d) >




~  Wilson Loop does not give Potential

e

|
In ordinary LGT, Wilson loop gives Vir) #/fﬁ i

W(I) = < exp{ie 5{_ A(@)de*} >
. _ :
V(R) = —T!Lrgc ?log < exp{:eff.-l”d:r“} 2
In lattice regularized gravity, potential is computed from
the correlation of geodesic /ine segments. associated with
the particle's world line:

. Modanese FREO 79594
NP8 78895

(8)
[ VIV EE

L(0; 1) :Em{—ptfd'r\/yw(r}f:% | |
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* Correlations

... of invariant operators at fixed geodesic distance.

But distance is a function of metric, which fluctuates:

T{y)
dizlg) = min | dr \/ 9 () S 9E

< [ dz [ dy JFR() VGR(y) 5z —y| —d) >

— Grl(d) =< Y _ oaAn Y dwAp d(lz—y|—d) >

oz KDy
Giz,vlg) = <z|———|y>
x.] — b =1
o —Alg) +m2'Y
d—1)/2
Pirsa; 09050006 e d! 2 (x,y) exp{ —md(x.y }} Page 55/94
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* Dynamical Triangulations

= Simplified version of Regge Gravity

= Edge lengths fixed to unity, vary incidence matrix [David 1984, ..] \
an integer : A\
- 1 d+1 1 :
Ya = E >d {T()'Eﬂd = E ﬂ{fﬁ} = 2?1’—!;_;“!}3,;

= No immediate notion of continuous metric, or continuous diffeomorphisms
= Curvature varies in discrete steps.

] Neo continucus metric deformations — hence no w.f.e., and no
gravitons (at least not in an explicit way).

Constraints on functional measure unclear, since theory contains no metric.
Pathological behavior of Euclidean theory [Lollet al] — explore

numerically Lorentzian path integral (with unresclved convergence issues).
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Om the lattice, phase oy
transition persists at d =oo : |
I5 =
= Conformal mode instability disappears, O(1/d). e e
= Atlarge d, partition function at large G dominated S e LS

by closed surfaces, tiled with elementary parallel
transport polygonal loops.
Large surfaces dominantas k — k_
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Large D Limit - Exponent v

= Atlarge d, characteristic size & of random surface
diverges logarithmically as G— Gc (D Gross PLB 1984). /

= Suggests universal correlation length exponent v =0. I ; 1
%

ﬁ'

Known results from random surface theory then imply:

&~ ViogT ~ |log(ke—F)[*

scalar field v =1
v=1/(d—-1)  =———— v = 1/2d lattice gauge field v = 1
lattice gravity v =0

| attice D. Litm PRL 2004,



Numerical Evaluation of Z

Chia at MC3A&, 912 processars



Dedicated Parallel Supercomputer




—dge length/metric distributions

=4 - 6,144 simplices
L=8 - 98,304 simplices
L=16 - 1,572,864 simplices
L=32 - 25,165,824 simplices

| T Emae
0 i
1 -
S -
IR v
A - I -
L~
O]
R
L
- " e
s OfTET WY R O 0 e o o

irsa: 09050006 Page 61/94



Two Phases of L. Quantum Gravity

Eariiest studies of Regge lattice theories
found evidence for :

G > G- Smooth phase: R =0

(Guv) = Cpy

G <@G.. Rough phase :
branched polymer, d = 2

(9##) =0

Unphysical

Similar two-phase structure also found later in Lattice manifestation of conformal instability
pirsa: 0s0soogome d==+ DTRS models [Migdal etal .. ] Page 62/94



Invariant Averages

Singularities in the free energy F are

Rk ~ STz /IR() > determined from non-analiticities in
(k)
< Jd'z /3> invariant local averages.
enlh)~ <([VaR?>—-< [gR>?
< [Va>

= Divergent local averages provide
information about non-irivial exponents.

R(k) ~ % % In Z; = Finite Size Scaling (FSS) theory useful.
O(L.t) = L=/* [fo{L A O(L“')]
1 9 .
xr(k) ~ TR InZp = Correlations are harder to compute

directly (geodesic distance).

Fiing(G) @ - E~t| "Scaling assumption” for F =In 7
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Determination of Scaling Exponents

=

Rk)  ~ —A=(k—B" , = =2

xwik) ~ —Ag (k.—Ek~1% 5
=k, —Rlk

Rk

Scaling Fur ()
singl T

assumption: /@

L]
—aon i (B a2 Ch Ik [LF 2 LIS IR L3

&k) = m(k)™! S Ae (ke — k)™

Find value close to 1/3:

—RIRY £*- M

v=1j
k. =0.0636(11) v = 0.335(9)
: e
Pirsa: 09050006 ‘R(f} o e e — ) A Page 64/94
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1/v

Gravitational exponent v compared

10

5

Truncated RG reuter 03,

Litim PRL 04, PLE 07
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(Lattice) Continuum Limit A — «

Standard (Wilson) procedure in cutoff field theory:

G(A) "'
—1/m A
/ / G{A —Gc ag G
RG invariant correlation UV cutoff A — = Bare G must approach
length - is kept fixed (average lattice spacing — 0) UV fixed point at G .

The very same relation gives the RG running of G(u) close to the FP.
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=

T

“Triviality” of lambda phi 4

Gig

-

.

Asymptotic freedom of YM

Pirsa: 09050006

Coupling gets weaker at large r

... approaches an IR FP at large .
... gets weaker at small r - UV FP

Both possibilities can coexist:
nontrivial UV fixed point.

/..
\
YYVYY

Wilson-Fisher FP in d<4

Callan-Symanzik. beta functionis)

FEIRE]
En
L

\ it LG‘ G(p) = 3(G(p))
\ o

Ising model, o-model. Gravity (2+<. lattice)
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Only One Phase?

Weak coupling phase is seemingly unphysical ¥ Lattice resuits appear to exclude the
(branched polymter). weak coupling phase as physically
; relevant...

¥ Leads to a gravitational coupling G
that increases with distance...

////_\ Anti-screening phase.
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Running Newton’s G

= £ Is a new invarnant scale of gravity. m=¢&t=AF(G)
= Newton's constant G mustrun (as in 2+¢).
=  Cutoff dependence determines B-function :

e AN — B ___ F@©
-idﬁ n(A.G(A) = 0 and .xﬁ{‘:{_&_} = B(G(A)) = 3(G) = 9F(C)/0C
Running of G det. largely by £ and v : H H & R Wiliams, NPB 1994
s il
dJ - 2 m? '\ e e X
p5-Clu) = 8G) —= | G?) = G [1+ao(4z) +O(m*/k))
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Three Theories Compared

By — %g#,_,R + Ag = 8aGI1,,
FF,. + p’ A, = A4mej,
- .- 2 e
apa,u@ +m o = 30 O

m— 1/
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* Three Theories Compared

R,uu = %g,uv R + i %u = 3G Tpu
oM F, pv +i;ﬂz)‘4u = dmej,
396 +(mlo = % ¢’
Aphys = c_lg I

RG invariants

m = 1/§
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* Three Theories Compared

Ry, — 39w R 'HZQW = 887G T,
HFu +(124, = 4mej,
#9o +(mio = 5%&')3
Suggests Appys = Eiﬂ I I
RG invariants Running couplings

m—1fL
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Better: Gravitational Wilson Loops

In gravity, Wilson loop not related to static potential

u
[z Modanese PRD 1983,1984]

Parallel transport of a vector done via lattice

rotation matrix
path
Rﬂ 3 = [ P ,efhmn simplices

For a large closed circuit obtain Wilson loop - which can be computed at strong
coupling using a first order formulation of Regge gravity [Caselle, ¢Adda. Magnea PLE 1389]

] ~ exp(—A/€%)

W(T) ~ Tr P exp [/ r—",,dx,.] ~ exp [ B _AE
c S(C)
- Sfokes theoram - /

“Area law”
would follows from loop tiling ...

Page 75/94

related to curvature.

®
1
h = —
'\Pya f;-z

Jow o

* RG invariant.
HH&R Williams, PRD 2007

B prediction of positive
Pirsa: 09028086 01O gical constant.




= \Vacuum Condensate Picture of QG

= [ attice Quantum Gravity: Curvature condensate  sseaiso .0 Gorken, PRD 05

— ryd —] 1
R ~ (10 PeV)? ~ 72 Xpigs = ==

52

= Quantum Chromodynamics: Gluon and Fermion condensate

as < F,, -F* >~ (250MeV)* ~ ¢4 =
Soep ~ A3rs
(as)¥P < G >~ —(230MeV)? ~ £3

= FElectroweak Theory: Higgs condensate
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Graviton Vacuum Polarization Cloud

Source mass M surrounded by virtual graviton cloud

Require a covariant running of G :

Effective field equations ke o

R;w e %g,uvR T )\gp,y = 8@ G(D)T‘uy ------------- - R E -

Pirsa: 09050006
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Relative Scales in the Cutoff Theory

L. <<r<tl

At the Planck length new terms appear: e——

higher derivative terms, string corrections, conforrnal
anomaly contributions
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Cosmological Solutions

Explore generally covariant effective field equations

= Veneziano, A Vilkowisky
HH & R Willkams PRD 2007

R, — %gﬁyR + Agy — 8xG (1 + A4(O)) T, Deser & Woodard 2008

1 1/2p
- :l(lj} = g (E)

... for RW metric

A=40 initially for simplicity

ds> = —dt* —|—f£'*‘(t} { l. i{,;rf +7° ({iﬁ*i +ﬁin29rf;2)}
. and perfect fluid »(t) =0 Consistency condition:
VAT, = V*[(1+AO)T,] =0
0 = g"""?ﬁ?y ET“j."‘;rj... — g,uuvlu (v“ Tﬂdm-_.é...)

Specific form of D'Alembertian depends on object it acts on.
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. Trace Equation

Trace equation is a /ot simpler ...

oo
va

T * = —p(t) A=0

7

OS(z) = — 3,938, S(z)

R = —8xG (1+ A(O)) T,*

Assume power law p(t) =pot’ and act repeatedly on source

r'(5+ 1)r(ZEett)

. e
(5 +1-nP(HFE —n)

O™ (—p(e) — 47(—1)™*]

Analytically continue in n. n = —1/2»

———= existence of solution for larger t requires: B8=-2-1/v
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Cosmological Solutions

Explore generally covariant effective field equations

= Veneziano, G.A Vilkowisky
HH & R Willlams PRD 2007

R, — %gﬁyR + Agy, = 8G (1+ A(O)) T Deser & Woodard 2008

e ED( 1 )Igzu

=

.. for RW metric

A = 0 initially for simplicity
e
1 — kr2

ds? = —di2 +a%(t) { S Ca —|—:-5i1'l?'l9rf~;2)}

. and perfect fluid p(t) =0 Consistency condition:
VT, =V 40 T.] —0

- - a...
E[ = gppvﬂvp HTﬂ T - gpyv# (v”Tn ‘r'ili---)

Specific form of D'Alembertian depends on object it acts on.
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- Trace Equation

Trace equation is a /ot simpler ...

e
va

T,* = —plt) A=0

OS(z) = —a, 9" 38, S(z)

R = —8xG (1+ A(O)) T,*

Assume power law p(t) =pot’ and act repeatedly on source

F( % = 1)]:1( 3-|—3;+1 )

T(5+1—n)I(EEE —n)

—2n

O™ (—p(t) — 47(—1)™*]

Analytically continue inn. n = —1/2v

——= existence of solution for larger t requires: B=-2-1/v
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- Full Effective Field Equation

= Full effective field equation involves D'Alembertian on tensor

Ry — 39w R+ Agu = 827G (1+ A(D)) Ty

e, — 1 \\ V2@
—— 4@ = = (g3)
Repeated action of D'Alembertian O, n=-1/2
A=—08
= R\ R@) 5
(OTw),, = m{z [o(®) + p(6)] R(2)* — 35(t) R&) R(#) — 5(t) R(&)" }
B, = 0o,
(OT,,) = (1 — kr?)sin’@ (OT,,),

L
——= existence of solution requires B=-2-1/r as before,

and R(f) ~ t* ~ /2 pt) ~ £V o (R())HEHY)
Page 84/94
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Cosmological Solutions — Cont’d

=  Solution acquires a significant radiation-like (vac. pal.) component at large times.

k = a>(t)
az(f) a(t)
ko a()

I

2alft)

-] o®)

+@

aZ(t) ' a(t)

Pirsa: 09050006

alt)

3

[ee #/9'™ + ... ] olt)

b

Effective pressure term

tt egq.
G(t)
. Pefi(t) = %p(f)
/"-‘\
1 TR BT | i 1) (t)
o FEGE— MEUNINE ¢
Similarties fo:
p(t) = wplt)

w = ll,?r3
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Cosmological Solutions — Cont’d

= Solution acquires a significant radiation-like (vac. pal.) component at large times.

k a*(t) SaG(t) 1 t-teg
a>(t) = a(t) 3 "y 3£ = G(t)
S7ls Jae 1 () = —=p(t
= T[1+C§{f/§}i _[____] p{t}-'-ﬁ pff() G p( )
kL ) | SCr e, ]l L rreg  ne® & 5 (R 1) o0
a%(t) ~ a*(t) ' a(t) 2 e e ' \3.X G
Effective pressure term Similarities to:
p(t) = wp(t)
At (very) large times, G is further modified to: w =1/3

=

'3 e : =
Git) =G[l+c‘£ (?) —} G(t) ~ G |:'[+f:£ (fl +}
Page 86/94
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Modified Cosmological Expansion Rate

4
A-dominated
expansion at

3 later times

Relative size of the universe

Standard FRW
expansion at
early times 0

Running G effects

are maximal “now”
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Static Isotropic Solution

Start again from fully covariant effective field equations

, 1/2v
R,uu - %g,uuR + /\g,uv = 387G (1+A(0)) T#P A(O) = ae (_ = )

O + m?2
General static isotropic metric A~1/& —= 0
ds®> = — B(r)dt® + A(r)dr* + r* (d6* + sin”®8dy?)
A = 1 — 2MG m[_r] g small
e —— 2MG 9{:., r> 2MG

Search solution for a point source, or vacuum solution for r#0.

T, = diag[B(r)p(r). A(r)p(r). v~ p(r). - :_ainfﬁ*p[r'}: H. & Williams, PLB 20086;

PRD 2007
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s Non-Relativistic Case

= Non-relativistic case first (simpler)

e S
G(k?) —uGc{l -i-ag(ﬁm@b +l

IR regulator

Static potential obtained, as usual, by FT:

==

Ak
6y — (—M)/ *‘”“G(kz)
(2m)3
{ or) ~_ ——‘1{_6 [1 + ag (I - c:{mr}%_lf_""')] a=1/(r2=T(5)
es = vl sec () |/T(L)
o(r) e —}i—G%—au UGrqmv T =)
\ 2 -
v =1/3 special case: _ MG)apgm® :_ [ln{n;r} + 9 %] + 0@
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* Poisson’s Equation

Same result from (radial) Poisson’'s equation

with (normalized) vac. pol. density:
g i . S
(pm{r} = g{‘.‘u ag M m? (mr) z25%) ‘K%{Li—~f}(m r)

e o
-lﬁ/ ridr pm(r) = ao M m=1/§
0

Pirsa: 09050006
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Poisson’s Equation

Same result from (radial) Poisson’'s equation

with (normalized) vac. pol. density: —

Pm(r)) = éc" ap M m® (mr)~23-%) K%f:i—é}(m r) 5 L. Bt
-lfr[t ridr pm(r) = ag M m=1/§ —
()] B
Closed form solution for »=1/2
-~ G = G(0)
G(l") — Gx (1 —= 1 s E-mr)
= G = (1+a0)C

Page 91/94
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Relativistic Fluid cont'd

Solution of Full Cov. Equation (for v=1/3)

2MG lag MGm*> . o
Blr) = 1 — . + ﬂﬁ' =2 In(mr) +.. =
r 37 .
> ; 11 3 ‘) T
ANy =222 As ;G’“ r2 In(mr) + ..
T T a 5 14 e bl

...which can be consistently interpreted as a G(r) :

% 8 3 3 1
G—EG(P}—G(I‘I-%THT Eﬂm2r2+.--)

m=1/¢

Reminiscent of QED (Uehling) answer:
a, = 42

o 1
Nr) = 1 + —In + ... mr<l

3z mart

Pirsa: 09050006 Page 92/94



Outlook

= More Work is Needed in Lattice Theory
— 2 + ¢ expansion to three loops is a clear, perhaps feasible goal.
— Careful investigation of 4d latt. gravity should be continued.
— Status of weak coupling phase unclear.
— Connection with other lattice models, eg hypercubic.

= Covariant Effective Field Equations
— Formulation of fractional operators for non-local terms
— Further investigation on nature of solutions (horizons).
— Possible Cosmological observable ramifications.
— Nature of density perturbations with running G(-)
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