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Abstract: Complex numbers are an intrinsic part of the mathematical formalism of quantum theory, and are perhaps its most mysterious feature. We
show that it is possible to derive the complex nature of the quantum formalism directly from the assumption that a pair of real numbers is associated
to each sequence of measurement outcomes, and that the probability of this sequence is a real-valued function of this number pair. By making use of
elementary symmetry and consistency conditions, and without assuming that these real number pairs have any other algebraic structure, we show
that these pairs must be manipulated according to the rules of complex arithmetic. We demonstrate that these complex numbers combine according
to Feynman's sum and product rules, with the modulus-squared yielding the probability of a sequence of outcomes.

Reference: arXiv:0907.0909 (http://arxiv.org/abs/0907.0909)
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Complementarity







Palr Postulate

* Each vequence of experimental
outcomes has an associated pair of real
numbers.

* The probability ot each sequence 1s
a continuous, non-trivial function of
this pair.
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Sequence Pair

aA — ((11? (12)
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Symmetry Properties of Pair Combination
Operators

a®b=Db&a
(a®b)bc=ad (b®c)

(a®b)Oc=a® (b®c)
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a®bb=Db&a
(a®b)bc=ad (bodc)

Aczel and Hosszu (1956)

f(ac®b)="f(a)+ f(b)
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f(accb)=f(a)+ f(b)

One-to-one
transformation of
pair-space

ad®b=(a + b1,as + b2)
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ad®b=(a + b1,as + bs)

Distributivity
of © over @

a®b= (’7’161151 + Y2a1b2 + y3a2b1 + y4a2b2,
vsa1b1 + Yea1b2 + Yyra2b1 + vsaz2b2)
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a®b=(y1a161 + 12a1b2 -

ab

Y5a1b1

- v3a201 + y4a2b2,

e ﬁ/ﬁale =

- yra2b1 + ygazbs)

Associativity of ©

Commutative

Non-Commutative
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a® b= (y1a1b1 + v2a1b2 + y3a2b1 + v4a2b2,

V5a1b01 + Yea1b2 + yrazby + ysazbs)
Associativity of ©

(@1b1 — a2b2, a1ba + a201)

(albl : albg - Gle) Commutative
a®b= (ﬂlbl + azb2, a1bs + agbl)
(&151 , a1bo )

Non-Commutative
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a®b=(y1a1b1 + 72a1b2 -

aG®b

V5101 -

- v3a201 -

- Yea1b2 -

- Y4a2b2,

- Y7a2b1

- yga2b2)

Associativity of ©

(ﬁlbl'—'agbgjalbg'+'ﬂgbl)

(@151

(ﬂ151

(albl
(Glbl

aale

!albﬁ

-+-G251)
6252)

)
szl)

Commutative

Non-Commutative
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010, 0
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Pr(mso, ms3|mq)



m, m, my
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P(B) = Pr(ms|ms)
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P(B) = Pr(ms|ms)




aG®b
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P(A-B) = P(A)P(B)

(@161 — a2b2, a1ba + azbq)

(a1by ,a1ba + a2b)
(@104 : azbs)
(@1b1 , a1b2 )

(ﬁlbl ; Gle)




a®b
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P(A-B) =

(@161 — a2b2, a1ba + azby)

(@151
(@151

(albl

(ﬁlbl

aa'le

? ale

P(A)P(B)

== agbl)

6252)

)

6251)

(a1 + a3

a _(Bas/a;

a'az‘,ﬁ




a®b
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P(A-B) =

(@101 — a2b2, a1ba + azby)

(ﬁlbl
(ﬁlbl

(O&lbl

(Glbl

3(1'162

’ ale

P(A)P(B)

+ (Igbl)

@252)

)
tIle)

p(a) = |ay aeﬁagfal
p(a) = |ai|*|az|”
p(a) = |a|”

p(a) = |a;|”




aC h=
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P(A-B) = P(A)P(B)

(albl — aosbo, a1bs + agbl) p(a)

(a1bq ,a1ba + a2by) p(a)

(a1b; 3 azbs) p(a)




Repeated Measurements
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Repeated Measurements

(@101 — azba, a1ba + a2by)
a®b= (Gﬁlbl ,a1bo + agbl)
(a1bq : asbs)
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Repeated Measurements

a ,: b — (albl ~— (Igbg. (E1bg = (Igbl)

p(a) = (a? +a2)*’
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Repeated Measurements

a () | (albl = (I.-;gbg. (Ilbg + agbl)

p(a) = (a7 + a3)
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summary

e Sum Rule

adb= ({I-l—l—bl,ag—l—bg)

e Product Rule

a®b= ((I-lbl — asbo, a1 + agbl)

* Probability Rule
P(A) = aj + a5
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Associativity and
Commutativity of ®

a & b — ((_I-l -+ bl-. 05 F sz
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Associativity and |
Commutativity of ® |

a®b = (a; +by,az2 + bs)

Distributivity (of © over @)
and Associativity of ©

(@1by — azba, a1bs + azby)
{{Ilbl ,ﬂ',_]bz - = ﬂ-gbl:}

a B {&-151 2. ﬂgbg._ ﬂ.]bg o i ﬂgbl}

(ﬁ]bl g ﬂ-lbg }
- (aiby , azb1)
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Associativity and | oL .
Commutativity of ® P(A-B) = p(A) - p(B)

(@1by — a2bz, ar1ba + azby)
aGb= (a1 ,arbs + asxby)
(ﬂ[bl + ashs,a1by + ﬂgbl)

a@b:(&1+b17ﬂ2+bg)

Distributivity (of © over @)
and Associativity of ©

(@161 — azba, arbs + asby)
(a1by ,a1bg + asby )
a- b= (@161 + azb2, arbs + azb)
(ﬁlbl ca1by }
(a1by ; azb1)
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Associativity and
Commutativity of @

a®b=(a; +by,a2 + by)

Distributivity (of © over @)
and Associativity of ©

(a1by — azba, a1bs + asb)

(a1by ,a1by + asby )
=5 =) b == {a'lbl -+ ﬂgbg, ﬂ.]bg o ﬂ-gb‘l}

(a1by . azb )

Pirsa: 09040062

| P(A-B) = p(A) p(B)

(@1by — a2bz, ar1ba + azxb)
aG@b= (a1 ,a1by + azby)
(ﬂ[bl + asbo,ar1bs + ﬂgbl)

S

Repeated Measurements

a® b= (aiby — azbsy, a1by + azby)

p(4) = aj + a3
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~urther Steps

* Tensor Product Rule

aob= (a.lbl s {1‘.2()2‘ ﬂlbg - (I-le)
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~urther Steps

* Tensor Product Rule

 Unitary Evolution of State Vector

v = btv
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~urther Steps

* Tensor Product Rule
o b= (a.lbl — asbs., a1bs + (I-le)
 Unitary Evolution of State Vector
v = Uv

* Temporal Evolution Operator
U:(dt) = exp(iH dt/h)

* Correspondence Rules
(Bl t=—ibl, cte
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~urther Steps

* Tensor Product Rule
aob = (a1by — asbs, arbs + azby)
 Unitary Evolution of State Vector
v = Uv
* Temporal Evolution Operator Phys. Rev. A 78,052120

(2008)
Ui (dt) = exp(iH dt/h)

arXiv: 0805.2/765

* Correspondence Rules
(E=Lei =il cic

Pirsa: 09040062 Page 93/104




T .-
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Probabilistic

measurements

Complementarity

Entanglement

@ No-signalling
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Probabilistic
measurements

Complementarity

Entanglement

@ No-signalling
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Addrtional and Multiplication Operators for
Real Number Pairs

abb=Dbda
(adb)bc=ad (bodc)

(aGb)Gc=a® (b®c)
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Addrtional and Multiplication Operators for
Real Number Pairs

abb=Dbda
(adb)bc=ad (b®c)

(aGb)Gc=a® (b®c)

Pirsa: 09040062




Experimental Setups

Pirsa: 09040062







T Pt
m 1 . m 9 m 3
- \H___h_‘_-_.!‘_/' '-.M‘_‘_ =g r

Pirsa: 09040062




m, m, m;
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Repeated Measurements

a @ b — (:‘_’Ilbl = (Igbg. (Elbg S Gfgbl)

p(a) = (a? +a2)™
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Repeated Measurements

acG b= (albl — aosbo. a1bs + agbl)

p(a) = (ai + a3)
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Probabilistic
measurements
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Complementarity

Entanglement

No-signalling
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